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CHAPTER 1. INTRODUCTION

Univalent function theory has been around since the early 1900’s. In 1916, Bieberbach
gave an estimate for the second Taylor coefficient of a normalized univalent function. Some
important consequences of this coefficient estimate are the growth and distortion theorems
discussed in section 2.4. The classical growth theorem (Theorem 2.5) discussed in chapter 2
gives necessary but not sufficient conditions for univalence. In 1978, Blatter published a paper
stating a two-point distortion theorem that gives both necessary and sufficient conditions for
univalence. Since then, Blatter’s method has been used to extend his result to a one-parameter
family of theorems containing Blatter’s original theorem as a special case. These theorems are
stated in terms of hyperbolic distance and are invariant under composition with automorphisms
of the unit disk.

In chapter 2 we discuss general properties of univalent functions and give some classical
results, including the classical growth and distortion theorems. As the hyperbolic metric plays
a prominent role in the two-point distortion theorems, we give a construction of the hyperbolic
metric in chapter 3. Finally, in chapter 4 we discuss two-point distortion theorems, using the
methods employed by Blatter [2], Kim and Minda [6], and Ma and Minda [8, 9]. We conclude
chapter 4 by using the two-point distortion theorems to make some comparisons between

hyperbolic and Euclidean geometries on simply connected regions.



CHAPTER 2. PRELIMINARIES

2.1 Basic Concepts and Definitions

Definition 2.1. Let D C C be a domain and f : D — C an analytic function. We say that f

is univalent in D if f(z1) # f(z2) whenever z; and z, are points in D with 21 # 2.

We will mainly be concerned with functions analytic and univalent on the unit disk
{# : |#| < 1}, which we denote throughout this paper by D. In particular, we will consider
normalized univalent functions. The schlicht class S is the class of functions f univalent on D
and normalized by the conditions f(0) = 0 and f’(0) = 1. As a result of these normalizations,

if f € S, then f has a Taylor expansion of the form
f(2) =2z+az? +az2® +agz* + -+ 2] < 1.

Example 2.1. The most important example of a function in class S is the Koebe function,
given by
ey
k(2) = +——5 = nz".
(1 - Z) n=1
It is easy to verify that k(z) is univalent. In fact, if 21, 20 € D and k(z1) = k(22), then:

21 29
1—21)2  (1-2)2 = 21(1 — 29)? = 29(1 — 21)?

= 21(1 — 229 + 23) = 29(1 — 221 + 23)

= z1 — 22120 + zlzg =29 — 22129 + zng
2 _ 2

= 21 + 2125 = 29 + 2927

= 21(1 — z129) = 22(1 — 2129)

= 21 = %9.



A function of the form

zﬁk( i8 ) Znezn I)an’ B ER,

(1— elﬁz
is called a rotation of the Koebe function. The Koebe function is important because it and its

rotations exhibit many extremal properties within the class S.

Univalence is not preserved under addition, but is preserved under other elementary oper-

ations such as rotation and dilation. In particular, if f € S and F is defined by
z+t
— — f(t
! (1 + tz> f(®)
(1 —[t2)f(t)

for some t € D, then F' € S. To see this, notice that the function 7'(z) =

F(z) =

is a conformal

zZ+
14tz
mapping of D onto D. Therefore, f o T is univalent on D. Since F(0) = 0 and F'(0) = 1, we
have F' € S. A function F' defined this way is called a Koebe transform of f.

Another related class of functions that will be of interest to us is the class 3. A function
g that is analytic (except for a simple pole at oo) and univalent on A = {z: |z| > 1} is in X if

g is of the form

g(z) =z +bo+b1z  Fboz 24 bz o |2 > 1

2.2 Subclasses of Univalent Functions

Here we will define some important subclasses of S and .

We first define what it means for a set to be starlike. If A C C, then we say that A is
starlike with respect to the point wg € A if the line segment joining wg to any other point of A
is contained in A. A function is said to be starlike if it maps the unit disk conformally onto a
set that is starlike with respect to the origin. The subclass of S consisting of starlike functions
is denoted by S*.

If A is starlike with respect to each point of A, then we say that A is convex. In other
words, a set is convex if the line segments joining any two points of the set is entirely contained
in the set. A function is said to be convez if it maps the unit disk conformally onto a convex

set. The subclass of S consisting of convex functions is denoted by C'. Note that C' C S* C S.



Closely related to the class of convex function is the class of close-to-convex functions. We

say that a function f is close-to-convex if there is a convex function g (not necessarily in C)
f'(2)
g'(2)

does not require univalence; however, as shown by Duren in [3], every close-to-convex function

such that Re { } > 0 for all z € D. Note that the definition of a close-to-convex function
is univalent.
The subclass of functions that are close-to-convex with the normalizations f(0) = 0 and

1 is denoted K. The subclass Ky of K is the set of all functions f such that

f(0) =
e ) > 0 for all z € D and some g € C.
g
We are also interested in some subclasses of X. Define ¥’ to be the subclass of functions
g € ¥ such that g(z) # 0 in A. The subclass X is defined to be the class of functions g € ¥
such that by = 0. Finally, we define 3 to be the subclass of functions g € ¥ such that C\g(A)

has two-dimensional Lebesgue measure zero.

2.3 Some Classical Results for Univalent Functions

We now consider some classical results for univalent functions. These are standard results
that can be found in books such as Duren [3] and Pommerenke [10]. These theorems are useful
in proving the results of section 2.4.
(e e]

Theorem 2.1 (Area Theorem). If g(2) = z+bg+b1z ' +byz™24--- € X, then Z nlb,|* < 1.
n=1

Equality holds if and only if g € X.

Proof. Let E = C\g(A), C; be the image under g of the circle |z| =7 > 1,

E, =C\{g(2) : |z| >}, and D, = g~'(E,). Note that the C, is given by

w(t) = g(re) = u(t) +iv(t), 0 < t < 2.



By Green’s Theorem, the area of E,. is given by

1
area(E,) = 2/ (udv — vdu)
c,
1
= — [ (iudv —ivdu)
2t Jo,
~ 2 'd)+1/(d+d)
=5 Crzuv wdu) + o Cruu vdv
1
— | (udu+ iudv — ivdu + vdv)
21 Cr
1
=5 . (u —iv)(du + idv)
1
= — w dw
21 C
[y —
— d
% )., 99 (2)

Letting z = re', 0 < t < 27, we get

1 2m )
area(E,) = / (reit)g (re) dt

2Jo
1 2m 0 )

= 2/0 treit + Zb r—neint| |1 4 Z —nbyr e DR gt
1 2 ) 0 )

— / et + Z bor e int| | et _ Z nbnr—ne—mt dt
2 0 n=1
1 27 e

= 2/0 r —an Pl —i—Zb Pl nz:ln|bn27°2" dt

o
= (7“2 — Zn\bnl2r_2”>
n=1
o
Letting r — 17, we get m*(E) = « (1 - Zn|bn|2>, where m* denotes two-dimensional
n=1
Lebesgue outer measure. Since m*(E) > 0, we must have Z nlb,|* < 1.
n=1
© ~
For the equality case, note that Zn\bn\z = 11if and only if m*(E) =0, i.e. g € X. O

n=1



Corollary 2.1. If g € X, then |bi| < 1. Equality holds if and only if g has the form
g(z) = 2+ by + b1/z where |b1| = 1.
o
Proof. We have |b1]? < Zn|bnl2 < 1. Therefore, |b1|?> < 1 and it follows that |b] < 1.
n=1
o o o0
If |b1] = 1, then we have 1 > Zn\bn]2 = |b1| + Zn!bn\Q =1+ Zn\bn|2. Therefore,
=1 =2 =2
b, = 0 for all n > 2, and so g(z) =" + bp + b1/z with ?bl\ =1 Conversgly, if g is of the given

form, then g € ¥ and |b;| = 1. O

Theorem 2.2 (Bieberbach’s Theorem). If f € S with f(2) = z + a2 + agz® + -+, then
lag| < 2. Equality holds if and only if f is a rotation of the Koebe function.

a2

Proof. Define g(z) = [f(1/22)]71/? = 2 — ?zfl +---€X.
The corollary to Theorem 2.1 implies ‘%) < 1, and so we must have |as| < 2.

Equality holds if and only if g(z) = 2z — by/z, with |b1]| = 1. Let by = €' for some a € R.
Then f(z2) = [g(z~1/?)]72 = (2712 — e21/2)72 = [271/2(1 — €'92)] 72 = 2(1 — €'®2)~2, which

is a rotation of the Koebe function. O

Theorem 2.3 (Koebe 1/4-Theorem). If f € S, then the range of f contains the disk

{w: |w| < 1/4}.
Proof. Suppose w ¢ {f(z) : |z| < 1}. Then g(z) = m is analytic and univalent in D.
Note that

9(0) = ww_f 500()0) =0,

() = WIS E) —wlGLE) et E)

(w— f(2))? (w— f(2))
g'(0) = Zz =1,
§"(z) = (w — f(2))2w?f"(2) — wf(2)2(w — f(Z))(—f'(z)),
(w— f(2))*

and

w? £7(0) + 2w 2 2
g//(o) — f ( )4 — f//(o) + i 2&2 + =
w w w

Note in particular that ¢(0) = 0 and ¢’(0) = 1, so that g € S.



