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CHAPTER 1. INTRODUCTION AND MAIN RESULTS

1.1 Introduction

The main goal of this paper is to characterize the Jordan Canonical Form of a matrix that
is similar to a complex orthogonal or complex skew-symmetric matrix. Our work is based on
a paper from Horn and Merino [5] that extends standard results for unitary, Hermitian and
skew-Hermitian matrices. Furthermore, several new families of examples are provided.

The set of all n x m matrices over the complex numbers C will be denoted by C"*™. In
particular, C"*™ represents all square matrices over the field C, I, € C™*™ is the identity matrix
of dimension n and 0,, € C**" denotes the zero matrix of dimension n. If A = [a;;] € C"*™,
then AT = [aj;] € C™*™ represents the transpose of A. The Hermitian adjoint A* of A is
defined by ZT, where A = [a;;] € C"*™ is the component-wise conjugate of A. Using this

notation we can introduce an important class of square matrices, the normal matrices.
Definition 1.1.1. A matriz A € C"*" is normal if AA* = A*A.

The class of normal matrices includes the Hermitian matrices defined by A* = A, the
unitary matrices with the property U* = U~! and the skew-Hermitian matrices where A* =

—A. However, there are normal matrices which are not Hermitian, unitary or skew-symmetric.

1 -1
For example M = is normal, yet does not satisfy M* = M, M* = M~! nor
1 1

M*=—-M.

One central property of a normal matrix is that it is diagonalizable by a unitary matrix.
In other words, if A € C"*™ is normal then there exists a unitary matrix U € C™*™ such
that U* AU =diag(\1, ..., \n), where diag(\q, ..., \,) denotes a diagonal matrix in C"*" with

the diagonal entries A1, ..., \,. For a proof of this assertion see Horn and Johnson [3], Theo-



rem 2.5.4 (b) or Zhang [6], Theorem 8.1.2. Hence, the Jordan Canonical Form for this type of
matrix is always a diagonal matrix and there is no need for further analysis.

In this paper we will examine the Jordan Canonical Forms of subclasses of the class of
matrices which satisfy a similar property as the normal matrices, namely AAT = AT A. We

will denote this class by
A, = {A € C™" such that AAT = AT A}.

We will show that while the definition of A, differs only slightly from the definition of the class
of normal matrices, the Jordan Canonical Forms of matrices in A,, have a completely different

characterization. Now we will introduce our notation.

Definition 1.1.2. A Jordan block J(\) € C*** is an upper triangular matriz of the form

A1 0
A
Ji(\) =
1
0 A

Definition 1.1.3. A Jordan Canonical Form J € C™*"™ is a direct sum of Jordan blocks.

Jk1 ()‘1)

Tes(A 0
J= Ja M) @ ® o (M) = k(A2) | ,

0 T (M)

where k1 + -+ + k, = n.

In order to determine the Jordan Canonical Form of a matrix it is often necessary to identify
its characteristic and minimal polynomials. The set of all polynomials in x with coefficients

from C is represented by Clzx].

Definition 1.1.4. The characteristic polynomial ps(x) of a matriz A € C"*™ is a polynomial
in Clx] of degree n and is defined by pa(z) = det(xl, — A). The minimal polynomial of A is

the unique monic polynomial ma(z) € Clx] of minimum degree such that ma(A) = 0.



Note. If pa(z) = (x — A1) -+ (x — Ay), then A\q, ..., A, are the eigenvalues of A € C"*".

The next theorem is a fundamental result in Linear Algebra and it will be used several times
throughout the paper. We will state it without proof, which can be found in [3], Theorem 2.4.2

or [6], Theorem 3.8.

Theorem 1.1.5. (Cayley-Hamilton) Let A € C"*" and let ps(x) € Clz| be the character-
istic polynomial of A. Then pa(A) = 0.
Note. An important property of the minimal polynomial is that it divides every polynomial
f(z) € C[x] which is satisfied by A. That is, if f(A) = 0 then f(x) = g(x)ma(z) for some poly-
nomial g(x) € C[z]. Therefore, from the Cayley-Hamilton Theorem, the minimal polynomial
divides the characteristic polynomial.
For several proofs we will use the backward identity matrix
0 1
B, = ecCcr .
1 0

Note that this matrix is symmetric and B2 = I,,, hence we have B,, = Bl = B,L.

1.2 Statement of Main Results

We will now examine subclasses of A,, which correspond to the subclasses of normal matri-
ces presented in the previous section. These are the symmetric, orthogonal and skew-symmetric
matrices. Note that there exist matrices in A,, which do not belong to these three classes (an
example is the matrix M from the previous section).

The class of matrices which is related to the Hermitian matrices are the symmetric matrices.
Definition 1.2.1. A complex matriz S € C™™ is symmetric if ST = S.

Note that the definition of a symmetric matrix S = [s;;]i j=1,... n gives us that s;; = sj; for

all 4,7 =1,...,n. One example of a symmetric matrix is



We will show that every matrix is similar to a complex symmetric matrix (Theorem 2.1.4).
Thus the Jordan Canonical Form of a complex symmetric matrix can adopt any form.
The next class is the class of complex orthogonal matrices, which correspond to the unitary

matrices.
Definition 1.2.2. A nonsingular complex matriz Q € C™ ™ is orthogonal if QT = Q1.

Frequently used representatives for real orthogonal matrices are the Givens matrices G

which perform a rotation by the angle 0,

cosf) —sind
sinf  cosf
More examples of orthogonal matrices can be found in Chapter 3.

If @ is an orthogonal matrix, then since any matrix is similar to its transpose (Theo-
rem 2.1.5) and the inverse of an orthogonal matrix is its transpose, it is immediate that @
must be similar to its inverse. It is natural to consider whether a nonsingular matrix is always
similar to its inverse. This is the case if and only if the Jordan Canonical Form of the matrix
has a special form (see Proposition 4.1.1); thus the Jordan Canonical Form of an orthogonal
matrix must satisfy these conditions. This argument led Horn and Merino to investigate the
Jordan Canonical Form of orthogonal matrices in more detail in [5]. Their main result is

outlined in the following theorem.

