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ABSTRACT

In this creative component, we review the basic concepts of Lie algebras. The main
focus is the Levi decomposition which says that a finite dimensional Lie algebra £ can
be written as the direct sum of a semisimple Lie algebra and the solvable radical of L.
We present practical algorithms to compute the semisimple and solvable parts starting
from a basis of a given finite dimensional Lie algebra, then we discuss some numerical

examples.



CHAPTER 1. Introductory Definitions and Examples

In this chapter we give the basic definitions and examples that we will use in the rest

of this work. We start with the definition of an algebra.

Definition 1.0.1 Let F be a field and suppose that A is a finite dimensional vector
space over F. A bilinear map f : A x A — A is called a multiplication on A, A is
said to be an algebra with respect to f. A subalgebra B of A is a subspace of A that is

closed under the multiplication. An algebra does not necessarily need to be associative.

Definition 1.0.2 A right (left, two sided) ideal of A is a subspace Z such that za € 7
(ax € Z,ax and za € T) for all a € A and for all x € Z. A is called simple if it has no

ideals except {0} and itself.

An algebra L is called a Lie algebra if its multiplication [,] : £ x £ — L satisfies,
Ly:[z,2] =0
Ly : [z, [y, 2]l + [y, [z, 2] + [z, [z, 9] = O
for all z,y,z € L. The bilinear map (x,y) — [x,y] is called the commutator or Lie
bracket and [x,y] is said to be the commutator of z and y. The property L, is called

Jacobi identity. Let £ be a Lie algebra, and let z,y € £. Then,
[z +y,z+yl=lr2]+[zy]+ [y 2]+ [y.y] =0

which implies that



The property L is called anti-commutativity and if the characteristic of F is not 2, then
L} implies that
[z,2] = —[z,2] = 2[z,2] =0 = [z,2] =0
In conclusion, if the characteristic of F is not equal to 2, then the properties L; and
L} are equivalent. It immediately follows from the anti-commutativity property that a
subalgebra 7 is a two sided ideal if it is either a left ideal or a right ideal of L.
In the rest of this work, we will deal with a finite dimensional Lie algebra over a field

of characteristic 0.

Example 1.0.3 Let V be a finite dimensional vector space over F. We define [z,y] = 0
for all z,y € V, then obviously L; and Ly hold, thus V becomes a Lie algebra. In
particular, all of the elements of V commute. A Lie algebra where all the elements

commute is called an Abelian Lie algebra.

Many standard facts of group theory and ring theory have direct analogous in Lie
algebras. Let A be an algebra and let Z be an ideal of A, then the quotient vector space

A/T becomes an algebra with respect to the well-defined multiplication

Ty =Y
where T and y denote the coset of x and y € A respectively in the quotient vector space

A/Z. In fact, if A is a Lie algebra, the quotient space A/ is also a Lie algebra whose

multiplication is inherited from A.

Definition 1.0.4 Let A and B be two algebras. A linear map f : A — B is called
a homomorphism of algebras if f satisfies f(zy) = f(z)f(y) for all z,y € A. Let L4
and Ly be two Lie algebras with commutators [, |, and [,]., respectively. A linear map

f Ly — Ly is called a homomorphism of Lie algebras if it satisfies

f(lz,yley) = 1 (2), f(y)]es



i.e. f preserves the Lie bracket, for all z,y € £;. A bijective homomorphism is called
an isomorphism. If such a map exists, then £, and L, are said to be isomorphic.

An isomorphism from a Lie algebra £ onto itself is called an automorphism of L. The
set of all automorphism of £ forms a group denoted by Aut(L) called the automorphism

group of L.

Let £, and £, be Lie algebras with a homomorphism ¢ : £; — L. The kernel of
», Ker ¢, is defined by
Ker o ={z € L : p(x) =0}

Note that Ker ¢ is closed under [,], i.e. if 21,20 € Ker ¢, then [x1,25] € Ker . Let

x € Ker ¢ and y € L;. Since ¢ is an homomorphism and ¢(z) = 0,

o([z,y]) = [p(x), p(y)] = [0,0(y)] =0

which means that [z,y] € Ker . Thus, Ker ¢ is an ideal of £;. The image of ¢,

Im ¢, is defined by
Im p ={p(x):z € Ly}
Let u,v € Im ¢, then there exist x,y € £; such that ¢(x) = v and ¢(y) = v. Since ¢

is a homomorphism
[u,v] = [0(2), ¢(y)] = e[z, y])
so [u,v] € Im ¢, and therefore Im ¢ is a subalgebra of L.
Theorem 1 Let L1 and Ly be two Lie algebras with a homomorphism ¢ : L1 — Lo,

then

L1/ Ker p= Im ¢

Proof. We proved that Ker ¢ is an ideal of £, and Im ¢ is a subalgebra of £5. Now

we define a map

VL) Ker ¢ — Im p; x+ Ker p — p(z)



This map is well defined, one-to-one and onto. Since ¢ is a homomorphism it follows

that 1 is a homomorphism, thus £,/ Ker ¢ & Im ¢

O

Theorem 2 [Let L be a Lie algebra and let T, J be ideals of L, then

i- If T C J then J /T is an ideal of L/T and (L/I)/(T)I)=L/T.

- T+ J)/T=I/INJ.

The following example, taken from (5), concerns isomorphic Lie algebras.

Example 1.0.5 Let £; be a 3-dimensional vector space over R, and let {ej, ez, e3} be

a basis of L. For x = x1e1 + x2e9 + x3€3, Yy = y1€1 + Y260 + yzes € L1 we define,

[z, y] = (z2y3 — T3y2)er + (x3y1 — T1y3)e2 + (T1Y2 — Tay1)es

then £; becomes a Lie algebra. We note that

[617 62] = €3, [627 63] = €1, [637 61] = €2

Let L5 be the vector space of 3 x 3 skew-symmetric matrices over R. For XY € Lo,

we define

[X,Y]=XY -YX

then £, becomes a Lie Algebra. We choose a basis

00 0 0 01
Xi=|1 00 =1 |,Xe=10 00],Xz=
01 0 -1 0 0

of L5, then

[XbXQ] - X37 [X27X3] == X17 [X37X1] = X2

Let X,Y € £5,s0 X and Y can be written as

0 —XI3 )