= g™ (0 1 2 1
Thus, g(z)_zgn‘()z”—z—i—Q <2a2+w> 22+---—z+<a2—|—w> 2%+ ... Because
n=0 ’

1
g € S, Theorem 2.2 implies that |as + ‘ < 2, and, because f € S, we also have |ag| < 2.
w

1 1
‘:’4_@2_@2 + |ag] <2+ 2 = 4. Therefore, |w|21-
w

‘1
<|—+4a2
w

1
w

Thus, we have
1
Hence, if |w| < T then w € {f(2) : |z] < 1}, i.e. w is in the range of f. O

2f"(z) __20%

flz)  1=z?
Proof. Let f € S and fix t € D. Let F' be defined by
z+t
= AU
f<1+tz> ®)
(1 —=[t*)f' ()

Note that F' is a Koebe transform, so ' € S. Therefore, Theorem 2.2 implies that

4lz|
—1—1z

Lemma 2.1. If f € S, then

E for all z € D.

F(z) = =24 Ay(t)22 + A3(t) 22 + -+ - .

1
t _
|Aa(t)] < 2 for all ¢ € D. A calculation shows that F”(0) = (1 — |t|2)]}’((t)) — 2t. Since
) o i

F"(0) = 2A45(t), we must have ’(1 —|t]?) ) 2t’ < 4. Multiplying both sides by -

tf"(t 2[t|? 4t
results in M0 — i < i , which is the desired result. O

friey =P 1P

2.4 Classical Growth and Distortion Theorems

We are especially interested in the classical growth and distortion theorems. The two-point

distortion theorems that we will explore later are closely related to these.

1—|z| 1+ |z| . .
Theorem 2.4. If f € S and z € D, then ————— < |f'(2)] £ ———=. Fquality holds if
(1+1z) (1—1z])?

and only if f is a suitable rotation of the Koebe function.

af"(z) _ 202 | _ 4l

Proof. Let f € § and z € D. From Lemma 2.1, we have o) — 1 | ST R

Therefore:

42| 2f7(z) 2P 42|
< R — <
=22 = { ) 1= 1=
42| () 20 4|
— < — <
T a2 = Re{ P TP ST
2)z[2 — 4|z 2f7(2)\ _ 222 + 42
= ———— < R < .
122 =\ Ffle) J = 1P




Let log f/(z) denote a single-valued branch of the logarithm of f’ with log f’(0) = 0. Note that

we can choose such a branch of the logarithm since f’(z) # 0 and f/(0) =1

"
d .
Now, Re { ) } = r—Re{log f'(2)} (where z = re?). Therefore, we have

f'(2) or
2r2 — 4r 0 2r2 4+ 4r
= <r—= -2 7
< Reflog f(2)} <
which implies that
2r — 4 0 2r +4

< o Re{log f/()} < T

Holding 6 fixed and integrating with respect to r from 0 to |z| results in

1 - |7]
(14 12[)?

Exponentiating this expression gives the desired result.

1+ |7

< log|f'(2)| < log m .

log

Suitable rotations of the Koebe function provide cases of equality. Conversely, if equality

holds in either the upper bound or the lower bound for some z = Re®, then

"
Re{ & J]:(( ))} = £4. In this case, we must have |as| = 2, which implies that f is a rotation

of the Koebe function. O

Theorem 2.5. If f € S and z € D, then (1—i|-|’ 0z S <|f(2)] < (1_’”’) Equality holds if

and only if f is a suitable rotation of the Koebe function.

Proof. Let f € S and z = re?® with 0 < r < 1.

To obtain the upper bound, let I' denote the line segment from 0 to z and write

= [rrac= [ 1ot dp
T 0

Then Theorem 2.4 implies that:

2)| s/o |f'(pe”)] dpé/o (11_+,f))3 dp = (1-2)?

This establishes the upper bound.

1
! < — for 0 < r < 1. Therefore, if
(1+7r)2 4

1
|f(2)| > —, then the result holds trivially. If |f(z)| < T Theorem 2.3 implies that the range

To obtain the lower bound, first notice that




of f contains the line segment from 0 to f(z). Let this line segment be denoted A and let

A = f71(A) be its preimage under f. Then f(z /dw = / f'(¢) d¢. Because f'(¢)d¢ has

constant argument along A, Theorem 2.4 implies:

d o -
1= [ WO | qrasdd= [ qrm = aae

The statement about equality follows from the case of equality in Theorem 2.4. O
1-— ! 1
Theorem 2.6. If f € S and z € D, then 2 < ) < + ’Z| Equality holds if and
1+ 2] f(z) 1— 2|

only if f is a suitable rotation of the Koebe function.
24+ ¢
(5%) -0
(1 —¢1?)f(¢)

Proof. Let f € S be given and define F(z) =

€ S. By Theorem 2.5, we

have

o <IP-ol < 4

(1+1¢)? (1—=1¢hH>

fO) = (=0 _ —f(9)
(1- \CI (=0 (=[P (=)

But note that F(—() =

Therefore:
I —1¢P) _ <>’ €11 = |¢?)
(+KW == a=ppe
¢ ‘ (©) ’ 1— ]2
j(rwq2—cf u—mn
i&®4®O+K\ ’ ‘ (1—|e)(1 + [¢])
1+ G (1— |2
1] ‘ ‘ 1+ ¢
$1+m§<m@>—1—m
1— (] ’qmw 1+ ¢
T ST

Cases of equality are provided by suitable rotations of the Koebe function. We next show
that rotations of the Koebe function provide the only cases of equality. To this end, suppose

f € S satisfies

Fﬂ@wzl—m
L+¢]
for some ¢ € D. Note then that ]J:/(é_)) ’ = |C] i i_ EI
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Now, consider F' € S defined by

Then we have

(0

a-1c f’
o=|d )
e
1 |70
R TR
=N +1e 1 T=c]
K

=17

By Theorem 2.5, F' is a rotation of the Koebe function. It then can be shown that f must also
be a rotation of the Koebe function.
A similar argument shows that rotations of the Koebe function provide the only cases of

equality in the upper bound as well. O

2.5 Motivation for Using the Hyperbolic Metric

The theorems we have just seen give conditions that are necessary, but not sufficient, for
univalence. In fact, there are many functions that satisfy the theorems but fail to be univalent.
Blatter [2] wondered if there were similar theorems that would give sufficient conditions for
univalence. Blatter’s research led to the proof of a two-point distortion theorem that gives
both necessary and sufficient conditions for univalence.

Blatter’s theorem and related results are given in terms of hyperbolic distance. In partic-
ular, Blatter related |f(a) — f(b)| to the hyperbolic distance between a and b (a,b € D). As
we will see, Blatter’s result is invariant under suitable compositions with automorphisms of D
and C. The hyperbolic metric is useful in these results because it is invariant under conformal

automorphisms of D.
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CHAPTER 3. THE HYPERBOLIC METRIC

In this chapter, we will follow the construction of the hyperbolic metric as given by Anderson
[1], with some results given by Krantz [7]. The goal is to construct a metric that preserves
distances under conformal automorphisms of the unit disk. To do so we will first construct
the hyperbolic metric on the upper-half plane model for the hyperbolic plane. We will then

transform this model to the unit disk.

3.1 The Upper-Half Plane Model of the Hyperbolic Plane

The underlying space in the upper-half plane model is H = {z € C : Im(z) > 0}. To

construct this model of the hyperbolic plane, we will first define a hyperbolic line.
Definition 3.1. A hyperbolic line in H is:
1. the intersection of H with a Euclidean line in C that is orthogonal to R, or
2. the intersection of H with a Euclidean circle centered on R

Remark. If L is a Euclidean line in C, we can view L U {oo} as a circle in C=CuU {o0} (the
extended complex plane). Therefore, every hyperbolic line in H is contained in a circle in C

that is orthogonal to the extended real line R = R U {o0}.

Proposition 3.1. Every circle in C can be expressed as the set of solutions in C to an equation

of the form azzZ + Bz + Bz 4+~ =0, where o,y € R and 3 € C.

Proof. Since a circle in C is a Euclidean line in C or a Euclidean circle in C, we will consider

these two cases.
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Case 1: First consider a Euclidean line in C given by ax + by + ¢ = 0. Let z = x + dy. Since

z =Re(z) = 3(2 + %) and y = Im(2) = —%(z — %), we have:

ax—|—by—|—c:%(z+§)—ig(z—§)—|—c

1 1
= 5(@ —ib)z + i(a +ib)z + ¢

Taking o« = 0, 8 = %(a —ib), and v = ¢, we see that the line is given by the set of points

{21022+ B2+ Bz ++ =0}.