Theorem 1.2.3. ([5], Theorem 1) An nxn complex matriz is similar to a complex orthogonal
matriz if and only if its Jordan Canonical Form can be expressed as a direct sum of matrices

of only the following three types:

(a) Jx(A) @ Jp(A™Y) for A € C\ {0} and any k,
(b) Ji(1) for any odd k and

(c) Jx(=1) for any odd k.

To prove that the Jordan blocks of types (a), (b) and (¢) are similar to an orthogonal

matrix is rather technical, but it is the easier part of the proof. The main difficulty is to show



that even-dimensional Jordan blocks with eigenvalue 1 or —1 must occur in pairs. The detailed
proof of this theorem will be presented in Chapter 4.
The last category to consider is the skew-symmetric matrices, the definition of which is

similar to skew-Hermitian matrices.
Definition 1.2.4. A complex matriz A € C*™" is skew-symmetric if AT = —A.

Note that if A = [aj]ij=1,..n is skew-symmetric, then we have the condition a;; = —aj;
for all 4,5 = 1,...,n and therefore all diagonal entries must be equal to zero. An example of

a complex skew-symmetric matrix is

0 i 1—i
A= —i 0 -1
~14+4i 1 0

It follows from the definition and Theorem 2.1.5 that if A is skew-symmetric then it is similar
to its additive inverse —A. Since this is not true in general, it is of interest to study the
skew-symmetric case more closely. In order for a matrix to be similar to its additive inverse, it
has to possess a special type of Jordan Canonical Form (see Proposition 5.1.1). In particular
this must be true for skew-symmetric matrices, so Horn and Merino analyzed this case in [5]

and found the following interesting result.

Theorem 1.2.5. ([5], Theorem 2) An n x n complex matriz is similar to a complex skew-
symmetric matriz if and only if its Jordan Canonical Form can be expressed as a direct sum

of matrices of only the following two types:
(a) Je(A) ® J(=A) for A € C and any k,
(b) Ji(0) for any odd k.

We will give the proof of this theorem in Chapter 5. As in the orthogonal case, showing the
sufficiency of the conditions (a) and (b) will be done by utilizing technical arguments. That
the Jordan blocks of even dimension corresponding to the eigenvalue 0 have to occur in pairs is

a direct consequence of the constraints on the even-dimensional Jordan blocks with eigenvalue



1 of an orthogonal matrix. We will show this by using the matrix exponential which will be
introduced in Section 2.3.

Before we can prove these main results, we will present various results about Jordan Canon-
ical Forms, as well as some general technical properties for matrices in the next chapter. We will

provide several examples in Chapter 3 which will illustrate Theorem 1.2.3 and Theorem 1.2.5.



CHAPTER 2. IMPORTANT RESULTS AND USEFUL TOOLS

2.1 Results for Jordan Canonical Forms of Complex Matrices

In this section we will provide useful results for complex square matrices and their Jordan
Canonical Forms. We first give two theorems which are essential for the study of Jordan
Canonical Forms. We will state these fundamental results without proof; however the proofs
can be found in Horn and Johnson [3], Theorem 3.1.11 and Friedberg, Insel and Spence [2],

Theorem 7.11.

Theorem 2.1.1. Let A € C™ "™ be a square complex matriz. Then there exists an invertible

matriz P € C*"*" such that
PTUAP = J(A) = Ji, () @+ © Ji, ()

where the Ji,(\;) are the Jordan blocks of A for the eigenvalues of A and k1 + -+ + k, = n.

The Jordan Canonical Form J(A) is unique up to permutation of the Jordan blocks.

Theorem 2.1.2. Let A, B € C™*" be square complex matrices. Then A and B are similar if

and only if their Jordan Canonical Forms are the same up to permutation of the Jordan blocks.

Our next goal will be to show that every complex matrix is similar to a complex symmetric
matrix. In order to do this, we will first show that this assertion is true for single Jordan blocks

(cf. [3], pp. 208-209).

Proposition 2.1.3. Every Jordan block Ji(\) € CF*F is similar to a complex symmetric

matriz in CF*k,

Proof. Define the following symmetric matrix S, = %(Ik + iBy) € CF¥* where By, is the

backward identity matrix. For convenience we will omit the subscripts k£ which specify the



dimension. Since
_ 1 ) . 1 . . N2 L
58 = (I +iB)I —iB) = (I —iB+iB — (iB") = J(I + 1) =1

we have S = S~!. For k = 1 all matrices have dimension 1 x 1, thus everything commutes
trivially. Therefore SlJl()\)Sfl = SlelJl()\) = Ji1(A\) which is symmetric. Next, note that
for k > 2, Jp(\) = A, + Ny where Ny stands for the nilpotent matrix Jx(0). Again we will

omit the subscripts. Then direct computation gives us

ST,(A\)S™t = S+ N)S =M+ %(I +iB)N(I —iB)
A+ %(N—i— BNB) + %(BN — NB)
_ 22 1 _ _ -1
12X i 0
2 e,
12X 0
which is evidently a symmetric matrix, thereby proving the lemma. O

Utilizing this proposition we can extend the result to all complex square matrices.
Theorem 2.1.4. Every matriz A € C™*™ is similar to a complex symmetric matrix.