-1 0
0 O
0 0

X =1 x5 0 —x | =01 Xi+ 22X +23X3

—XT2 T 0



0 —Ys Y2
Y=1 ys 0 —y1 | =unXi+XoXo+y3X3
—Y2 U 0

SO

(X, Y] = (z2y3 — w3y2) X1 + (w391 — 21y3) Xo + (2191 — 2291) X3

We define a linear map f : £; — L5 by,
f(x) = f(xre1 + zaes + x3e3) = X = 21X + 22 X5 + 23X

If f(x) =X and f(y) =Y, then f([z,y]) = [f(x), f(y)] = [X,Y], so that this map is a
homomorphism from £; to £5. In particular, f is an isomorphism, thus £; and £, are

isomorphic.
The following is one of the classical examples of isomorphisms of Lie algebras.(See eg.(2))

Example 1.0.6 Let V be an n-dimensional vector space over F. We consider the
vector space End(V) of all linear transformations from V to itself. The multiplication

on End(V) is defined by

for all f,g € End(V) and for all v € V. This multiplication of End(V) makes End(V)

into an associative algebra. For f, g € End(V), we set

f.9l=fg—gf

Ly:[f, fl=ff—-ff=0
Ly« [f,[g, h]] + [g, [h, 1] + [h, [f. 9]
= f(gh—hg) = (gh—hg)f +g(hf — fh) = (hf — fR)g+h(fg—9f) — (fg—gf)h
= fgh—fhg—ghf+hgf+ghf—gfh—hfg+ fhg+hfg—hgf—fgh+gfh =0
Thus End(V) together with [,] is a Lie algebra. It is denoted by gl(V).



Let M, (F) be the vector space of all n x n matrices over F. The usual matrix

multiplication makes M, (F) into an associative algebra. For F, G € M, (F), we set
[F,G] = FG — GF

then M, (F) becomes a Lie Algebra. We denote this Lie algebra by g, (F).
Let B = {vy,vs,...,u,} be a fixed basis of V so every linear transformation can be
represented by a matrix relative to B. The map which sends every linear transformation

to its matrix,

fll fln
gy | P e
fnl fnn

is an isomorphism from g¢l(V) to gl,(F). Thus ¢i(V) and gl,(F) are isomorphic Lie

algebras.
Definition 1.0.7 Subalgebras of gl,,(F) are called linear Lie algebras.
Example 1.0.8 Let
sly(F)={A € gl,(F): Tr (A) =0}
where Tr(A) denotes the trace of A. Let A, B € gl,,(F), then
Tr ([A,B]) = Tr (AB— BA)= Tr (AB) — Tr (BA) =0

thus sl,(F) is a subalgebra of gl,,(F). This particular linear Lie algebra is called the

special Lie algebra.
Example 1.0.9 The orthogonal Lie algebra
s0,(F) ={A € gl (F): A+ AT =0}

is another example of a linear Lie algebra.



Example 1.0.10 Let

where I,, denote the n X n identity matrix. The symplectic Lie algebra,
spn(F) = {A € glon(F) : JA+ ATJ =0}
is also a linear Lie algebra.

Example 1.0.11 Let £; and £ be two Lie algebras with commutators [,|., and [, ],
respectively, then

L1 Ly={(z,y): v €Ly and y € Lo}

becomes a Lie algebra with respect to the multiplication

[(xla yl)? (x%yQ)] = ([1'1, x2]£17 [yhyQ]ﬁz)

Let {1, z,... z,} be a basis of an n-dimensional Lie algebra £ over a field F. The

structure constants cfj € F of L with respect to the basis {x1, xs, ... z,,} are defined by

n
[z, z;] = Z iy,
k=1

There are n® structure constants of an n-dimensional Lie algebra. Let

n n
r=Y i, y=Y B,
i=1 j=1
be two elements of £, then
n
[z,y] = Z aiﬁijjiUk

i.j.k=1

so that the commutator of any given two elements can be determined by using n?

structure constants. Because [z, z;] = —[z;, 2], ¢f; = —c§, for 1 < i,j,k < n. By

using the Jacobi identity, it can be seen that
n
Z(cﬁjcl‘k + i + ccty) =0
t=1
forall 1 <i,j5,k,u <n.



Definition 1.0.12 Let S be a subset of a Lie algebra £. The centralizer of S in L is

defined as the subset
Ce(S)={zx € L:[z,s] =0, Vs € S}

The center of L is defined as the subset
Ce(L)y={xeL:[z,y =0, Vye L}

Let V be a subspace of L. The normalizer of V in L is defined as the subset
Ne(V)={x € L:[z,v] €V, YveV}

It is easy to show that the centralizer and the normalizer are subalgebras of £ and the
center is an ideal of £. It immediately follows from the definition of the center that L is

abelian if and only if Cz(L£) = L. If V is a subalgebra, then V is an ideal in the N(V).

Definition 1.0.13 Let £ be a Lie algebra. For x € L, we define

adea : L — L; y — [z,y]

for all y € £. This map is a linear map and called adjoint map determined by =x.

We consider the linear map ad, : £L — ¢l(L£). For all x,y,z € L, by using Jacobi

identity, we have

ade[z,y](2) = [[z,y], 2] = [z, [y, 2]] = [y, [2, 2] = (adcz - adry — adcy - ad,v)(2)
thus
adelz,y| = ladcr, adcy)

Hence, the linear map ad, is a homomorphism of Lie algebras. We note that ad, is not

necessarily faithful. In order to see this, we consider the Heisenberg Lie algebra H with



basis {x1, z2, z3} and multiplication table

X To T3

T 0 XT3 0

To | —T3 0 0

adyxs : H — H, for all x € H, adyxs(z) = 0 so that adyxs = 0 which implies that

r3 € Ker ady. Therefore ady is not faithful.

Definition 1.0.14 Let A be an algebra. A linear map D : A — A is said to be a
derivation if it satisfies
D(zy) = D(x)y + xD(y)
for all x,y € A. The set of all derivations Der(.A) forms a vector space. For Dy, Dy €
Der(A) define,
[,] : Der(A) x Der(A) — Der(A)

[D1, Do(zy) = (D1Dy — D2 Dy )(zy)

so that

[D1, Do(wy) = [D1, Do](z)y + z[ D1, Da(y)

thus [Dy, Dy is also a derivation of Der(A). It is also easy to check that Ly and Ls hold

for Der(A). Hence Der(.A) has the structure of a Lie algebra.