Case 2: Next consider the Euclidean circle given by (z—h)2+ (y—k)? = r2. Letting 2o = h+ik,

we have:

r? = (= h)*+(y—k)?
= |z — 20)?

= 27 — %oz — 2% + | 20|

Hence, 2Z — Zoz — 20%Z + |20/> — r? = 0, and so the circle is given by the set of points

{z:a2Z2+ Bz + Bz +v =0}, where a = 1, 3 = —%5, and v = |2|? — 7°. O
Definition 3.2. We say that two hyperbolic lines in H are parallel if they are disjoint.

This construction of the hyperbolic plane does satisfy the axioms of hyperbolic geometry.
In particular, given a hyperbolic line ¢ in H and any point P in H not on ¢, there are infinitely

many hyperbolic lines through P parallel to ¢.

3.2 Mobius Transformations and the General Mobius Group

The metric that we construct on H needs to be invariant under certain transformations
taking H to itself. Since a hyperbolic line in H is contained in a circle in ((Aj, we will consider
transformations taking circles in C to circles in C.

We will begin by considering the set £ of linear fractional transformations (also called

az+b

Mobius transformations). These are functions of the form T'(z) = i where a,b,c,d € C
cz

and ad —bc # 0. If T € L is of this form, then define:
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1. T(o0) = lim T(2) :%

Z— 00

2 T <_d> — lim T(2) = o0

c z——d/c
With these conventions, every function T' € L is a continuous, bijective mapping of C to C.

Note that £ is a group under composition.

Proposition 3.2. The group L is generated by elements of the form m(z) = az+f (o, 5 € C)

1
and the function J(z) = ——.
z
az+b . .
Proof. Let T'(z) = € L. We will consider two cases.
cz+d )
Case 1: If ¢ = 0, then T'(2) = %z + 7 which is an element of the form m(z) = az + [ with
b
a= % and 0 = 7

az+b

cz+d

(az +b)c

(cz+d)c

acz + be

2z +cd

acz + ad — (ad — be)
2z +cd

a(cz+d)  ad—bc

clcz+d)  Ez+cd

a ad-—bc

¢ z+d

= f(J(g(2)),

where g(z) = ¢z + cd and f(z) = (ad — be)z + ¢
c

In either case, we have written T" as a composition of elements of the form m(z) = az +

and the function J(z) = —%. O
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Proposition 3.3. Every element T' € L maps circles in C to circles in C.

Proof. By Proposition 3.2, it is enough to consider functions of the form m(z) = az + b
1

(a,b € C) and the function J(z) = ——.
z

Recall that a circle in C can be expressed as the set of solutions to an equation of the form
azZ + Bz + Bz + v = 0, where o, € R and 8 € C (Proposition 3.1).
Let A={z¢€C:azz+fz+ B2+~ =0} be a circle in C.

First we consider m(z) = az +b. Let w = az+b. Then z = é(w —b). If z € A, then we

have

0=azz+ B2+ 082+~

o«
~al?

(w—b)(w—b)w%(w—b)+E%(w—b>+fy

_ 1 -1,
:#(ww—bw—b@%—]b|2)+ﬂa(w—b)+ﬁa(w—b)+7
o a B8 ab 6 ab\ _ albl? 06b
—Www—i-(a—w)w—i—(—mp)w—i-(m’Q —2Re<a)+’y>

L a 8 ab B ab\_ oz|b|2 b
—|a|2ww—i—<a—|a|2>w+<—|a‘2>w+<|a|2 —2Re<a>+’y>,

which gives the equation of a circle in C. Therefore, the image of A under m is a circle in C.

S

S|

1 1 1
Next consider J(z) = ——. Let w = J(2) = ——. Then z = —— and so for any z € A, we
z z w

have

0=oqazz+ Bz + B2+
11 1 -1
=a——+8—+B=+1.
ww w w
Multiplying through by ww results in
YW 4 Bw + Bw + o = 0.

Since this is again an equation of a circle in C , we see that the image of A under J is a circle

~

in C. O]
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We now extend L to a larger group, the general Mobius group M. The group M is
generated by £ and C, where C : C — C is defined by C(z) = Z for z € C and C(o0) = o0.
We have seen that circles in C are mapped by elements of £ to circles in C. This is also true

of M.
Proposition 3.4. Every element of M maps circles in C to circles in C.

Proof. Consider a circle in C given by the equation a2z + Bz + Bz +v = 0. Let w = C(z) = Z.
Then z = w, and so we have aww + B + Bw + v = 0. Note that this is also the equation of
a circle in C. Therefore, C' maps circles in C to circles in C. Now, since every element of a

generating set for M takes circles in C to circles in @, the property must also hold for M. [

Since our goal is to construct a metric that is invariant under conformal automorphisms,

we are interested in conformal mapping properties.
Proposition 3.5. Fvery element of M preserves magnitudes of angles.

Proof. 1t is well known that the elements of £ are conformal mappings, and so preserve mag-
nitudes of angles. Thus, we need only consider the function C(z) = Z. Since the geometric
interpretation of C' is reflection across the real axis, it is easy to see that C preserves magnitudes

of angles. n

Since we are concerned with elements of M that map H to itself, we define the subgroup
M(H) :={m € M : m(H) = H}. It can be shown that a generating group for M(H) is given
by elements of the form m(z) = az +b (a > 0,b € R) and the functions J(z) = —% and
B(z) = —z. We will also make use of the subgroup L(H) := {T € £ : T(H) = H}. Note that
L(H) ¢ M(H) C M. Additionally, £L(H) C £ € M. We have the following results for these

subgroups.

Proposition 3.6. FEvery element of M(H) maps hyperbolic lines in H to hyperbolic lines in
H.

Proof. Apply Propositions 3.4 and 3.5 and the fact that every hyperbolic line in H is contained

in a circle in C orthogonal to R. O
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3.3 Hyperbolic Length and Distance in H

If f: [a,b] — C is a piecewise C* path with f(t) = x(t) + iy(t), then we have

f/(t) =2'(t) + iy (t) and |f'(t)] = /(2 (t))%2 + (v'(t))2. Therefore, the Euclidean length of f is

given by

b b
length(f) = / V@O T G 0) dt = / ()] dt = /f dz].

We say that the standard Euclidean element of arc length in C is |dz| = |f/(t)| dt. For any

continuous function p : C — R, the path integral of p along f is given by

b
[ ol = [ or@ir e a
a
Viewing p(z)|dz| as a new element of arc length motivates the following definition.

Definition 3.3. Let f : [a,b] — C be a piecewise C'! path and p : C — R a continuous

function. The length of f with respect to the element of arc length p(z)|dz| is given by

enh, (1) = [ p(e)d=)

To measure hyperbolic arc length, we must find an appropriate element of arc length. In
view of the fact that we want our metric to be invariant under composition with elements of
M(H), we will look for an element of arc length p(z)|dz| so that length,(f) = length,(y o f)
holds for all ¥ € M(H) and all piecewise C! functions f : [a, b] — H.

We begin by investigating the conditions imposed on p by elements of L(H) C M(H). To

this end, let v € £(H) and let f : [a,b] — H be a piecewise C'* path. Then we have:
b b
length,(f) = length,(y o f) =>/ p(fDIF ()] dt:/ p(Y(FWON) I (SN ()] dt
b
= [ (@) = ) TN 1 0] dt =0
Now, define yu(2) = p(z) — p(7(2))|7'(2)|. Then the above condition becomes
b
[m@laz = [ il a=o
f a

for every piecewise C! path f : [a,b] — H and every v € L£(H).
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Lemma 3.1. Let D C C be open and p : D — R continuous. If/,u(z)|dz = 0 for every
f

piecewise C* path f : [a,b] — D, then 4 =0 on D.

Proof. Suppose by way of contradiction that p = 0. Then there is some zg € D with p(z9) # 0.
Without loss of generality, assume p(zp) > 0. Let € = %]u(zgﬂ > 0. By the continuity of
and openness of D, there is a § > 0 so that p(w) € Be(u(z0)) whenever w € Bs(zg) C D.
Since p(w) € Be(p(20)), we have: |u(zo)| — |p(w)| < |u(w) — p(z0)| < %lu(20)|~ Therefore,
()| > n(z0)] = 3liuCz0)] = 3la(z0)] > 0. Hence, u(w) > 0 for all w € B(zo).

Since /fu(z)dz| = 0 for all C! paths f : [a,b] — D, it must hold for the path f : [0,1] — D
defined by f(t) = 20 + %57&. Note that f'(t) = g > 0. Also, for all ¢t € [0,1], we have
f(t) € Bs(zp). Then by the above argument, we have u(f(t)) > 0 for all ¢ € [0, 1].