Proof. By Theorem 2.1.1 we have that A is similar to its Jordan Canonical Form J(A) =
Ji (A1) © -+ ® Jg, (Ar). For all kj, where j = 1,...,r, define Sy, = %(ij +iBy,). Then by
Proposition 2.1.3 we know that Sk, Jk].()\j)Sl;jl is symmetric for all j = 1,...,r. If we define
S =8, @ - ®Sk, then ST(A)S™ = Sy, Jy, ()\1)5’,;11 @-- '@Skrjkr(/\T)Sk_Tl is symmetric which

proves the theorem. ]

Thus, for every possible Jordan Canonical Form J, there exists a corresponding complex

symmetric matrix S such that S is similar to J.

Note. The result of Theorem 2.1.4 does not hold for matrices over the real numbers, that is,
there exists a real matrix A € R™"™ which is not similar to any real symmetric matrix. To

see this recall Theorem 6.20 in [2]: A real matrix A € R™*" is symmetric if and only if A is



orthogonally equivalent to a real diagonal matrix. Thus the Jordan Canonical Form of a real
symmetric matrix is a diagonal matrix, which is a direct sum of 1 x 1 blocks. Therefore, we

have that a matrix is similar to a real symmetric matrix if and only if it is diagonalizable.

One application of the Jordan Canonical Form is to use it to prove that every square matrix

is similar to its transpose (see for example [6], Theorem 3.13.1).
Theorem 2.1.5. Any complex square matriz A € C™*™ is similar to its transpose matriz AT,

Proof. First notice that any Jordan block Ji(\) is similar to its transpose. To prove this we
will use the backward identity matrix By. Since B 1 — By, then direct computation shows
that Blzle()\)Bk = Jy(M)T. Using B = By, @ --- @® By, we can prove more generally that
the Jordan Canonical Form of A, J(A) = Ji, (A1) @ -+ @ Jk,. (), is similar to its transpose
JAT = J, 0T @ @ Jp,.(\)T. Next, by Theorem 2.1.1 we know that A is similar to
its Jordan Canonical Form J(A) which is similar to J(A)T as shown above. Since J(A)T is

similar to AT, this proves the theorem. O

Since the rank of a matrix is similarity invariant, we can deduce that the row rank of a
complex matrix is the same as the column rank. Furthermore, it also follows that A and AT
must have the same Jordan Canonical Form and hence the same set of eigenvalues.

The last objective of this section is to present similarity results for single Jordan blocks.
Lemma 2.1.6. Any Jordan block of the form Jip(—M\) is similar to —Jg(X).

Proof. Let D = diag(1,—1,1,...,(—=1)¥1) € C¥**. Note that this is a nonsingular matrix
with D=1 = D. Then DJy(=\)D~! = —J;()\) and therefore we have that Ji(—\) is similar to
—Ji(N). O

Lemma 2.1.7. If A # 0, then the Jordan block Ji,(A\™1) is similar to Ji(\) 1.

Proof. For convenience let J denote Jx(A~1). Notice that the characteristic polynomial p(z)
and the minimal polynomial mj(x) of the Jordan block J are the same and of the following

form

pi(z) =my(@) = (& - A",
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because (J — A" )* =0, but (J — A1) #0 for all [ = 0,1,...,k — 1. Since A # 0, J~*

exists and we can compute that

AT HET =Xk = (0, — T hHE =0,

but AT YT = A =\ =T D) £0 foralll=0,1,...,k—1.

Hence, J~! satisfies the polynomial q(z) = (z — A)* and therefore the minimal polynomial
m-1(z) of J~! divides ¢(z). But since J~! does not satisfy (x — \)! for all 1 =0,1,...,k—1,
it follows that the minimal polynomial is equal to g(x). Note that g(x) is also the characteristic
polynomial p;-1(x) because its degree is k. Therefore the Jordan Canonical Form of J~! is

Ji(N). Hence, J = Jp(A™1) is similar to Jy(A) 7. O

2.2 Useful Results for Complex Matrices

This section provides useful tools which we will apply throughout Chapters 4 and 5. The
first result is the fact that we can decompose every nonsingular matrix into the product of a

symmetric matrix and an orthogonal matrix.

Theorem 2.2.1. Let A € C™™*™. If A is nonsingular, then A = SQ, where Q € C™*" is

complex orthogonal, S € C™ ™ is complex symmetric, and S is a polynomial in AAT.

Proof. We will give a short outline of the proof. More details can be found in Horn and
Johnson [4], Theorem 6.4.16.

Since AAT € C™*" is symmetric and nonsingular there exists a complex square root S €
C™ ™ of A (that is, AAT = S?) such that S is a polynomial in AAT (compare [4], Theorem

6.4.12(a)). Since S is a polynomial in AT A, S is symmetric. Define Q = S~'A. Then
QQT =5TA(STTA)T = 571 AAT (ST = 5718287 = ..
Thus Q is orthonormal and SQ = SS™1A = A. O

Proving the main results about Jordan Canonical Forms for orthogonal and skew-symmetric

matrices will require that we use symmetric matrices. If S is symmetric, then obviously S?
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and S~! are both symmetric matrices. The next proposition states an important property of

symmetric matrices which can be also found in [3], Corollary 4.4.6.

Proposition 2.2.2. Let S € C"*". Then S is a nonsingular complex symmetric matriz if and

only if there exists a nonsingular matriz X € C™" such that S = XTX.

Proof. First assume that S is symmetric, so that S* = ST = S. Moreover, we have that S
and therefore S* is nonsingular, hence S5* has rank n and so all eigenvalues must be nonzero.

Let u be an eigenvalue of SS* and x # 0 the corresponding eigenvector, then
wlx*x) =z (pz) = 2*(SS*z) = (S*x)*(S*x) > 0, since S*z # 0.