Example 1.0.15 Let £ be a Lie algebra, and x € L. For all y, z € L,
adex(ly, 2]) = [z, ly, 2] (from Jacobi identity)
= —[y, [z, 2] = [z, [2, 9] (from L)
= [zl 2] + [y, , 2]]
= ladca(y), 2] + |y, adx(2)]

Thus the adjoint map ad,x : L — L is a derivation of L.
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Definition 1.0.16 Let £ be a Lie algebra and V be a vector space over a field F. A
representation of £ on V is a homomorphism p : £ — ¢l(V), that is a representation
of £ is a map p which satisfies

i — plaz + by) = ap(x) + bp(y)

it — p([z,y]) = [p(z), p(y)]
for all x,y € £, and a,b € F. p is called faithful if Ker p = 0. Suppose that there is a

bilinear map £L x V — V, (z,v) — x - v. If

[z, yl-v=2-(y-v)—y-(v-v)

for all z;y € £ and v € V, then V is called an £L-module.

Let £ be a Lie algebra. We showed that the adjoint map ad, : L — gl(V) is
a homomorphism of the Lie algebra L, so it is a representation of L. It is called the
adjoint representation. Among the representations of a given Lie algebra, the adjoint
representation plays an important role. It is the natural action of a Lie algebra £ on
itself.

A subspace W of V is called an L-submodule of V if x - w € W for all x € £ and
w € W. V is said to be an irreducible £L-module if it has no submodules except {0} and
itself. V is called a completely reducible £L-module if it is the direct sum of irreducible

L-modules.

Definition 1.0.17 Let V be a finite dimensional £-module. A finite sequence (V;),

i €{1,2,... n} of L-submodules of V is called a composition series for V if
0=V CV;C ... CVn_H:V
such that V;.1/V; are irreducible for all 0 <14 < n.

Theorem 3 Let V be a finite dimensional L-module, then there exists a composition

series of V.
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Proof. We use induction on the dimension of V. The theorem is trivial if the dimension
of V is 0 or if V is irreducible. Now suppose that the theorem is true for all £-modules
of dimension less than n. Let W be the proper submodule of maximal dimension. By

the induction hypothesis, YW has a composition series
o=Wy,CcW, C ... W, =W

Since W is the proper maximal submodule, V/W is irreducible, so we add V to the

composition series of YV to obtain a composition series of V. O
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CHAPTER 2. Nilpotent and Solvable Lie Algebras

In this chapter, we will define nilpotent Lie algebra, solvable Lie algebra, lower cen-
tral series, derived series, nilradical, and solvable radical, also we will give some basic

theorems and related concepts.
Let £ be a Lie algebra and let Z and J be subalgebras of £. For x € Z and y € J,

the linear span of the elements [z, 3] is called the product space of T and J and denoted

y [Z,T].

Theorem 4 Let £ be an n-dimensional Lie algebra and let T and J be ideals in L.
Then [Z,J] is an ideal in L.

Proof. Let u € [Z,J], then u can be written as

n

U= Z[%,yz‘]

i=1
where x; € Z and y; € J. Let z € L, then

n n n

[Zvu] = [Z’Z[xivyi“ = Z[Za [171’7%“ = _Z i, ym Z yu Z ZL’Z

i=1 i=1
Since Z and J are ideals of L, [z, 2;] € Z and [y;, 2] € J so that

n

_ Z[xz, [yi, 2]] — Z[yi, [z,2]] € [T, T]

i=1

Thus, [Z, J] is an ideal in L. O

Since L is an ideal of itself, we define a sequence L" of ideals of £ inductively by,

L'=C, £2=[1 L), ... Lr =[Cm 1 L),
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It is obvious that £* C £" ! for all n > 1, so that this is a nonincreasing sequence of

ideals. The sequence

L=L'D2C02D> ....D>L"D ...

is called lower central series of L. If there exists a positive integer £ > 0 such that
L1 £ 0 and £F = 0 then L is called a nilpotent Lie algebra. The integer k is said to be
the nilpotency class of L. In particular, if K = 2, £ is an Abelian Lie algebra. Moreover,

if L1 #£ 0 and £% =0, then LF1 C C(L).

Theorem 5 Let p: L — gl(V) be a finite dimensional representation of a Lie algebra
L and let Z be an ideal in L. Let 0 =Vy C V) C .... Vi1 =V be a composition series
of V, then the following are equivalent.

i- p(x) is nilpotent for all v € T (i.e. p(x)* =0 for a k > 0)

ti- p(x)Vie1 CV; forallz € Z, and 1 <i <n.

Theorem 6 (Engel’s Theorem) Let L be a finite dimensional Lie algebra, then L is

nilpotent if and only if adsx is a nilpotent endomorphism for all x € L.

Proof. Suppose that £ is nilpotent. Since adyz(LY) C L™ adx is nilpotent for all
xeL.

Now suppose that ad,x is nilpotent for all x € £. We consider the composition series
0=LyCLiC.... CL 1 =L
of L. The previous theorem implies that
adpx(Lir1) C L;

forallz € £ and forall 1 < i < n, sothat [£, L;11] C L;. Takei = nthen [L, L,11] C L,,
but £,,1 = £ and [£, L] = L% so that L2 C £,,. Now, takei =n—1, then [L, L,] C L,
so that [£, £%] C [£, £,] which implies £3 C £,,_1. Thus for i = k we have £¥ C L, 154,

then we conclude that £ is nilpotent. 0
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Engel’s Theorem implies that in order to show L is not nilpotent, it is sufficient to

find at least one x € L such that adyx is not a nilpotent endomorphism.

Example 2.0.18 Let £ be a 3-dimensional Lie algebra with a basis {z1,z9, 23} and

multiplication table

T i) T3
T 0 0 1+ To
o 0 0 —T9
XT3 —T1 — Ty X2 0

adprs(xe) = w9 and then adpa%(zy) = zo for all integers. Therefore adyx; is not a
nilpotent endomorphism. It follows from Engel’s Theorem that £ is not a nilpotent Lie

algebra.

Now we define another sequence £ of £ inductively,
LY =, £® =[O O], £ =[chD o=D]
for all n > 1. By Theorem 4, £™ are ideals of £ and £™ c L™ so that
L=LD>L® o . S LMo L

is a nonincreasing sequence and is called the derived series of L. If there exists a positive
integer k& > 0 such that £*) =0 and £#~Y £ 0, then £ is called solvable Lie algebra.