In that case, /f,u(z)|dz| = /01 w(fEN)|f ()] dt > 0, which contradicts our hypothesis.

Therefore, we must have u =0 on D. O

Applying Lemma 3.1 to the analysis for the conditions imposed on p by elements of £(H),
we see that 0 = py(2) = p(z) — p(7(2))]7/(2)], and this is true for all z € H.

Now if v, ¢ € L(H), we have:

Hropl(2) = p(2) = p((1 0 9)(2) ) [(v 0 ) (2]

= p(2) = p(p(2)l¢' (2)] + (p(e(2)) = p(Y(@(2))) [V (2(2))]) |¢' (2)]

= 1p(2) + 1 (2(2)) ¢ (2))]

Notice that if u, = 0 and p, = 0, then jy0, = 0. Therefore, instead of considering v € L(H),

we may consider 7 in a generating set for £(H). It can be shown that a generating set for £(H)

1
is given by elements of the form m(z) = az + b (a > 0,b € R) and the function J(z) = -

We will consider the conditions imposed on p by the functions of this generating set.

First consider y(z) = 2+ b (a = 1). Then we have 7/(z) = 1 so that

pr(2) = p(2) = p(7(2) V' (2)] = p(2) = p(z + b).
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Now, if j1, = 0, then we must have p(z2) = p(z2+b) for all z € C, b € R. In particular, this implies
that p depends only on Im(z). Let y = Im(z) and consider a function r : (0,00) — (0, 00)

defined by r(y) = p(iy). Note that since p depends only on its imaginary part, we have

p(z) = p(ilm(z)) = r(Im(z)) = r(y).

Now consider v(z) = az (a > 0,b = 0). Then 7/(z) = a so that

py(2) = p(2) = p(v(2)) [ (2)] = p(2) — ap(az) = r(y) — ar(ay).

The condition p, = 0 implies that r(y) = ar(ay) for all y > 0. Letting y = 1, we get

r(1) = ar(a); therefore, r(a) = 7"(@1) for all @ > 0. Thus, p(z) = r(Im(z)) = Irm((li) - Imc(,z)

for some constant c¢. The value of ¢ is arbitrary, so we will take ¢ = % for later convenience.

In our construction of p, we only used elements of the generating set for £(H) of the form
m(z) = az + b, where a > 0 and b € R. Therefore, length,(f) = length,(m o f) for any m
of this form. The question we have yet to answer is: Does this p produce a length function
that is invariant under composition with elements of M(H)? This question is answered by the

following proposition.

Proposition 3.7. If f : [a,b] — H is a piecewise C path, then
length,(f) = length,(vy o f)

for any v € M(H).

Proof. We have already seen that length ,(f) = length,,(mof) for any m = az+b (a > 0,b € R).



19

1 1
Next consider length,(J o f), where J(2) = ——. Note that J'(z) = —, and so we have
z z

o) -0 (1)
z 1
0 Lo
©2Im(z)  2Im (—2z/|z]?) |2|?
0 L
~ 2Im(z)  2Im(—%2)/|z]? |22
o 1
T 2Im(z) 2Im(—3%)
1 1

T 2Im(z)  2Im(z)

Therefore, length, (f) — length, (J o f) = /f 1y (2)]dz] = /f 0|dz| = 0.
Hence, length, (/) = length,(J o f).
Finally, consider length (B o f), where B(z) = —z. Write f(t) = () + iy(t), where
2], — Rand y: [a,b] — R. Note then that B o f(t) = —a(t) + iy(¢),
[(Bo f) ()] = /(2'(t))2 + (y'(t))2 = |//(t)], and Tm((B o f)(t)) = y(t) = Im(f (1))

Therefore:

b b
lengthp(Bof):/a Mwof)'(t)\ dt:/a zlm(lf(t))\f’(t)\ dt = length, (/).

Since the elements considered above form a generating set for M(H), we must have

length ,(f) = length,, (v o f) for every element of M (H). O
Motivated by these results, we make the following definitions.
Definition 3.4. The hyperbolic element of arc length Ag|dz| on H is defined to be

1
Am|dz| = 5 |dz|.

m(z)
Definition 3.5. Let f : [a,b] — H be a piecewise C' path. The hyperbolic length of f is

defined to be

b
Mmmﬁzém@WbAﬂ&Nﬁbl2m&mwwﬁ~
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Definition 3.6. For z,y € H, define the hyperbolic distance between x and y by

dp(2,y) = inf{lengthy (f) : f € Tz, y]},
where T'[x,y] = {f : [a,b] — H : f is piecewise C*, f(a) = z, and f(b) = y}.

Note that we have now constructed length and distance functions that are invariant under

composition with elements of M (H).

3.4 The Poincaré Disk Model, D

Recall that our goal is to construct the hyperbolic metric on the Poincaré disk model of
the hyperbolic plane. The underlying space for this model is the unit disk D = {z : |z] < 1}.
To transform the model H of the hyperbolic plane into the Poincaré disk model D, consider an

1

element m € M taking D to H. Define a hyperbolic line in D to be the image under m™" of a

hyperbolic line in H. We will use the following facts:

1. Every hyperbolic line in H is contained in a circle in C orthogonal to R (by the remark

following Definition 3.1);
2. Every element of M takes circles in C to circles in C (by Proposition 3.4);
3. Every element of M preserves magnitudes of angles (by Proposition 3.5); and

4. R is mapped by m~! to the unit circle, {z : |z| = 1} since the boundary of H must be

mapped to the boundary of D by m™1.

Combined, these facts imply that a hyperbolic line in ID is the intersection of ID with a circle
in C orthogonal to the unit circle.

If f:[a,b] — D is a piecewise C' path in D and ¢ is any element of £ taking D to H, then
the composition ¢ o f : [a,b] — H is a piecewise C! path in H. Now, if ¢ and 7 are any two
elements of M taking I to H, then ¢ = no&~! is an element of M(H). Since hyperbolic length

is invariant under composition with elements of M (H), we have

lengthy (€ o f) = lengthy (g o § o f) = lengthy(n o f).
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Therefore, we make the following definition.

Definition 3.7. Let & be any element of £ taking D to H and f : [a,b] — D be a piecewise C!

path into ID. The hyperbolic length of f in D is given by

lengthy(f) = lengthy (€ o f)

By the above work, we see that this definition is independent of the choice of £&. Therefore,

we can find an integral expression for lengthy(f) usmg any £ € L taking D to H. In particular,
pet e

we will use the element £ defined by £(z) = 217‘[ Note that Im(§(z2)) = ————5 and
, - 57" | — 2z — 1]
1€'(2)] = EES Hence, 1 1
2m(e(=) N = TP
Therefore,
1 b 1 , ,
e () = lengths(¢ 0 /) = [ spitaed = [ o s KGOS ) d

1 , B L
- /f sy el = /f ol

Thus, the hyperbolic element of arc length on D is given by Ap(z)|dz| = B |dz|. Therefore,

1—|z

we make the following definition.

Definition 3.8. The hyperbolic length of any piecewise C! path f : [a,b] — D is given by

ent () = [ do@)del = | gttt
This length function is invariant under composition with conformal automorphisms of .
Lemma 3.2. Every conformal automorphism of D is the composition of maps of the form

(i) g-(2) =€z, T €R, and

(ii) ¢a(z) = {——, a €D.

Proof. We first show that any function of form (ii) is a conformal automorphism of D. To that
end, first consider {z : |z| = 1}. Now, if |z| = 1, we have

Z—a 1{| z—a zZ—a

[$a(2)] = 1—az 1—-az| |z—alz|]? -
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Thus, ¢, maps {z : |z| = 1} to {z : |z] = 1}. Moreover, ¢,(a) = 0. Therefore, ¢, maps D to
D. Also, a calculation shows that (¢,)~' = ¢_,. Thus, ¢, is one-to-one and onto. Hence, ¢,
is a conformal automorphism of D.

Now, suppose that h is a conformal automorphism of D. Let a = h(0) and consider the
function G = ¢, o h. Note that G is a composition of conformal automorphisms of D, so G
itself must be a conformal automorphism of D. Also, G(0) = ¢4(h(0)) = @4(a) = 0. Then
the Schwarz Lemma implies that |G’(0)| < 1. Applying the Schwarz Lemma to G~! results

in = [(G71)(0)| < 1. Hence, we may conclude that |G’(0)| = 1, which implies that

1
G'(0)
G is of the form G(z) = €72 = g,(2) (1 € R). Since G = ¢, 0o h = g, we must have

h = g:0(pa)"! = gr 0 o_q. Thus, h can be written as a composition of functions of the form

(i) and (ii). O

Proposition 3.8. Let h: D — D be a conformal automorphism of the disk and f : [a,b] — D

a piecewise C path. Then lengthp(h o f) = lengthy(f).