Therefore we have

0 N B
T T

so the eigenvalues ji1, ..., u, of SS* = 8§ are all positive and real. Hence, by a more general
form of the Schur unitary-triangular decomposition (which can be found in Horn and John-
son [3], Theorem 4.4.3) there exists a unitary matrix U € C™*" and an upper triangular matrix
A € C™" with p1,..., i, on the diagonal such that S = UAUT. Since S is symmetric we
have UAUT = § = ST = UATUT and therefore A = AT = ¥ = diag(oy,...,0,). Since all
the entries of ¥ are positive, we can define X = (UD)” with D = diag(,/71,...,/0n) = DT.
Then
XTx = Wwbp)UuD)T =uDDTUT =UxUT = 5.

Conversely, assume that there exists a nonsingular matrix X such that § = X7 X. Then we

have ST = (XTX)T = XTX and therefore S is symmetric. O

The following lemma is an expanded form of Lemma 4 in [5] and will be useful in the rather

technical proofs that we will give in Chapter 4 and Chapter 5.

Lemma 2.2.3. Let X = [z;;] € C™™ that satisfies JI(1)X Jp,(1) = X. Then all entries of
X above its counter-diagonal, which starts in the upper right corner if n < m or in the lower

left corner otherwise, are equal to zero, that is

zi; =0 forall i+ j < max{m,n}. (2.1)
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More generally, we have that X satisfies J! (1) X J,,(1) = X if and only if
Ti—1j-1+ Ti—1j + Tjj—1 = 0 foralli=1,....nandj=1,...,m (2.2)

where xp; = 0 if k =0 or Il = 0. Furthermore, the first column of X is zero if n = m is even

and X is symmetric.

Proof. First, direct computation reveals that JI(1)XJ,,(1) = X holds if and only if

1,1 T11+ 21,2 s Tim—1+ Tim
r11+ T21 r11+ T2+ X271 + 222 s Tim—1+ Tim + T2m—1+ Tom
Tn-11+Tpl Tp-11+ Tpn-12+Tn1+Tn2 .- Tp—1m-1+Tpn-1m+ Tpm-1+ Tnm
11 T12 0 Tlm
T21 T22 0 Tam
Tnl Tn2 --- Tpm
This gives us the equations x; ; = x;—1j—1 +®;—1,j +®;j—1 +x;; forall i=1,--- ,nand j =
1,---,m , where z3; = 0if £ = 0 or [ = 0. Canceling z; ; in each of these equations gives us

exactly the constraints (2.2) which we are going to use in order to prove the first assertion of

the lemma.
e lfi=1and j=2,...,mthen 0= 20,1+ 20, + 1,j—1 = ©1,j—1, which proves that the
first m — 1 entries of the first row are zero, that is 11 = --- = z1,,—1 = 0.
e Nextif it =2and j =2,...,m —1then 0 = 211 + 21 +22,-1 = w21 and thus

all entries, except the last two, of the second row are forced to be zero, that is x2; =
-+ =x;m—2 = 0. Note that for i« = 2 and j = m we have 0 = 21 ;-1 + T1,;m + T2 -1 =

Z1,m + T2,m—1, therefore x1 ,, and x2,,—1 do not have to be 0.

e Ifi=3,...,min{m,n}—1and j =2,...,m—i+1, then similarly to the above, z; j_1 = 0.

Now note that i+ (j —1) € {i+1,...,m} and thus z;; =0 for all k +1 < m.
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If m > n then there is nothing else to show. For n > m consider

elfj=1landi¢=m+1,...,nthen 0 = 2,10 + zi—1,1 + ;0 = zi—1,1 and therefore

xm,l ... = xn—l,l = 0_

° Ifj =2,....mandti=m+2—7,...,n+1—7 then 0 = Ti—1j—1TTi—1,5FT55-1 = Ti—15-

Since (i —1) +j € {m+1,...,n} this proves that z;; =0 for all k + 1 < n.

Next, we want to prove the last part of the lemma. Assume that n = m is even and X is
symmetric. First, we have that the first n — 1 entries of the first column are zero by (2.1) for
t=1,...,n—1and j =1, that is 211 = --- = z,—1,1 = 0. Hence, it remains to show that
Zn,1 = 0. Note that for all ¢ = 2,...,nand j =n — 7+ 2 we have x;_1 p—i+1 + Ti—1,n—i+2 +
Zin—i+1 = 0. Since (i —1) 4+ (n —i+ 1) = n = m, it follows that z;_; ,_;+1 = 0, so we have

Ti—1n—it2 = —Tin—i+1. Hence
Lin = —2L2n—-1, L2pn-1= —T3n-2, -+ Ip-12= —Tnl.

Using this result and the facts that X is symmetric and n is even gives us

Tp1 = T1p = (—1)n_1mn71 = —2p,1, which implies z,; = 0.

Therefore the first column of X is zero. O

We end this section with another technical result which will be key in proving that the
even-dimensional Jordan blocks for the eigenvalues 1 and —1 have to appear in pairs in the

Jordan Canonical Form of an orthogonal matrix.

Lemma 2.2.4. Let A € C"*"™ and B € C™*™ and suppose A and B have no eigenvalues in

common. If a matriz X € C™™™ satisfies AX = XB, then X = 0.

Proof. First, we want to prove by induction on k that A*X = X BF for all k € Z.. The case

for k = 1 follows by assumption. Suppose the assertion is true for k, so we have

ALY = A(AFX) = A(XB*) = (AX)B* = XBB* = X B*!.
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Next, let p(x) = apz™ + - -+ 4+ a1 + ap be any polynomial in C[x]. Then
p(A)X =a,A"X + - +a1AX +ap = apn XB" + -+ a1BX + agp = Xp(B).