Given a Lie algebra £, we use induction to prove that £L*) ¢ £*. Indeed, by definition
LA =rrcr
Now if we suppose that £L*) c £* C £ then,

,C(k+1) _ [ﬁ(k),ﬁ(k)] C [£k7£] — £k+1
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Hence £*) c £* for all k. Thus every nilpotent Lie algebra is solvable, but in general
the converse is not true. In order to see this, we consider the Lie algebra L of the set of

all 2 x 2 upper triangular matrices, i.e.,
L = {(zi5) € glo(R) : z;; =0 for all i > j}

A basis for L is

10 01 0 0
{xl = y L2 = y T3 = }
00 0 0 01

so the multiplication table of L is,

r1 T2 I3

W5} 0 ) 0

To | -T2 0 i)

It is easy to see that £®) = span {z2} and LB =0 so that £ is solvable, but ad,xs
is not nilpotent and it follows from the Engel’s Theorem that £ is not a nilpotent Lie
algebra.

Here we show that the sum of two nilpotent ideals is also a nilpotent ideal, and

conclude that an arbitrary Lie algebra contains a unique maximal nilpotent ideal.

Theorem 7 Let L be a Lie algebra. If L is nilpotent, so are all subalgebras and homo-
morphic images of L. If T and J are two nilpotent ideals, then T+ J is also a nilpotent

ideal.

Proof. Since Z and J are nilpotent ideals, there exists an integer k& such that 7% = J% =
0 where ZF and J* are the k—th terms of the lower central series of the ideals Z and J
respectively. Since ZF = J* = 0, any m-fold [zy, [z, [...., [Tm_1, Tm]...]]] is equal to O if

it contains at least k elements from either Z or J. Let x; = y; + z; where y; € Z and



16

2 € J. Now, take m = 2k then [z1, [12, ..., [Zm_1, Tm]...]]] = 0 so that (Z + J)?*=0,

thus Z 4+ J is also a nilpotent ideal. O

This theorem shows that the sum of nilpotent ideals of a Lie algebra L is a nilpotent
ideal, and so there exists a maximal nilpotent ideal of £. The maximal nilpotent ideal

of a Lie algebra is called the nilradical and is denoted by NR(L).

Theorem 8 Let L be a Lie algebra then,
i- If L is solvable, then the subalgebras and homomorphic images of L are solvable (In

particular, quotient algebras of solvable algebras are solvable).
ti- If T is a solvable ideal of L and L/ is solvable, then L is solvable.
tit- If T and J are solvable ideals of L, then T + J is also a solvable ideal of L.

Proof. 1- Let £, be a subalgebra of a solvable algebra L, then Egk) C L% so that £, is
also solvable.

Let f(£) be a homomorphic image of a solvable Lie algebra £. By induction, we
show f(L™) = f(£)™. Since f is a homomorphism,

F(L)® = F((L.£]) = [£(L0). (L) = F(L)®

Now we suppose that f(£™) = f(£)™, then

FLOH) = FLD, LON) = [F(L™), F(LD)] = [F(L)™, F(L£)) = (L)

Since L is solvable, there exists an integer & > 0 such that £L® = 0. But f(L®)) =
f(0) = f(£)® = 0. Hence f(L£) is also solvable.

11~ Since L£/7 is solvable, £¥ C T for some k, but Z is solvable so that £ is solvable.
titi- (Z+ J)/TJ = I/ZNJ and since the right handside is solvable, the left handside is
solvable, so that Z + J is solvable. O

It follows from Theorem 8 that a finite dimensional Lie algebra £ contains a maximal

solvable ideal, which is the sum of all solvable ideals of £. This ideal is said to be the
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solvable radical of £, and it is denoted by SR(L). Since every nilpotent ideal is solvable,
NR(L) C SR(L).

Theorem 9 (Cartan’s solvability criterion) Let V be a finite dimensional vector
space over a field of characteristic 0 and let L be a subalgebra of gl(V), then L is solvable
if Tr (xy) =0 for all x € L and for ally € [L, L] .

Proposition 2.0.19 Let £ be a finite dimensional Lie algebra of characteristic 0 over
a field F. Then

SR(L)={x € L: Tr (adex - adey) = 0}
for all y € [L, L].

We conclude that a finite dimensional Lie algebra £ of characteristic 0 is solvable if

and only if Tr (adgx - adpy) =0 for all z € £ and for all y € [£, £].

Let p: L — gl(L) be a finite dimensional representation of a Lie algebra L. For all

x,y € L, a bilinear form f, : £L x L — L defined as

folz,y) = Tr (p(z)p(y))

is called the trace form corresponding to the representation p. Let {zi,.... z,} be a
basis of £, then (f,(z;, Z;))nxn is the matrix of f, with respect to {z1,.... z,}. The trace
form corresponding to the adjoint representation is called the Killing form, and denoted
by k.. By the definition of a non-degenerate function, if k. is non-degenerate and if

ke(z,y) =0 for z € £ and for all y € £, then z = 0. We define
R,={xeL: fy(r,y) =0 forall ye L}

R, is called the radical of f,, and it can be shown that R, forms a subspace. R, = 0 if

and only if f, is non-degenerate.

Definition 2.0.20 A Lie algebra L is said to be semisimple if £ does not contain any

solvable ideal except {0}.
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Theorem 10 (Cartan’s semisimplicity criterion) Let £ be a Lie algebra. If the
Killing form kp is non-degenerate, then L is semisimple, and if L is a semisimple Lie

algebra of characteristic 0, then the Killing form k. is non-degenerate.

Proof. Suppose that the Killing form k. is non-degenerate. Assume that SR(L) # 0.
We consider the derived series of SR(L), so that there exist an integer k such that
SR(L)*® # 0 and SR(L)*+Y = 0. Let # € SR(L)®, and y € L, so adszad y(L) C
SR(L)®. Since ad,xSR(L)*® c SR(L)**Y it follows that (ad zrad,y)? = 0. Since
kr is non-degenerate, ad,xr = 0 and therefore x = 0 which contradicts the fact that
SR(L) # 0. Hence L is semisimple.

Now suppose that £ is semisimple. Since SR(L) = 0, Cz(L) = 0 so that adjoint

representation is faithful, thus it follows that k. is non-degenerate. O

Example 2.0.21 The multiplication table of sly(L) is

T i) I3
T 0 21’2 —2$3
i) —21’2 O T
T3 21’3 —I 0

slo(L) is semisimple since the determinant of the matrix x of the Killing form is -128.