Proof. By Lemma 3.2, we need to consider only two cases.

Case 1: If h is a rotation, then h(z) = €'z for some 7 € R. Therefore, |h'(z)| = 1, so we have

o(RDIH()] = Xo(e™2) = 1 s = 1 = Aol

Hence:

b
lengthy (hof) = /h RECIEE / Mp(ho (NI (FW)IIf (1) dt = /f Ap(h(2)|H(2)]]d]

::jCAD(zﬂdz:]engthD<f)

_ 1 — lal?
Case 2: If h(z) = z :1 for some a € D, then |h'(2)] = &. Therefore:
1—az |1 —az|?
z—a 1—a|? 1 1— |al?
Ap(R(2))|P (2)| = A : = .
p(A()IF (=)l D<1—m> T —azP? s —a P T—aP
1—az
_ 1—|a? _ 1—|af”
- aP—lz—a 122 = a2 + [af?[2]?
1—|al? 1
= o = = Ap(2).

A =[zP)A—=al?)  1—][2?
Then, as above, we must have lengthp (h o f) = lengthp(f).
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Since any conformal automorphism of I is the composition of maps of the above forms, we

have lengthp (h o f) = lengthp(f) for any conformal automorphism h. O
We are finally ready to define the hyperbolic distance between two points in D.

Definition 3.9. For P,Q € D, define the hyperbolic distance between P and @) by

d]D)(P7 Q) = lnf{lengthD(f) : f € F[Pa Q}}a
where '[P, Q] = {f : [a,b] — D : f is piecewise C!, f(a) = P, and f(b) = Q}.
In fact, we can find an explicit formula for the hyperbolic distance between two points.

Proposition 3.9. If P,Q € D, then the hyperbolic distance from P to Q is given by

P—-Q
1 1+’1—PQ
d]D)(R Q) = §log ’P—Q

1-PQ

Proof. Case 1: First consider the case where P =0 and @) € R.
We claim that among all C! curves of the form f(t) = ¢t +iw(t), 0 < t < 1 — ¢, that satisfy
f(0) =0and f(1 —€) =1—¢, the one of least length is p(t) = ¢. To see that this is the case,

consider any such f. We have:

1 e 1 )
() = [ Xo@ldel = [ goppldel = [ g ) a

- 1—e 1 Z'wl B 1—e 1 w/ 21/2

1 1
Note th > 1+ [w' ()2 > 1.
ote t atl—t2—[w(t)]2_1—t2 and (1 + [w'()]%)"/* >

Thus,

1—e¢
lengthp (f) > / dt = lengthp(p).
0

1—¢2
Note that with small modifications, this result can be extended to piecewise C! curves.

Moreover, if a piecewise C! curve connecting 0 to 1 — € is not of the form

f(t) =t+iw(t), (%)

it may cross itself. A shorter curve can be obtained by eliminating the loops. If the resulting

curve is not of the form (%), it can be shown that it will be longer than a curve of the form



24

(*). Hence, the shortest curve connecting 0 to 1 — € is pu(t) = t.

Note that
1—e 1 1 1—e 1 1
lengthy (1) = g d=3 T+t 1-t
engthp (1) ‘A e ZLA <1+¢ 1—t> “
_1 lo ﬂ 176—}10 2o ¢
2 81—t o 2 ° .
1 1
Taking 1 — € = Q, we get dp(P, Q) = dp(0,Q) = 7 log ’ﬁg’

Case 2: Now we consider the general case where P, € D.

Define ¢(z) = 12 _If . Then Proposition 3.8 implies dp (P, Q) = dp(¢(P), #(Q)) = dp(0, #(Q)).
— Pz
Since we can find 7 € R so that |¢(Q)| = e ¢(Q), Proposition 3.8 also implies
-p P_
dp(0, 6(Q)) = dn(0, [6(Q)]). Finally, note that |¢(Q)| — 1Q_ | = ’1 _PQQ . Therefore,
1+ ‘ P-Q
Case 1 implies dp(P, Q) = 1log _ 1=PQ| O
’ 2 L ‘ P-Q

1-PQ
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CHAPTER 4. TWO-POINT DISTORTION THEOREMS

We will now discuss two-point distortion theorems for univalent functions. The theorems
on which we will focus were proved by Kim and Minda in [6] and Ma and Minda in [8]. These

theorems are extensions of the work done by Blatter in [2].

4.1 An Invariant Koebe Distortion Theorem

We will begin by looking at a special case of Kim and Minda’s distortion theorem. The
general theorem will be discussed in section 4.2. This result is given in [6] and is also proved

by Graham and Kohr in [4].

Theorem 4.1. Suppose f is univalent on D. Then for a,b € D,

]f(a) _ f(b)‘ > sinh(2d]]3)(a, b))

_ a2 "(a AN .
> 3 ooy ™ L0~ 1P @ (1= B O]}

Conversely, if a nonconstant analytic function f satisfies this inequality, then f is univalent

on D.

Proof. 1f g is a normalized univalent function, then Theorem 2.5 implies that

]
2) 2 -
9] > T
1+ (f’jgz
Now, since dp(y, z) = 3 log | ————— | for any y, 2 € D, we have
—z
1 - ‘f/—@z
1 +‘ —
p(0,2) = 5 log 17‘07} 20g<1_|z|>
1-0z
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1
Therefore, exp(2dp(0, z)) = . + ;Z}
— |z
t —t
Also, because sinh(t) = exp(t) —|—2exp( ), we have

sinh(2dp(0, z)) =

VR
e}
M
ko]

(16 (1) - oo (s (12)) )

(1—1— 2] 1- |z|>
11—z 14z
((1 +2)* = (1 - |Z!)2>
(1= |z + [2])
(1 +2|z| + |22 — 14 2|2 — |z|2>
(== +|2)

N~ NI~ N~ N

2|z|
(1 =121 +[z])

Therefore,
sinh(2dp(0, z)) 2|z| 1—|z| |z

2exp(2dp(0,2))  (L—[2)(1+1[2]) 2(1+[2)) (1+][z))*

Thus, the lower bound in Theorem 2.5 can be restated as

sinh(2dp(0, 2))
l9(2)] > 2 exp(2dp(0, 2))

for any normalized univalent function g.

Now let f be any function univalent in ID. Note in particular that f need not be normalized.
zZ+a

Let a,b € D and T'(2) = .

Then T is a conformal automorphism of D mapping 0 to a.

Consider the function g defined by

foT(2) = foT(0) _ foT(z)— f(a)
(foT)(0) (1—lal?)f"(a)

9(z) =

—a

Let zg = [
—a

Then T'(zp) = b and so we have:

| foT(x0) — f(a)
96 = | T a7 (a)

B ’ 1(b) - f(a)
(1~ [aP)f'(a)

Also, since g is a normalized univalent function and dp is invariant under conformal automor-

phisms of D, Theorem 2.5 implies that

> sinh(2dp (0, 29)) _ sinh(2dp (7(0),T(z0))) _ sinh(2dp(a, b))
~ 2exp(2dp(0,20))  2exp(2dp(T(0), T(20)))  2exp(2dp(a,b))’

19(20)
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Hence:
sinh(2dp(a, b))
= Dexp(2dp(a, b))’

‘ f(b) = f(a)
(1 —lal*)f"(a)

which implies that

) — f(a) > Snb(2dn(a,b)

2 /
> S ooy L I @l

By a similar argument, we also have

sinh(2dp(a, b))

R AAYN
e (USIUBIOL

£ (b) = f(a)

Taking the maximum of these two lower bounds results in

1) - fa)] > Subl2db(e )

_ a2 /a . 2 /
> S ooado(e gy > (1= aP)If @] 0= BRSO},

which is the desired inequality.
Next, suppose f is a nonconstant analytic function on ID which satisfies the inequality.

If f is not univalent, then we can find some a,b € D with a # b and f(a) = f(b). Since
sinh(2dp(a, b))
2 exp(2dp(a,b))

# 0 since a # b. Hence, (1 — |a|?)|f'(a)] = (1 — |b]?)|f'(b)| = 0. Because

f(a) = f(b), we have
sinh(2dp(a, b))
2exp(2dp(ab)
a,b € D, we have |a] < 1 and |b| < 1, so that (1 — |a|?) > 0 and (1 — [b|?>) > 0. Hence,

max {(1 — |a|?)|f'(a)], (1 — [B|2)|£(b)|} = 0. Note that

f'(a) = f'(b) = 0, and so f is not univalent in any neighborhood of a or b. Since f is not
univalent in any neighborhood of a, we can find two sequences {¢, }>2; and {d, } "> of distinct
points in D so that nh_)rglo Cp = nh_)nolo d, = a and f(¢,) = f(dy) for all n € N. Apply the
inequality again to conclude that f’(¢,) = 0 for all n € N, which implies that f must be

constant. But this contradicts the hypothesis that f is nonconstant. Therefore, f must be

univalent on D. O

4.2 Lower Bounds for |f(a) — f(b)|

The work that led to many of the results regarding two-point distortion theorems was done

by Blatter in [2]. Blatter’s distortion theorem is as follows.
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Theorem 4.2. Suppose f is univalent in D and a,b € D. Then

sinh?(2dp(a, b))

17(@) = SOP 2 oo g G oy (L= a7 @D + (1= )7 O))?).