Now choose p(x) to be the characteristic polynomial of A, that is pa(z) = (x — A1) -+ (x — Ap).
Then by the Cayley-Hamilton Theorem (1.1.5) we have that 0 = p4(A)X = Xpa(B). Since the
eigenvalues of A and B are distinct, we know that (B — \;I,,) is nonsingular for alli =1,...,n.
Hence pa(B) = (B — Mly) - (B — A\nly,) is a nonsingular matrix and therefore Xp4(B) =0

only has the solution X = 0. O

2.3 Matrix Exponential

Matrix functions in general are an interesting area in matrix analysis. We can define
primary matrix functions such as the exponential, logarithmic and trigonometric functions
using their common real power series applied to matrices. Showing the convergence of these
functions requires the theory of matrix norms and power series which are studied in detail in
Chapter 5 of [4]. More information about matrix functions can be found in Chapter 11 of
Handbook of Linear Algebra [1]. After we define the matrix exponential, we will then study

its properties.

Definition 2.3.1. For A € C™*", the exponential of A, denoted by e?* or exp(A), is given by

the power series
o0
Ak
e =

D
=
Note. Using matrix norms it can be shown that the matrix exponential is well-defined and

converges for all matrices A € C™"*™.

Proposition 2.3.2. The matriz exponential e* for a matric A € C™™ has the following

properties
(i) eOn) = I, where 0, is the zero matriz in C"<";

(ii) If A, B € C"™ such that AB = BA, then eAT8 = e4eB;



15

(iii) If C € C™™ is nonsingular, then exp(C~1AC) = C~lexp(A)C;
(iv) IfA=A1®--- D A,, then exp(A) = exp(41) ® -+ D exp(Ay);
(v) ()T =et;

(vi) (e =et

Proof. In order to prove (i) notice that (0,)° = I,, and (0,)* = 0, for all k € Z,. Hence
e(0n) — é[n + 3%, %7 =1,.
Now, let A, B € C"*". To prove (ii) assume AB = BA. Since A and B commute we can

apply the binomial formula for matrices

A B k — AlBk—l
(4+ B) gu(zﬁ_z)'
So we have
X (A+BF X1 E R _
A+B  _ Z( YL Al gE-
e
= k! k= Nk —1)!
_ ii 1 AlBk—zzilAlilBkzeAeB
1=0 k=1 H(k —0)! g
Property (iii) follows by direct computation, since
e = (CTTAC oM A
exp(C™ AC) = Z - Z = exp(A)C.

k=0 : k=0
To prove (iv), notice that (A; @ --- @ A,)F = A¥ @ ... @ AF for all K € INU {0}, and apply
the definition of matrix exponential. Next, property (v) follows from e4 = 392, (AT!)k

k
Yo (4°) ! = (> ‘2?) = (e/)T. Finally, to show (vi), note that since A commutes with

—A we have

4 _A (@2 —
I (:) el = A=A (:) ele A,

by properties (i) and (ii). This proves that e~ is the inverse of e4. O
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Corollary 2.3.3. Let J,(\) € CF** be the Jordan block for the eigenvalue X € C. Then

exp(Ji(\)) = e*M where

111 1 11 L 1

o 1 2 1)1 2 1)1
1 1 1 1
oo =) L1

(-
S
e [

)

—_

—_

If A € C™™™ has the Jordan Canonical Form J(A) = Ji(A1) @ --- @ Jr-(\y), then
eA =P [exp(Jl()‘l)) DD exp(Jr(Ar))} Pil
where P is the transition matriz such that A = PJ(A)P~!,

Proof. Note that Ji(\) = L+N where L = diag(\,...,\) and N = Ji(0). Since L and N com-
mute we have by Proposition 2.3.2 (ii) that exp(Ji(\)) = eleN. Now, el = diag(e?,...,e}) =
e M}, since it is a special case of property (iv) in Proposition 2.3.2, where all blocks have size

one by one. In order to determine eV, note that

0 O 1 0 r .
0o --- 0 1
N2: 1 Nk*l_ 0
0 0
0 0
O L -

and N' = 0y, for all I > k. Thus,

1 1 1 1
eN=—-Nt+ =N+ + NFU=L+ N+ +

= N1 = M
0! 1! (k—1)! (k—1)!

This proves the first part of the corollary. The second part follows directly from Proposi-

tion 2.3.2 (iii) and (iv). O

The matrix exponential is our central tool in connecting the orthogonal and skew-symmetric
matrices. For instance, we will use the following property to generate some examples in Chap-

ter 3.
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Corollary 2.3.4. If A € C™" is skew-symmetric, then e” is orthogonal.

Proof. Since A is skew-symmetric we have A7 = —A and hence by properties (v) and (vi) of

Proposition 2.3.2 we can compute that

A

Therefore, e”* is an orthogonal matrix. O

We will complete this section by showing that the matrix exponential of a Jordan block for

the eigenvalue 0 corresponds to the Jordan block of the same size for the eigenvalue 1.
Proposition 2.3.5. The Jordan Canonical Form of exp (Ji(0)) is Ji(1).
Proof. According to the result in Corollary 2.3.3, we know that

11

N[ =
—~
&
|
—
N

1 1 --- #
exp(Ji(0)) ="M = M =

Thus, all k eigenvalues of exp(J;(0)) = M are equal to 1 and pys(x) = (z — 1)*. Moreover the
minimal polynomial of M must be of the form mys(z) = (x — 1)!, where I € {1,...,k} is the
minimal number such that (M — I, k)l = 0. But since M — I is a nilpotent matrix of degree
k —1, we can deduce that | = k and mys(z) = pas(2) = (z — 1)*. This proves that the Jordan

Canonical Form of M = exp(J;(0)) is J(1). O
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CHAPTER 3. EXAMPLES

Before we prove the main results we will illustrate them with examples. Our goal is to
exhibit complex orthogonal matrices and complex skew-symmetric matrices similar to the
Jordan blocks of the types (a), (b) and (c), described in Theorem 1.2.3 and the Jordan blocks
of the types (a) and (b), described in Theorem 1.2.5. Additional examples demonstrating how

single Jordan blocks of size 2 for the eigenvalue 0 or 1 fail, are given in Sections 4.3 and 5.3.