Example 2.0.22 Let H be the 3-dimensional Heisenberg Lie algebra with basis {x1, z2, 3}

and multiplication table

T1 T2 I3

T 0 xIs3 0

To | —T3 0 0

3| 0 0 0

‘H is not a semisimple since the determinant of the matrix x of the Killing form is 0.
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Theorem 11 Let L be a semisimple Lie algebra of characteristic 0. Let p : L — gl(V)
be a finite dimensional representation of L. If W is a submodule of V, then there exists

a submodule Wy C V such that V = W, & Ws.
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CHAPTER 3. Levi Decomposition

In this chapter, we describe Levi’s theorem which states that an arbitrary finite
dimensional Lie algebra is a direct sum of a semisimple algebra and the solvable radical.

We have followed (2) and (3) for the proof of Levi’s Theorem.

Theorem 12 Let L be a Lie algebra over a field F of characteristic 0 and let L be not

solvable, then L/SR(L) is a semisimple Lie subalgebra.

Proof. Let T/SR(L) be the solvable radical of L/SR(L). Since SR(L) is solvable and
Z/SR(L) solvable, it follows from Theorem 8 that Z is solvable. But since SR(L) is
the maximal solvable ideal, Z C SR(L). Hence Z = SR(L) so the solvable radical of
L/SR(L) is {0} and therefore £L/SR(L) is semisimple. O

Theorem 13 (Levi) Let £ be a finite dimensional Lie algebra over a field of charac-

teristic 0. If L is not solvable, then there exists a semisimple subalgebra S of L such
that

L=8S®SR(L)
In this decomposition, S = L/SR(L) and we have the following commutation relations.
[5,5] =5, IS, SR(L)] € SR(L), [SR(L),SR(L)] € SR(L)

Proof. Case I. £ has no ideals Z such that Z # 0 and Z is properly contained in
SR(L). [SR(L),SR(L)] is an ideal of L that is contained in SR(L), so it follows that
[SR(L),SR(L)] =0. [£,SR(L)] is an ideal of £ and SR(L). But since SR(L) does not
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contain any of the ideals of £ properly, it follows that either [£,SR(L)] = SR(L) or
L,SR(L)] = 0.
Subcase I. [£,SR(L)] # 0, i.e. [L,SR(L)] = SR(L)

Let V be the set of all linear transformations from £ to itself, i.e. V = Hom(L, L).

For all z,y € £ and ¢ € V, V can be made into an £-module by setting

(@ - )(y) = [z, ()] = ¢(lz,y])

The following sets A, B,C are L-submodules of V.
A={adsz:x € SR(L)}
B={peV:p(L)C SR(L) and p(SR(L)) =0}
C={peV:p(L) CSR(L), and ¢|sp(c) is multiplication by a scalar }
Since [£, SR(L)] = SR(L), adyx(L) C SR(L) for all z € SR(L), and since [SR(L), SR(L)] =
0, adcx(SR(L)) =0, so A C B. From the definitions of B and C, we have that B C C,
and therefore

AcBccC

Let ¢, € C be the multiplication by the scalar A, then for all z € £ and y € SR(L),
(- )W) = [z, oa()] — @alz,y] = [z, Ay] — Az, y] = Alz, y] — Alz,y] =0
Therefore x - )\ € B which implies that
L-CCB
Since @y (z) € SR(L) and [SR(L), SR(L)] =0, [y, er(z)] = 0 so that
(Y- o) (@) = [y, 0a(2)] = paly, 2] = 0 = Aly, 2] = [= Ay, 2] = ade(=Xy)(2)

=y-pr=ade(—Ay) € A

= SR(L)-CC A
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SR(L)-C C Asothat C/Ais an L/SR(L)-module, and B/A contains C/.A as a proper
submodule. Since L/SR(L) is a semisimple Lie algebra, Theorem 11 implies that there
exists a complementary module D/Ain C/ A to B/ A such that B+D = C and BND = A.
L -C C B implies that L/SR(L) - D/A C B/ A. Since D/ A is complementary to B/ A,
D/A must be mapped to 0, so that SR(L) - D C A, and therefore £L-D C A. Let
¢ € D/A such that ¢|sp(c) is the identity on SR(L). Since L-D C A, L - C A.
Define S ={z € L:x-p=0}. Let z € L then z- ¢ € A so that z - ¢ = ad,y for some
y € SR(L). For z € L,

(y-#)(2) = v, 0(2)] = ¢(ly, 2]) = =y, 2] = [=y, 2] = ade(=y)(2)
so that y - ¢ = adg(—y)
(+y) p=2-9+y p=adc(y) +adc(—y) =0
therefore 2 +y € S. Hence
v=(z+y)—yeS+SRL)

where z € L. In order to complete the proof, we need to show that SN SR(L) = {0}.
Let w € SNSR(L), then w € S and u € SR(L). u € S implies that u - ¢ = 0 and
u € SR(L) implies that u - ¢ = adg(—u), so adz(—u) = 0 and therefore u spans an ideal
7 which is also a subset of SR(L). By our assumption, since SR(L) does not contain
any proper ideal of L, either Z = SR(L) or Z = 0. If Z = SR(L), since ad;(—u) = 0,
it follows that [£, SR(L)] = 0. This contradicts the fact that [£, SR(L)] # 0. Hence Z
= 0 so that u = 0 and therefore SN SR(L) = {0}. Hence

L=38®SR(L)

Subcase II. [£, SR(L)] = 0 then SR(L) C Cz(L). But C,(L) is an solvable ideal of L,
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so Cz(L) C SR(L) and therefore SR(L) = C(L) which implies that Ker ad; = SR(L).
By Theorem 1
L/ Ker ad; = Im adg
ie
L/SR(L) = adcL

so that the adjoint representation induces a representation
p:L/SR(L) — gl(L)

We know that £/SR(L) is semisimple and SR(L) is a submodule, hence by Theorem

11 there exists a submodule S C £ such that

L=8®SR(L)

Case II. Suppose that £ has an ideal Z that is properly contained in SR(L).