Conversely, if a nonconstant analytic function f satisfies this inequality, then f is univalent

on D.

Notice in particular that Blatter’s theorem gives necessary and sufficient conditions for
univalence. Moreover, the theorem requires no normalization on f. Since Blatter’s distortion
theorem is a special case of the theorem proved by Kim and Minda, we will not give the proof
here. The method used by Kim and Minda to prove their distortion theorem is an extension
of the method used by Blatter. Before we can prove Kim and Minda’s distortion theorem, we
need some more preliminary results.

The first result that we need, the Minimum Principle, is an extension of a result proved by

Blatter in [2]. The other results are from [6].

Lemma 4.1 (Minimum Principle). Suppose that a function u : [—L,L] — R satisfies the

following two conditions:
(i) [u'] <q,
(ii) u" < p(g* — (u')?),
where p and q are positive constants. If v satisfies
(i) [v'| <q,
(it) v" = p(¢* — (v')?),
(iii) v(L) = u(L), and
(i) v(=L) = u(-L),

then u(s) > v(s) for all s € [-L, L].
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Proof. First note that condition (i) implies

L L
(L) — uf |_’/ _/ \u’(s)\dsg/ ¢ ds = 2L,
—L —L

and so —2¢gL < u(L) — u(—L) < 2¢qL. Moreover, u(L) — u(—L) = 2¢qL if and only if u/(s) = ¢

and u(L) — u(—L) = —2qL if and only if u/(s) = —q.

Since v” = p(¢® — (v')?), v is of the form
1
v(s) = , log(cosh(pgs) + 7 sinh(pgs)) + C,

where 7,C € R.
We next show that 7| < 1. To that end, note that
1 .
v(s) = —log[cosh(pgs) + T sinh(pgs)] + log C
p
1 1 T
= log | 5 (exp(pgs) + exp(—pgs)) + 5 (exp(pgs) — exp(—pys))| +logC
1 1
=5 log (exp(pgs) + exp(—pgs) + T(exp(pgs) — exp(—pygs))) — , log2 + log C
1 1
—log (exp —pgs) exp(2pqs) + 1+ 7exp(2pgs) — T)) — —log2+1logC
p
1
= —log (exp 2pgqs) + 1 + T exp(2pgs) — T) —qs— — log2 +logC
p

Therefore,

iy L 2pq exp(2pgs)(T + 1) B
v (exp(quS)( +1) -7+ 1) !
2

q(exp(2pqs)( +1)—7+ ) —2q(—7+1)

exp(2pgs)(t+1) —7+1 —1
e b-1)
— 4 exp(2pgs)(t+1) —17+1
2q(t—1)

q+ < q,

By hypothesis, we have [v'(s)| < ¢ for all s. Hence,
y P ()l < g exp(2pgs)(t+1)—7+1

2q(t—1)
< 0. Now, 2¢(7 — 1) < 0 if and only if 7 < 1.
exp(2pgs)(T +1) —7+1 ~ ow, 2q(r — 1) if and only if 7

and so we must have

Moreover, we have

exp(2pgs)(t+1) —7+1< 0= 7(exp(2pgs) — 1) + exp(2pgs) + 1 < 0
1 +exp(2pgs)

= for all
1 —exp(2pgs)  tanh(pgs) oratls

=>T7<

=7< -1
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2q(t—1
Therefore, a(r — 1) < 0 only for |7| < 1. Hence, the condition |v'| < ¢ implies
exp(2pgs)(T+1) —7+1
7| < 1.
Now, if |7| = 1, we obtain v/(s) = ¢ or v'(s) = —q. If v/(s) = ¢, then we have

L L
v(L) —v(—=L) = /Lv'(s) dx = /Lq ds = 2qL. Then also (by the boundary conditions)

u(L) — u(—L) = 2¢L, and so u/(s) = g (by condition (i)). Similarly, if v'(s) = —gq, then
u'(s) = —q. Hence, for |7| = 1, we have u/(s) = v'(s), w(L) = v(L), and u(—L) = v(—L).
Thus, u = v and the desired inequality is trivial.

Therefore, we may assume that |7] < 1. Because |7| < 1, we have 2¢(7 — 1) < 0 and
2q(r — 1)
exp(2pgs)(T+1) — 7 +1
Applying Rolle’s Theorem to u—wv, we see that there is an sg € (—L, L) with u/(sg) = v'(s0).

exp(2pgs)(t+1) — 7+ 1 > 0. Hence, < 0and [V/(s)] < qon [-L,L].

We will prove that u'(s) < ¢'(s) for all s € [sp, L]. Suppose this is not the case. Let
s1 =inf{s > s¢ : u/(s) > v'(s)}. Then we have u/(s1) = v'(s1) € (—¢,q). Now, thereisa § > 0

with [u/(s)| < q on [s1,s1 + 0). Therefore, for t € (s1,s1 + d), we have

u”(t) ,U//(t)
p(g* — (u)*(t)) plg® — (v)*(1))

For s € [s1,s1 4 §), integrating from s; to s results in

<1=

!/ S

arctanh—
q

S /

< arctanh—
s1 q
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Since u/(s1) = v'(s1), we must have u/(s) < v/(s) on [s1,s1 + ). But this contradicts the
definition of s, so u/(s) < v/(s) for all s € [sg, L].

Now, u/(s) —v'(s) < 0 for all s € [sp, L], so u — v is monotonically decreasing on this
interval. Since (L) — v(L) = 0, we must then have u(s) — v(s) > 0 on [sg, L].

A similar argument can be used to show that u(s) > v(s) on [—L, sg]. O

Note in particular that the solution v of the differential equation in the lemma can be
expressed as

1
v(s) = —log[cosh(pgs) + T sinh(pgs)] + log C,
p

exp(pu(L)) + exp(pu(—L)) > 1/p'

where 7 € [—1,1] and C' € R. In fact, it can be shown that C' = < 3 cosh(pglL)
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L

Lemma 4.2. Forp>1,¢q >0 and 7 € [-1,1] let B(7) = / (cosh(pgs) + 7 sinh(pgs))'/? ds.
-L
2
Then for T € (—1,1), B(1) > B(£1) = —sinh(qL).
q
L
Proof. Since B(1) = / (cosh(pgs) + 7 sinh(pgs))'/? ds, we have
~L

I -
Bl(1) = p/ sinh(pgs) (cosh(pgs) + Tsinh(pqs))(1 PP g
-L

and

1 —-p L : h2 h inh (1-2p)/p d
5 . sinh”(pgs) ( cosh(pgs) + 7 sinh(pgs)) S.
p? )

B'(1) =

Since p > 1, we have B”(7) < 0. Thus, B is strictly concave on [—1,1] and the minimum value

2
of B is either B(1) or B(—1). Since B(1) = B(—1) = —sinh(gL), the result follows. O
q

Theorem 4.3. If g(2) = 2 + azz? + azz® +--- € S, then
2p —3
3-p\ o P o 1+2exp(>,
az — (3> as +§|02‘ < p

0
8p —3 3
2
Proof. 1t suffices to find an upper bound for the functional

3 )
I _ 3—p\ 2 p 2
»(g9) = Re a3 — 5 )% + g\aﬂ

over the family of normalized univalent functions.