3.1 0Odd-dimensional Jordan Blocks for the Eigenvalues 0 and 1

First, we want to present some examples which show that odd-dimensional Jordan blocks
for the eigenvalue 0 are similar to a family of complex skew-symmetric matrices and that
Jordan blocks of odd size for the eigenvalue 1 are similar to a family of complex orthogonal

matrices.

Example 3.1.1. There are infinitely many complex skew-symmetric matrices which are similar

to Jg(O).

If J3(0) is similar to a skew-symmetric matrix A € C3*3, then A must be of the following

form

—as —az O
The characteristic polynomial of this matrix is pa(z) = 23+ (a3 +a3+a3)z. Since all eigenvalues
of J3(0) are 0, it follows that p(z) = 23 and therefore we have a3+a3+a3 = 0. To achieve this,
one possibility is to set a; = i which gives us the equation a3 + a3 = 1. Therefore ag = cos(f)

and a3 = sin(@) satisfy this equation for all 6 € [0,27). Using these values for a1, a and a3 we
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can define a matrix Ay for each 0 € [0,27)

[ 0 i cos(6) -|
Ag = —i 0 sin(6)
—cos(f) —sin(0) 0

Since Ap, A3 are not zero, we have ma,(x) = pa,(z) = 3. Thus, J3(0) is the Jordan Canonical
Form of Ay. Hence, there is an infinite family of skew-symmetric matrices which are similar

to J3(0). For completeness we provide a similarity matrix. If

0 0 1]
Py = | —cos(d) —sin(d) 0
isin() —icos(d) —1
—isin(g) —cos(f) —isin(@)]

then P, ' = icos(f) —sin(f) icos(d) |

1 0 0

and P, 1.J3(0)Py = Ay for all 6 € [0,27).
Note. The matrices Ay for 6 € [0,27m) are not the only possible matrices which are similar
to J3(0). Clearly, there are other matrices that meet the requirements a3 + a3 + a3 = 0 and
ma(z) = pa(z).

The next example uses the preceding result in order to prove a similar result for the

orthogonal case.

Example 3.1.2. There are infinitely many complex orthogonal matrices which are similar to

J5(1).

Using the notation from Example 3.1.1, recall that for all # € [0,27) there exists a non-
singular complex matrix Py such that P, 1J3(0)Py = Ay. By Corollary 2.3.4 we have that

Qg = exp(Ayp) is orthogonal. Moreover, Proposition 2.3.2 (iii) gives us that

Qo = Py exp(J5(0)) Py.
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Next, Proposition 2.3.5 shows that the Jordan block J3(1) is the Jordan Canonical Form of

exp(J3(0)). One similarity matrix for T-1J3(1)T = exp(J3(0)) is
0
=10 1 0

Thus, we obtain Qp = P, *exp(J3(0)) Py = (T'Py)~'J3(1)TPy. So, for all 6 € [0,27), J3(1) is

similar to the orthogonal matrix

5 — cos(26) 4i — 2 cos(0) sin(f)  4cos(f) + 2isin(0)
Qo = i —2cos(f) sin(0) — 44 cos(20) + 5 4sin(f) — 2i cos(0)
2isin(f) — 4cos(d) —2icos(f) — 4sin(f) 2

via the similarity matrix

cos(0 sin(f
02( ) 2( ) 1
Ty=TFPy= | —cos(d) —sin(d) 0

isin(@) —icos(d) -1
The next two examples demonstrate that we can also achieve the previous results also for

dimension 5.

Example 3.1.3. There are infinitely many complex skew-symmetric matrices which are similar

to J5(0).

The construction of a skew-symmetric matrix C which is similar to J5(0) can be done
similarly to the matrix A in Example 3.1.1. Obviously, we get more difficult constraints from
the characteristic polynomial and there are many ways to construct a skew-symmetric matrix

which has the desired properties. The following skew-symmetric matrix

| 0 1 cos(f) i i
-1 0 0 0 0
Co=1| —cos(d) 0 0 0 sin(#)
—1 0 0 0 0
i 0 —sin(d) O 0 |
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satisfies pc, () = me, (z) = 2° for all § € [0, 27) and therefore is similar to J5(0). The complex

matrix
i 0 0 0 1 0 ]
—1 0 0 0 0
Ry = 0 —i —icos(0) 1 1
—isin?() 0 — sin(6) 0 —icos(f) sin(0)
I 0 —isin?(0) 0 sin?(6) 0 |

is a corresponding similarity matrix, hence R,'.J5(0)Rg = Cj for all 8 € [0, 27).

Example 3.1.4. There are infinitely many complex orthogonal matrices which are similar to

Js(1).

Following the argument from Example 3.1.2 and using the matrices found in Example 3.1.3,
we know that Qp = exp(Cy) = R, exp(J5(0)) Ry is complex orthogonal. Since Js(1) is the

Jordan Canonical Form of exp(J5(0)) there exists T such that T-1J5(1)T = exp(J5(0)):

N~
I
@) es} @) )
@)
\)
|
—_
|
—_

Hence Qg = fe_lk(l)fg, where Ty = TRy.

3.2 Paired Jordan Blocks

Similar to the examples in the previous section, we want to explicitly exhibit a family of
skew-symmetric matrices A, and nonsingular matrices P,, such that J2(0) @& J2(0) is similar

to A via the similarity matrix P, for all z € C\ {0}.

Example 3.2.1. J2(0)® J2(0) is similar to infinitely many complex skew-symmetric matrices.



If there exists a skew-symmetric matrix

which is similar to J2(0) & J2(0), then

0

_a2
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ai
0

its minimal polynomial must be m4(z) = x2. Thus

A2 =

@ —dd—

—a2a4 — G305
ajaq — azae

a1a5 + G206

a3

—a2a4 — a30s5
—ai —aj — a3
—a1a2 — asae

a4G6 — @103

a2

a4

0

as

as

ae

a1a4 — a30a6

—a1a2 — a5ae

2

2

ag

—a2a3 — G405

aias + aza¢
a406 — a1G3
—a2a3 — 4405

2 2 2
—a3z — as — ag

its characteristic polynomial must be p4(z) = z* and

04.