We consider the minimal ideal Sy of £ that is contained in SR(L). By induction on
the dimension of SR(L), we suppose that the theorem is true for all Lie algebras with
a solvable radical of dimension less then dim SR(L). SR(L)/Sy is the solvable radical
of L/Sy, and dim SR(L)/Sy < dim SR(L), so there exists a subalgebra &1 /S, of L/S
such that £/S, = &1/So + SR(L) /Sy, so L = S; + SR(L). Sy is the solvable radical
of & and since dim Sy < dim SR(L), there exists a semisimple subalgebra S so that
S =85+ 8. Hence

L=S+S8 +SR(L)

= L=S+SR(L)

Since S is semisimple S N SR(L) = 0 and therefore

L=8®SR(L)
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O

The semisimple subalgebra S is called a Levi subalgebra of L. In general the Levi

subalgebra is not unique. On the other hand, the solvable radical SR(L) is unique.

Theorem 14 (Malcev) Let L be a Lie algebra with solvable radical SR(L). Suppose

that 81 and Sy are semisimple subalgebras of L with
L=8S ®SR(L)=8 P SR(L)
then there exists an automorphism f of L such that f(S1) = Ss.

Proof. Let L =8, & SR(L) = Sy ® SR(L) then for every x; € Sy, there exists a unique
x9 € Sy such that 7 = 9+ SR(L) and x; — xo € SR(L). The mapping x; — x5 is an
isomorphism from &; onto &;. This isomorphism can be extended to an isomorphism of

L. For details see (3) pg. 156 O



25

CHAPTER 4. Algorithms

Levi’s theorem states that an arbitrary finite dimensional Lie algebra over a field F
of characteristic 0 can be written as the direct sum of the Levi subalgebra & and the
solvable radical SR(L). In this chapter we will give an algorithm to obtain a basis for
the Levi subalgebra of a given finite dimensional Lie algebra over F. This algorithm
is taken from (1). Since we need to compute the product space [£, £] and the solvable
radical SR(L) to obtain a basis for the Levi subalgebra, we first give simple algorithms

to find the product space [£, £] and the solvable radical SR(L).

Algorithm: Product Space
Let £ be a finite dimensional Lie algebra and let Z and J be two subspaces with

basis {x1, ... ,,} and {y1, ... y,} respectively. The algorithm for the product space is,

Input: A finite dimensional Lie algebra £ and subspaces Z and J with basis
{z1,.... zn} and {y1, .... yn} respectively.
Output: A basis of the product space [Z, J].

Step 1. Compute the set A of elements [z;,y;] forall 1 <i<mand1<j <n.

Step 2. Calculate a maximal linearly independent subset B of A, return B.

Algorithm: Solvable Radical SR(L)
From Proposition 2.0.19, we have that SR(L) ={z € L: Tr (adsx - adcy) = 0} for

all z € L and y € [£, L]. By using this Proposition, we can find an algorithm to obtain
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the solvable radical SR(L). Let {z1,xs,.... x,,} be a basis of £ and let {y1,ys,.... yx}
be a basis of the product space [£, L]. Let © = > "" oyx; € L, then Proposition 2.0.19
implies that
T = i a;x; € SR(L) & iai Tr (adgz; - adpy;) =0
i=1

i=1

1 < j < k. Hence the algorithm for the solvable radical is,

Input. Finite dimensional Lie algebra £ over a field F of characteristic 0 with a
basis {x1, T2, .... T}
Output: A basis of the solvable radical SR(L)

Step 1. Find a basis {y1, 92, .... yx} of the product space [L, L]

Step 2. Calculate ad,z; and adpy; for 1 <i<m,1<j<k.

Step 3. z =" asx; € SR(L) < Y. o Tr (adpw; - adeyj) =0

where 1 < 7 < k, then find «;’s by solving linear equations.

Algorithm: Levi subalgebra

Let £ be a finite dimensional Lie algebra with a basis over a field F of characteristic
0. First we obtain a basis {ry,rs, .... 7, } of the solvable radical SR(L).
Case 1. The solvable radical SR(L) is abelian, i.e. [r;,r;] =0 for all 1 <i,j <n.

First we find a complementary basis {z1, za, .... ,} to the SR(L) in £ such that

{z1, T2y e Ty, 71,72y e T}

span the Lie algebra £. Let Z; be the image of z; in L/SR(L), so there corresponds a
basis {Z1, Ta.... T} of L/SR(L) to the basis {1, s, ... 2} With [Z;, ;] = 3,0, cf7s
where 1 < 7,7,k < m. By Levi’s theorem, there exists a complementary basis to the
SR(L) which spans a Levi subalgebra. A basis for any subspace complementary to the

SR(L) can be written as
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n
Y1 = 11 + E Oéle’j, Yo = T + E OéQjTj, ...... Ynm = Tm + E Oéijj
— j=1

By Levi’s Theorem, we can choose ay;’s 1 <k <m, 1 < j <mn, so that {y1,ys,.... Y}
span a semisimple Lie subalgebra which is isomorphic to £/SR(L). By our construction
Y1, Y2, -... Ym have the same commutation relations as 1, Zs, .... T,,. Therefore this Lie

algebra is isomorphic to £L/SR(L) via the map
Yi — T
1 < k <m. Since T; and y; have the same commutation relations, for every 1 < 1,7 < m,

Vi, y] = Z CiiYr

By replacing y; with z; + Y ", asrs, we get

m

n n n
k
[z; + E QsTs, Tj + E Q] = cij(zy + E QppTp)
s=1 t=1 k p=1

=1

m

m,n
k k

CijTh + g CijOlkpTp
k=1 k,p=1

n n
ZEZ,ZL'] ZL‘Z, E a]trt [E O./Z‘STS,.T] E QisTs, E O-/jtrt
s=1 t=1
n n m m,n
k k
[z, 5] + E e[z, re] + E Q;srs, 5] + E Qs Quit|Ts, Tt = i + E CijQtpTp
s=1

s,t=1 k=1 k,p=1

Since SR(L) is abelian, [r;,7;] =0, V1 <4,j <n, so that Z:,t:l Qisat|Ts, ¢ = 0 and

therefore
n n m m,n
_ k k
[z, z;] + ajelmi, ) + Qsrs, T = CiiTk + CijQtpTp
= = k=1 k,p=1
= E ajt xl,rt + E Qs rs,x] + E cﬂakprp xj,xl -+ E cl]xk

k,p=1

We have * ) equations with mn unknowns. It follows from Levi’s theorem that this
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linear equation system has a solution, thus we can find all the ay; ’s. Hence our algo-