Notice that
3—p p
(o) = Refoa) — (232 ) Re(ad) + FlaoP

—Refas) - (257 (Re{aa))? - (tm{a})? + B[(Refaa)? + (1m{aa)

= Refag) — * 5 (Refa}? + (Im{as)

Since replacing g(z) by —g(—z) does not change the value of the functional, we may assume
that Re{as} > 0. Moreover, since 0 < Re{as} < 2, by Theorem 2.2, there is a unique A € [0, 2]
with Re{az} = A <1 + log /2\>

In 1960, Jenkins (see [10], p.120) proved that

2
Refas} < (Refaz})” — (Im{a})” — 2ARefaz} + M log 5 + Nt
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Therefore:

2
Re{as})? — 2A\Ref{as} + A2 log T ;)\2 +1

=2 (1+1o 2 2—2/\2 1+1lo 2 +Xlo z+§/\2+1
3 &3 & 532

2p 2 2 2 2 3

2 2 2 2 2

= + + 11 207 —2)71 + 271 +-A+1
3)\ (1 2log)\ <og > ) og)\ og)\ 5

2 2 (4 2\? (2
:)\2<§—2+2>+)\210g)\<§—2—|—1>+/\2<log)\> <§>+1
4p—3\ .o [(4p—3\ 0. 2  2p ., 2\
= (== T2 ) Nlog = + =A% [ log = 1
< 5 >)\+< 3 >)\ og)\—i-?))\ gy +

Note that H(0) =1 and H(2) = <4p6_ 3> 4)+1=

Also,
H'(A) = 2 <4p63)+2)\ <4p3 3)1 == <4p3 3> )\2<22//;\2)
o () (me3) + 30 () (S)
:<4p3_3>x+2A<4p 3> % < >A+2)\<3><logi>2—2)\(2§)>logi
:2)\<2p3_3>10g/2\+2)\< )( %

2\ 2 2
=—1 2 3+ 2pl
3083)\[17 +p08§)\]

)

Ifp > g, then H'(\) has no zeros in (0,2). Thus, H()) is strictly increasing with maximum

value H(2) = 8P~ 3

2p—3
Ifo<p< ; then H'(X) has a zero at Ao = 2exp (]92> € (0,2). Note that H(\)
p

is strictly increasing on (0,\g) and strictly decreasing on (Ag,2). Therefore, H attains its

2p—3
maximum at H(Ag) =1+ 2exp ( P > O
p
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5. ., 13
+6‘a2’ <

1
ag_*a% _§

Corollary 4.1. If g(z) = z + asz® + azz® +--- € S, then 5

Proof. The result follows from Theorem 4.3 with p = g and from Theorem 2.2. In fact, for

3 -
az — (3 p) a%

= —, we have:
p =5, we hav

8—3 1 13
3 3 37

S 1
as — 5a3| + clagf* = + Slasf® + Zlaal’ <

2

The distortion theorems given by Kim and Minda in [6] and Ma and Minda in [8] use the

following notation:
o Dif(z) = (1-[z°)f'(2),

Daf(z) = (1= [2[)2f"(2) — 22(1 — |2[*) f'(=),

Dsf(z) = (1= [2[)°f"(2) = 62(1 — |2*)*"(2) + 622(1 — |2)f'(=),

N ORI
rie = -3 (7 ) on
o Qr(2) = gi;gzi =(1- |z|2)];/:<(§)) - 2z.

We are finally ready to state and prove Kim and Minda’s distortion theorem.

Theorem 4.4. Suppose that f is univalent in D. There is a constant P € (1,3/2] such that

for any p > P and all a,b € D,

sinh(2dp(a,b))

[2 cosh(2pdp (a, b)) 177 (ID1f(a)|P + |D1f(b)|p)1/p'

Fa)— 0)| 2 5

Conversely, if a nonconstant analytic function [ satisfies this inequality for all a,b € D, then

f is univalent on D.

Proof. The proof that a function satisfying the inequality is univalent is the same as the proof
of sufficiency in Theorem 4.1.

Now assume that f is univalent and let a,b € D. Suppose p > 1 is any number such that

(1 - PP Rs() + 2@ + 222

5 Qs(2)]> —2 < 16p (4.1)
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for every univalent function f defined on D and all z € D.

Note that if inequality (4.1) holds for one value of p > 1, then it holds for all larger values
of p. Let P be the minimum of all p > 1 such that (4.1) holds for all univalent functions f
defined in D. It suffices to establish (4.1) for z = 0 and normalized univalent functions.

Now, Corollary 4.1 implies that the inequality

3_
e (52)

3 3
is valid for p = ok Hence, we know that P < 3 With p = 1, the inequality becomes

2
< 3— Zlasl?.
< 3\Cl2|

2
a3 — -a
3 2

It has been shown that this inequality does not hold for all normalized univalent functions.
3

Thus, P > 1. Hence, (4.1) holds for all p > P, where 1 < P < 7

We first consider the case where [f(a), f(b)] is contained in f(ID). In this case, there is a
Jordan arc v in D with hyperbolic arc length 2L joining a and b such that f maps v injectively
onto the segment [f(a), f(b)]. Let v be parameterized by hyperbolic arc length as v : z = z(s),
s € [—L,L]. Then 2/(s) = (1—]z(s)|?)e®®), where 0(s) = arg 2/(s). Let u(s) = log|D1f(2(s))|.
Then o/(s) = Re{ @ (=(s)e”)}, (u)2(s) = $Re{ (Qs(=(5))26%)} 4 1] Qs(=(9))
W(5) = Re{ (1~ [2(s)2)2Ry (=())e29)} + L]Qy(=(s))[* 2.

Therefore:

2
, and

u"(s) + p(u')?(s) = Re{(l — |z(s)|2)2Rf(z(s))e2i‘9(3)} + %}Qf(z(s))‘Q -2
0 (GRe{Q P + 5@ (a(00)?)
P10, 2

Qs (2()]” — 2.

= Re { [(1 — |Z(8)|2)2Rf(z(5)) + Q(Qf(Z(s)))Q} e2z‘6(s)} +

2
<[ 12 + Lo + B

Since p satisfies inequality 4.1, we have u”(s) + p(u’)?(s) < 16p, so u” < p(4? — (u')?). Apply
Lemma 4.1 with ¢ = 4, letting v be as in the statement of the lemma. Then u(s) > v(s) for

1
all s € [-L, L]. Moreover, v(s) = — log[cosh(4ps) + 7 sinh(4ps)] + log C. Note that
p

C— (exp@u(L)) + exp<pu<—L>>>”p _ <|le<a> P+ D1 f )P ) p
2 cosh(4pL) 2 cosh(4pL) ’
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since u(L) = |D1f(2(L))| = [D1f(b)] and w(—=L) = [D1f(2(=L))| = | D1f(a)|-

Therefore:
L
|f(b) = f(a)| = /_Llf'(Z(S))HdZ(S)!
o e ey )
[ 0= BRI e
L
- / Dy f(2(s))] ds
-L
L
= /_L exp(u(s)) ds
L
> /L exp(v(s)) ds
> %sinh(4L) (by Lemma 4.2)
_ sinh(4L) ) U
N 2[2 cosh(4pL)]'/P (D1 f(a)” + | D1 f(0)] )1 :
Note that the function h(t) = __ simht is increasing and 2dp(a,b) < 4L. Hence

[2 cosh(pt)]1/P

sinh(2dp(a, b))
[2 cosh(2pdp(a, b))]1/P

F(0) = fla)] = (ID1f (@) + [DLfB))7.

This establishes the inequality when [f(a), f(b)] is contained in f(D).

Next we find a limiting form for this inequality. Set Q = f(D). If o € 92 with [f(a),a) C Q

and b € D is such that f(b) € [f(a),«), then we have

2sinh(2dp(a, b))
[2 cosh(2pdp(a, b))]

/(@) = f®)l = 5 75 [D1f (@)

Letting f(b) — 0N along the segment [f(a), @) results in b — 0D and dp(a,b) — co. Now, for

inh ¢ 1
the function h(t) = L, we have lim h(t) = —=. Hence
[2 cosh(pt)]/P t—00 2

7(a) —al > 1ID1 (@),

Now, if [f(a), f(b)] does not lie in €, then there are points «, 3 € 99 such that [f(a), )
and (3, f(b)] are disjoint and lie in Q with [f(a),a) U (3, f(b)] C [f(a), f(b)]. Then, by the
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o 1 1
limiting form, we have |f(a) — a| > 1|D1f(a)] and |f(b) — B| > 1|D1f(b)|. Hence:

7(a) — FB)] > |F(a) — ol +170) ~ i
> (D f(a)| + DL (D))

> LD (@) + Dy f(B)) 7

1
Since 1tlim h(t) = 5 and h is strictly increasing, we obtain
— 00

sinh(2dp(a, b))

2[2 COSh(2pd]D)(a b))]l/p(‘D1f<a)’p —+ ’le(b) ’P)l/p_

|f(a) = F(b) >

Hence, the inequality has been established in all cases. ]
Remarks.

1. Actually, the occurrence of P in Kim and Minda’s distortion theorem is a result of the
method used, and is not inherent in the problem. Jenkins [5] later proved that the

inequality holds for all p > 1 and fails for 0 < p < 1.

2. Note that the limiting form of this inequality (p = oo0) is Theorem 4.1, which is the

invariant form of the lower bound given in Theorem 2.5.

4.3 Upper Bounds for |f(a) — f(b)]

A theorem giving a family of upper bounds for |f(a) — f(b)| is given by Ma and Minda in

[8]. The proof relies on an integral inequality which was proved by Ma and Minda in [9].

Lemma 4.3. Suppose w € C?[a,b], k > 0, and w” < k*w. If w(a) > 0 and w(b) > 0, then

w >0 on [a,b].