This give us 10 different equations in 6 unknowns. One possible solution is to set az = a4 =0

and az = a5 = x, a1 = iag, ag = —iay for some x € C\ {0} which gives us the matrix
0 r X 0
—x 0 0 T
A, =
—x 0 0 —iz
0 —z 2x O

The corresponding nonsingular similarity matrix for all complex numbers x # 0 which satisfies

P (J2(0) @ Jo(0)) Py = Ay is

0 0O O
0 —x 1z
P, =
0 0 1
—x 0 0

Example 3.2.2. There are infinitely many complex orthogonal matrices which are similar to

Jo(1) @ J2(1).
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Using the same argument and notation as in Example 3.2.1, we can show that

Qu = exp(4,) = | = P en(h(0) @ 0P,

0 —T 1T 1

is orthogonal for all complex x # 0. Since exp(J2(0) ® J2(0)) = J2(1) & J2(1), this establishes

our claim.
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CHAPTER 4. ORTHOGONAL CASE

4.1 General Properties

We have shown that every matrix is similar to its transpose (Theorem 2.1.5). Now we are
interested in determining which properties a matrix has to possess in order to be similar to its

inverse.

Proposition 4.1.1. A nonsingular complex square matriz A € C™" is similar to its in-
verse matriz A1 if and only if its Jordan Canonical Form contains only Jordan blocks with

eigenvalues +1 and pairs of blocks of the form Jp(\) @ Je(A™1) for A € C\ {-1,0,1}.

Proof. First, we have by Theorem 2.1.1 that A is similar to its Jordan Canonical Form J(A) =
Ty (M) @ -+ @ Ji. (\). Therefore A~! is similar to the J(A)™! = J, (M)t @@ J, (\) 7L
But, according to Lemma 2.1.7, J(A)~! is similar to Ji, (A\{') @ --- @ Ji, (A1), hence the

Jordan Canonical Form of A~ is
JAY =J, A\ e e, (.

Next, by Theorem 2.1.2 we have that A and A~! are similar if and only if they have the same
Jordan Canonical Form. Therefore, for every A € C\ {—1,0,1} the Jordan Canonical Form
J(A) has to contain both Jordan blocks Ji,(\;) and Ji,(A;1). Since (£1)~' = 41 the Jordan

blocks for these eigenvalues do not have to appear in pairs. O

For an orthogonal matrix @, we have by definition that QT = Q!

, so we can deduce that
it must be similar to its inverse. Thus its Jordan Canonical Form must fulfill the properties
described in the proposition above. However, it is not obvious that the Jordan Canonical

Form of a complex orthogonal matrix has an additional constraint on its Jordan structure: its
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even-dimensional Jordan blocks with eigenvalue 1 or —1 must occur in pairs. We will show

this in the next section, but first we need the following key observation.

Lemma 4.1.2. ([5], Lemma 1) Let A € C"*" be nonsingular. The following statements are

equivalent:

(1) A is similar to a complex orthogonal matriz;

(ii) A is similar to a complex orthogonal matriz via a complex symmetric similarity;

(iii) there exists a nonsingular complex symmetric matriz S € C™*" such that AT = SA=1S71;
(iv) there exists a nonsingular complex symmetric matriz S € C™" such that ATSA = S.
Proof.

(i) = (ii) Assume there exists a nonsingular matrix R such that RAR™! = Q is orthogonal.
Since A is a nonsingular matrix, Theorem 2.2.1 ensures the existence of a nonsingular
complex symmetric matrix S and a complex orthogonal matrix P such that RT = SPT

and thus R = PS. Therefore
Q = RAR™! = (PS)A(PS)™' = P(SAS™Y)PT.

Since P is orthogonal this gives us PTQP = SAS~!. This proves (ii) since PTQP is

orthogonal as it is a product of orthogonal matrices.

(ii) = (iii) Assume there exists a nonsingular symmetric complex matrix S and an orthogonal
complex matrix @ such that A = SQS~! and therefore A=! = SQTS~!. Using S = ST

we have
AT — (SQS_l)T — S—IQTS — 5—2(SQT5—1>52 — 5_214_1(5_2)_1.
This proves (iii) since S~2 is symmetric.

(iii) = (i) Assume that AT = SA~1S~! where S is nonsingular and symmetric. According

to Proposition 2.2.2 there exists a nonsingular complex matrix X7 € C"*" such that
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S =XTX. So we have
AT = 5A7 187 = (xTX)A Y xTx) = XT(xA 1 x Hx T
which is equivalent to
X TATXT = XA 'X! and therefore (XAX 1T = (XAX~1)~L

Hence X AX ! is an orthogonal matrix and A is similar to an orthogonal matrix via the

nonsingular matrix X.

(iii) < (iv) This equivalence is trivial. O

4.2 Proof of the Main Result for Orthogonal Matrices

The first goal is to show that any pair of Jordan blocks for eigenvalues A\ # 0 and A~ ! is

similar to a complex orthogonal matrix.

Lemma 4.2.1. ([5], Lemma 2) For any positive integer k and any X # 0, Jo(\) @ Jp(A71) is

stmilar to a complex orthogonal matrix.