rithm for the abelian radical case is,

Input: Finite dimensional Lie algebra £ with a basis over a field F of characteristic
0 with an Abelian solvable radical.
Output: A basis of a Levi subalgebra
Step 1. Compute a basis {71, 79, .... 7, } for the solvable radical SR(L)
Step 2. Find a complementary basis to {z1, za, .... Z,,} to SR(L) and compute
the basis {Z1, Z, .... T, } for the quotient algebra L/SR(L)
Step 3. Set y; = x; + Z;"Zl a;;7; and require that y; and z; have the same

commutator relations, then find «;;’s

Case II. The solvable radical SR(L) is not abelian. Let
SR(L)Y=R1 DRy D ... DRr D Riky1 =0

be a descending series of ideals of SR(L) such that [R;, R;] C R;y1. Since the solvable
radical is solvable, there exists an integer k > 0 such that SR(L)*) = 0, so we can
choose SR(L)*) = R,. If the solvable radical is nilpotent, we can choose the lower
central series of SR(L). Note that if SR(L) is not nilpotent, it is not necessary that
SR(L)* is equal to 0 for some integer k > 0. Let {x1,2s,.... 7,,} be a complementary
basis in £ to the SR(L), then we have the following commutation relations.
[z, x| = icf}xk( mod Rq)
k=1

which means that {x,zs,.... z,,} span a Levi subalgebra module R;. For t = 1,2, ....
we construct u! € SR(L) such that y! = z; + u} span a Levi subalgebra modulo R,
1 <i,j <m. When we compute for ¢t = k+1, we find that {**} span a Levi subalgebra

module Ryy1 = 0, i.e., {yF™} span a Levi subalgebra of L.
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We start with ¢ = 1, set y} = x; and write R; = U; & R4, 1 where U, is a complement
to Rixr1 in Ry. We write
Yt =y

11 span a Levi algebra modulo R4 ;. Note that uf =", agul €

and we require that {y;
U,. Since {y!™'} span a Levi subalgebra modulo R, 1, we have the following commuta-

tion relations

t+1 t+1 k t+1
) y] § z]yk mod Rt+1)

We know that [R;, R;] C Riy1, so by replacing y!™ with y! 4 uf, we find that
[yl yf] + [yh ub] + [, ] + [ud, ] Z chytt(‘mod Rey)

[yf, ul] + [uf, ] + ) il = [yl ] + Z ckyt™(mod Rypy)
k

These are linear equations for u. Since the equations are modulo R4, the left handside
and the right handside can be viewed as elements of U;, we can work inside of this space
when we are solving the equations. Also we note that working inside this space allow us
to get rid of nonlinearity. We can apply Levi’s theorem to the Lie subalgebra £/R; 1,
so that these linear equations have a solution. Hence our algorithm for the nonabelian

radical case is,

Input: Finite dimensional Lie algebra £ with a basis over a field F of characteristic
0 with a nonabelian solvable radical
Output: A basis of a Levi subalgebra
Step 1- Compute the solvable radical SR(L)
Step 2- Compute the descending series SR(L) =R1 D .... D Ry D Rgs1 = 0 of
SR(L) such that [R;, R;] C Ri1
Step 3- Find a complementary basis {x1, 7o, ..... T} to Ry and set y} = z;

Step 4- For 1 <t <k,
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Step 4.1- Compute a complement U; in R; to Ryyq
Step 4.2- Set y'™' = 4! + ul where u! are unknown elements of U,

1

Step 4.3- Compute the equations
[yl ul] + [uf, ] + ) bl = =yl vl + ) eyt (mod Reya)
k k

of u! and solve them.
Step 5- Return the subalgebra spanned by {y™'}.

The subalgebra spanned by {y**'} is the Levi subalgebra of L.

Example 4.0.23 We find the Levi subalgebra of the Lie algebra £ spanned by

010 1 0 0 010 010
{ti=1 100 ]|,22=10 =10 ]|,23=]0001],2za=|100 |}
00 1 0 0 1 00 1 000

The multiplication table of L is,

T T T3 Ty

Ty 0 41 — 4drs — 214 T1— Tg — Ty 0

Ty | —4x1 + 4x3 + 224 0 —2x1 4 223 + 204 —4x + 43 + 224
T3 —x1 + 2o + 24 201 — 223 — 274 0 —T1+ Ty + T4
Ty 0 41 — 4drs — 214 T1— Ty — Ty 0

Step 1. First, we find the solvable radical SR(L).
The maximal linearly independent set in the multiplication table is spanned by
T1 — Tog — Ty, 201 — 2x3 — x4 and —x1 + x3 + x4, so these three linear combination

of the elements span the product space [£, £]. Thus the product space is spanned by
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1 0 0 0 1 0 010
{fi=10 =10 |,v2=| -1 00]|,v35=]00 0|}
0 0 0 0 0 0 00 0

Proposition 2.0.19 implies that

4 4
T = Zaixi € SR(L) & Zai Tr (adez; - adey;) =0, 1<j<3

i=1 i=1
Thus, by solving 3 equations with 4 unknowns, we find that oy = —ay, as = a3 = 0,

and therefore SR(L) = Span {ayzy — aix4}, say 1 — x4 = 7 thus,

00 0
SR(L) = Span {r} = Span {| 0 0 0 |}
00 1

Step 2. A complement in £ to the SR(L) is spanned by {x1,x2,23}. The quotient
algebra L/SR(L) is spanned by Z1, T and Z3 where ; is the image of x; in L/SR(L).

We compute the commutation relations of z; for 1 <+ < 3, and find that
[T1, Ta) = 2Ty — 4T3, [T1,T3) = —T2, [T2, T3] = 273
Step 3. Now we set
21 =x1+ar, zZp==o+ [(r, z3=1x3+T

and we require that zq, zo and 23 span a Levi subalgebra. Now, the problem is to find
the three unknowns «, # and v such that 2z, z5, 23 span a semisimple Lie algebra that
is isomorphic to L/SR(L). Since z1, 2o and z3 have the same commutation relations as

T1, T2 and Z3, we have
(21,20 = 221 — 4z, (21, 23] = —22, [22, 23] = 223

These equalities imply that
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[x1 + ar,xo + fr] = 2(x1 + ar) — 4(x3 + ) (1)

[x1 + ar,x3 + 1] = — (22 + Or)