Proof. Let m = min{w(s) : s € [a,b]}. If m > 0, there is nothing to prove, so we will assume
m < 0. First, find s9 € (a,b) with w(sg) = m. Since w(sp) is the minimum of w on [a, ],
we have w'(sp) = 0 and w”(sp) > 0. But also w”(sg) < k?w(sg) = k*m < 0. This is a

contradiction, and so m > 0. O
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Corollary 4.2. Suppose u,v € C?[a,b], k > 0, v" < k?v, and v” < k*u. If v(a) > u(a) and

v(b) > u(b), then v > u on [a,b].
Proof. The result follows immediately by applying Lemma 4.3 to w = v — u. O

Lemma 4.4. Suppose v € C*[—L,L], v >0, k >0, [v'| < kv and v" < k?v. Then

/L ds < 4 cosh(kL)sinh(kL)
—ro(s) T k(L) +u(=L)]
Proof. Let u € C?|—L, L] satisfy v = k?u with the boundary conditions u(L) = v(L) and

u(—L) = v(—L). The general solution of u” = k?u is u(s) = Acosh(ks) + Bsinh(ks), where

v(L) +v(—L) _v(L) —v(=L)
2eosh(kD) 4B = T mhG)

. Then u(s) = Alcosh(ks) + 7sinh(ks)]. We will next

A, B € R. Now, the boundary conditions imply A =
Let 7 = E = U(L) — U(_L) ) COSh(k‘L)
A w(L)+v(—L) sinh(kL)

/
v

show that 7 € [—1,1]. To that end, notice that |v/| < kv implies —k < — < k. Integrating
v

over [—L, L] and exponentiating results in

exp(—2kL) <

< exp(2kL).

t —
Now, the function A(t) =
t+1

is strictly increasing for ¢t > —1. Therefore:

exp(—2kL) —1 _ wv(—L)
exp(—2kL) +1 — wv(L)

—exp(kL) wv(L)—wv(—L) _ exp(kL)— exp(—kL)
v(L) 4+ v(—=L) ~ exp(kL) + exp(—kL)
<

Since A > 0 and 7 € [—1,1], we have u > 0 and |v/| < ku. Hence, Corollary 4.2 implies v > u

on [—L,L]. Then we must have

/Lds</Lds_l/L ds
_pv(s) ~ J_pu(s) A J_p cosh(ks)+ 7sinh(ks)
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L ds L sinh?(ks)
Let I = . Then I” = 2 0.
et 1(7) /_L cosh(ks) + 7sinh(ks) en I'(r) /_L [cosh(ks) + 7 sinh(ks)]? ~
_ 2sinh(kL)

Thus, I(7) is strictly concave up on [—L, L], so I(7) < I(£1) for all 7 € [-1,1].

k
Hence,

/L ds _ 2sinh(kL) _ 4cosh(kL)sinh(kL)
_rv(s) — Ak ~ k[v(L) +v(-L)]

O

The result that we will need for Ma and Minda’s distortion theorem is the following corol-

lary.

Corollary 4.3. Suppose v € C?[—L,L], v >0, k > 0, |[v/| < kv and v" < k?>v. Then for any

p=>1

/L ds _ 2[2 cosh(pkL)]'/P sinh(kL)
_rv(s) = E[u(L)P +v(—L)P]1/P

1/p
Proof. First note that 2(2 cosh(pkL)]'/? sinh(kL) _ 2 exp(kL)sinh(kL) |1+ (exp(—2kL))?
' Klo(L)? + o(~L)]/P ko() v(=L)Y’
1+
v(L)
—L
Now, in the proof of Lemma 4.4, we saw that U((L)) > exp(—2kL). Moreover, for
v
14 5P\ /P ~L
0 < s <t <1, the function h(p) = <1 i ip) is strictly increasing. Thus, if UzE(L)) <1, the

v(—L)
v(L)

corollary follows immediately from Lemma 4.4. If > 1, we factor out v(—L) instead. [

We will also make use of the inequalities (1 — |z|?)%|Ry(2)| < 6 (which is due to Kraus
and Nehari; see [3], p.263) and |Q¢(z)| < 4 (as shown by Blatter [2]). These inequalities hold

whenever f is a univalent function.

Theorem 4.5. Suppose f is univalent in D. Then for a,b € D and p > 1

[2 cosh(2pdp(a, b))]*/? sinh(2dp (a, b)) ‘
2[1/|D1f(a)P +1/|Drf ()]

[f(a) = f(b)] <

Proof. Let a,b € D. Let v : z = 2(s), s € [-L, L], be a Jordan arc joining a and b parameterized
by hyperbolic arc length such that 2L = dp(a,b). We first assume only that f is locally
univalent on I so that f/(z) # 0 for z € D. Let v(s) = |D1f(2(s))| .
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Since dilswlf(z(sm — Dy f(2(s))[Re{e®® Qs (2(s))}, we have

V(s) = —u(s)Re{ Qs (x(s) ).
Then

' (s5) = 0 (5)Re{e"IQs(2(s))} — v(s) 5 Re{e"Q;(x(5))}
= 0(s) | (Refe"OQ ()} - 4 Re{e "0, :(5)) .
A calculation yields
L0Qs(=()] = 201~ () PV Ry ((3)) + 5 [*OQ ()] 2.

Therefore:
V() = v(s) :(Re{ew(s)Qf(z(s))}>2— “Re{[e?9Q;(2(s)]2} — Re{eX0@) (1 — |2(5)|*)* Ry (2(s))} + 2

= v(s) -;\Qf(Z(S))\Q—Re{BQ’HS (1= |2(s)*)* Ry (= }+2}

< 0(s) | 31Qu (NI + (1 = 1P R (5D + 2]

Now assume f is univalent on D. Then |Q¢(2)| < 4 and (1 — |2|?)?|R¢(2)] < 6, so that
[v'(s)] < 4v(s) and v"(s) < 16v(s).

Since f o~ is a path connecting f(a) to f(b), we have
£@) = f0) < [ ldul
foy

/ ()]

/ P ()IA — 2()) ds

/ D1 £(2(5))] ds
-/ in-

Applying Corollay 4.3 with k = 4 establishes the desired result. O
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Remark. The case p = 0o gives

[f(a) = f(b)] < %exp(QdD(a, b)) sinh(2dp (a, b)) min {| D1 f(a)l, |D1f (D)},

which is an invariant form of the upper bound in Theorem 2.5. To see this, apply the bound

in Theorem 4.5 to g € S with a =0 and b = 2.

We get [g(2)] < (llj‘z,)gmm{l, Dig(2)]} <

ol
(1 —1z])?
4.4 Comparisons Between Hyperbolic and Euclidean Geometries on

Simply Connected Regions

The two-point distortion theorems discussed in the previous two sections yield comparisons
between hyperbolic and Euclidean geometries on simply connected regions. Before we state
the theorems, we will introduce some more terminology and notation.

We say that a region € in the complex plane is hyperbolic if C\Q contains at lease two
points. Saying that a region is hyperbolic is equivalent to saying that there is a holomorphic
universal covering projection f : D — €. This f is a conformal mapping if  is simply
connected.

If © is a hyperbolic region, then the density of the hyperbolic metric on €2 is obtained from

Aa(f(2))If'(2)] = A (2),

where f : D —  is any holomorphic universal covering projection of D onto 2. The density is
An(2) 1 1

PEE A= PIEL D))
The hyperbolic distance function on €2 is given by

independent of the choice of f. Notice that Aq(f(z))

do(P,Q) = inf {/ Aq(w)|dw| : v is a path in 2 joining P and Q} :
g
If f is a conformal mapping, then dq(f(a), f(b)) = dp(a,d).

Theorem 4.6. Let ) be a simply connected hyperbolic region in C. Then for any p > 1 and
all A, B € €,

sinh(2dq (A, B)) ( 1 13) ) 1/p |

A= Bz 2[2 cosh(2pda (A, B))]1/» \ X5,(A)
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Proof. Let A, B € ) be given and let f be a conformal mapping of D onto €. Find a,b € D

with f(a) = A and f(b) = B. Then the remark following Theorem 4.4 implies

|A—B|=f(a) — f(b)]
sinh(2dp(a, b))
~ 2[2cosh(2pdp(a, b))]1/P
_ sinh(2dq(f(a), f(b))) < 1 . 1 > 1/p
22 cosh(2pda(Fa). SO \ N5 (@)) Vo7 0)

sinh(2do (A, B)) ( 1 13))1/p

~ 22 cosh(2pda(A, B)VP \WB(A) T N[

(IDLf (@) + Dy f(B)P) /P

o)

O]

Theorem 4.7. Let 2 be a simply connected hyperbolic region in C. Then for any p > 1 and

all A,B € Q,
2 cosh(2pda (A, B))]'/?sinh(2dq (A, B))

4~ Bl < 2N (A) + X0 (B)J/7

Proof. The proof is similar to that of Theorem 4.6. It follows from applying Theorem 4.5 to a

conformal mapping f: D — Q. O



[9]

[10]
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