[x2 + Or, w3 +yr] = 2(xs +r)
From the first equation we find that a — 2y = 1 and from the third equation we find
that v = —1. Hence a« = v = —1 The second equation implies that § = —1. Thus

z1=x1—7T, 23 =29 — 71, z3 =x3—r and therefore the Levi subalgebra is spanned by

010 1 0 0 010
{si=1100|,2=10 -10].23=10001}
000 0 0 0 000

Example 4.0.24 Let £ be an 8-dimensional Lie algebra with basis {x1, 22, .... 3} and

multiplication table

1 T x3 T4 x5 T X7 T
Ty 0 209  —2x3 0 —T5 0 0 g
To | —2x9 0 T 0 Ty 0 0 0
T3 | 223 —x1 0 0 0 0 0 Ts
Ty 0 0 0 0 —x5 —2T¢ —Xg— 2x7 —Iy
Ts Ts —xs 0 Ts 0 0 0 —Tg
Tg 0 0 0 2z 0 0 0 0
T 0 0 0 Te + 227 0 0 0 0
Ty | —xg 0 —Ts5 g Tg 0 0 0

We compute a basis of the Levi subalgebra of £. This Lie algebra is taken from (6).

Step 1. First, we compute the solvable radical SR(L).
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The product space is spanned by {x1,xs, 3, x5, Ts, ¥7, xs}. Now we can use the

Proposition 2.0.19.
8 8
x = Za,ﬂ:i € SR(L) & ZaiTT(ad[;xi cadpxj) =0for j=1,2,3,5,6,7,8

i=1 i=1
We find that the solvable radical SR(L) is spanned by {4, x5, z6, x7, x3}. We denote the

solvable radical by R. A complement in £ to R is spanned by x1, 9, x3. Let Ty, %o, T3
be the images of x1, 9, x3 in L/R, then we have the following commutation relations
[T1,To) = 29, [T1,T3) = —2T3, [T2,T3] =T

Step 2. We see that the solvable radical is not Abelian, then we calculate the derived
series of the solvable radical R.

R =RW = span {z4, x5, g, 7, 25}

R = [RW RW] = span {xs, v6, 7, 75}

RO = [RP RP] = span {z6}

RA — [R(fﬂ)’ R(?’)] =0
Hence

R=RWD >R S>RE 5RW =0

is the derived series of the solvable radical R with [R®), R®)] ¢ RO+Y.

Step 3. Since {x1, 29,23} is a complement in £ to R, so initially we set

?/% = I, y% = T2, yé = I3
Step 4. x4 is a complement in R™ to R® so that we write
y% =yl +axry =11 + Qx4
Y3 = ys + Bxy = 1o + B4
Y3 = Y3 + Y24 = 13+ 714

then we have the following commutation relations.

[vi,y3] = 2y3( mod R®), [yf,v3] = —2y5( mod R®), [y3, 93] = yi( mod R®)
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The first commutation relation implies that

(21 + axy, 29 + Bry] = 2(29 + Bry)( mod RP)), then 3 = 0.
The second commutation relation implies that

(21 + axy, 3 + y14] = —2(23 + y24)( MOd RP), then v = 0.
The third one implies that

(29 + B4, 13 + Bay] = 21 + azy( mod RP)), so a = 0. Hence
Y =1, Y3 =2, Y3 =3

Now, {z5, z7, 25} is a complement in R to R®), so that we write
YP = Ui + 15 + axx7 + asrs = 11 + a1 x5 + axr7 + asls
ys = Y2 + bixs + boxy + bsxg = Ty + biws + boxy + byxg
Y3 = U3 + C1s + Cotr + Cag = w3 + 15 + o7 + €3

and we have the following commutation relations,
[y, y3] = 243 mod R®), [y}, 48] = —2¢3( mod R®), [48, 93] = y7( mod R¥)

The first commutation relation implies that
(21 +a125+agxy +asws, o+ by s +boxy +bswg] = 2(w9+byas+boxy +bsag)( mod RA))
then we have b; = by = 0, and a; = —bs. The second one implies that
[21+a175+apz7+asws, ¥3+-c105+Coxytcaws] = —2(x3+c125+cowr+c3xg)( mod RB))
then we find that ¢ = ¢3 = 0, and ¢; = a3. The last commutation relation implies that
(29 + by 25 + Doy + sz, T3 + 125 + Cox7 + c318] = T + @175 + agxy + azrg( mod RY))

then as = by = 0, and ¢; = a3. Say ¢; = a3 = u and a; = —b3 = v, then
3 _ 3 _ 3 _
Y| = T1 +0T5 + UTy, Yy = T — VTR, Y3 = T3+ UT5

Now, {76} is a complement in R®) to R™ so that we set

yilzyi)’+ex6:x1+vx5—l—um8+ex6

Vs = Ys + fre = To — Vg + [T
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Ys = ys + g6 = T3 + uT5 + g6

and we have the following commutation relations,
[y, 93] = 2y5( mod RW), [y, y3] = —2y3( mod RY), [y, 3] = y{( mod R™)

Note that R = 0, and {y{, ¥4, y4} span a Levi subalgebra modulo 0. From the first
commutation relation we have that

(21 + vas + uxs + exg, To — vy + frg] = 2(1y — vwg + f26)( mod RW), then f = %
The second commutation relation implies that

(21 +vas +urs + exg, v3 +urs + grg) = —2(13 +uxs + gre)( Mod RW) then g = *7“2
The last commutation relation implies that

(19 — vag + frg, 3 + uxs + gre] = T1 + vT5 + urs + ewg( mod RW), so e = —uv.
Hence

yf =T +vT5 + urg — UVTg

’U2

4
Yy = Tg — VI + 51:6

u2

4
Y3 = T3 + urs — ?376

Step 5- We conclude that {y, v3, y3} span a Levi subalgebra of L.

By direct computations, it can be seen that the multiplication table of the Levi

subalgebra is,

yi | 0 2y3 -2y

ys | -2y5 0y

ys | 2ys -y 0

In fact, this Levi subalgebra is isomorphic to slo(L£). We recall that the Levi subal-

gebra is not unique. Different choices of v and v give the isomorphic Levi subalgebras.
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CONCLUSION

Levi decomposition is a very general tool to study the structure of Lie algebras since
it is applicable to all Lie algebras. It is also useful in analyzing the dynamics of the
quantum control systems. In this creative component, we studied the general theory
and some algorithms to compute the Levi decomposition starting from a basis of an

arbitrary finite dimensional Lie algebra.
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