Proof. According to Proposition 2.1.3 the Jordan block Ji () is similar to a symmetric matrix
S. Furthermore, we know by Lemma 2.1.7 that Jj,(A\) @ Ji(A71) is similar to J,(\) ® Jp(A) 7L,
which in turn is similar to S @ S~!. Hence, it is enough to show that S & S~! is similar to an

orthogonal matrix. Define the symmetric matrix

0 Iy N .
H = € My, where H® = I5;, and hence H " = H.

Iy, O

Therefore we have
HSoS Y 'H'=HS'eS)H=Sas ' =(SasHT
According to Lemma 4.1.2 (iii), this proves the assertion. O

Our next step is to show that odd-dimensional Jordan blocks for the eigenvalues 1 and —1

which are not paired are similar to complex orthogonal matrices.
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Lemma 4.2.2. ([5], Lemma 3) For any odd positive integer k, each of Ji(1) and Ji(—1) is

stmilar to a complex orthogonal matriz.

Proof. By Lemma 2.1.6 we know that the Jordan block J(—1) is similar to —Ji (1), hence it
is enough to prove that Ji(1) is similar to a complex orthogonal matrix whenever k is an odd
positive integer. We are going to establish the identity Ji(1)7 Sk Jx(1) = Sy (for Sy defined
below) by induction on n € IN U {0}, where £k = 2n + 1, and obtain the desired result by
Lemma 4.1.2 (iv).

If n = 0 then k = 1. Let S1 = [1], then J;(1)1S1J1(1) = [1] = S;. For n = 1, we have k = 3

[0 0 1]

Ss=10 -S1 = €C3X37

and define

1 I 0
which is symmetric and satisfies the conditions (2.1) from Lemma 2.2.3. The constraints (2.2)
of Lemma 2.2.3 give us 2x1 — 51 =0, so 21 = % With this choice of x1, J3(1)7S3.J5(1) = Ss.

For n > 2 we use the same idea to construct So,y1. Let

0 0 1
Sont1=|0 —S9,_1 x |, where el =[z1,... , xop_1] € C*"7L,
1 zT 0

By the induction hypothesis we know that Ss,_1 is symmetric and satisfies the constraints
(2.1) and (2.2). Hence Sa,+1 is symmetric and satisfies (2.1), so it remains to find values for
x such that (2.2) holds. First notice that by definition of Sa,—1 = [s4j]ij=1,..2n—1 We have
that s2p_12,—1 = 0 for all n > 2. So 2x2,-1 — s2p—1,2n—1 = 0 gives us x2,—1 = 0. Moreover,

by (2.2) applied to i =2n+ 1 and j = 3,...,2n — 1, we have the following system of 2n — 2

equations for the unknowns z1, ..., To,_o:
1 = Sop—1,1 1 S2n-1,2,
T2 = Sopn—12 1 S2n-1,3;

Toap—2 = Son—12n—-2 1+ S2n—1,2n—1-
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This gives us a unique solution for the vector = such that Sy, satisfies all necessary conditions

for Jn+1(1)TSn+1Jn+1(1) = Sn+1. ]

We have now shown that all the Jordan Canonical Forms in Theorem 1.2.3 are similar to
orthogonal matrices. The next Lemma will be used to exclude unpaired Jordan block for the

eigenvalues 1 and —1 whenever its dimension is even.

Lemma 4.2.3. ([5], Lemma 5) Let r, k1,...,k, be positive integers with ki is even. If r > 1
suppose that k1 > ko > -+ > k.. Then neither Jg, (1)®- - @& Jg, (1) nor Jg, (=1)@®- - & Jg, (—1)

1s similar to a complex orthogonal matriz.

Proof. Since Ji,(—1) is similar to —J, (1) we only need to consider the eigenvalue 1. Assume
to the contrary that J = Ji, (1) @ - - - @ Ji, (1) is similar to a complex orthogonal matrix. Then
by Lemma 4.1.2 (iv) there exists a nonsingular symmetric matrix S such that J7SJ = S.
Partition S conformally so that S = [Sk, x,]ij=1....r, where each Sy, i, € CF*¥ is symmetric

foralli=1,...,7 and Sk, x; = S,z;kl € CF*kj for all 4,5 =1,...,r. Then

Ji ] { Skikr 0 Sk ke ] { Iy ]
JESJ = : ;
I JE Stk Sk Jk,
TSk e T Sk g Tk, ] [ Skikr = Skik, ]
I TSk T T Sk Tk Skekr 0 Sk

so that J,%C_Ski,kj Ji; = Sk, k; foralli,j =1,...r. Then in particular Sk, r, = JIZ;SkLlﬁ Jk, . Since
k1 is even by assumption, Lemma 2.2.3 ensures that the first column of Sy, , is zero. Moreover,
we know that k; > k; for all i = 2,...,r, and since J]g;Skhkl Jg, = Sk, k, the constraints (2.1)
from Lemma 2.2.3 give us that the first column of each of Sy, x,,..., Sk, x must be zero.

Hence, the first column of S is zero which contradicts the fact that S is nonsingular. 0

Although a Jordan block of even dimension for the eigenvalue 1 or —1 can not appear by
itself, we did not exclude the possibility that we can group even-dimensional Jordan blocks for

the eigenvalue 1 and —1 together.
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Theorem 4.2.4. ([5], Theorem 3) Let v, ki,...,k, and p,l1,...,1, be positive integers where ki
andly are even. If r > 1 suppose that k1 > ko > --- > k. and if p > 1 assumely > 1y > --- > 1.
Then Jiy (1) @ -+ @ Ji, (1) @ Jyy (1) © -+ @ Jy,,(—1) is not similar to a complex orthogonal

matriz.

Proof. For convenience let Jy = Ji, (1) © --- @ Jy, (1) and J- = J;,(=1) @ --- & Jp, (—1).
Now assume the converse, that is J; @ J_ is similar to a complex orthogonal matrix. Thus
by Lemma 4.1.2 there exist a nonsingular, symmetric matrix S such that (JI e J)S =

S(J:t @ JZh). Now we partition S = [S; ;]; /=12 conformally to J4 & J_, then

T T
(JL e Jh)S = { { S Si ] { JiSu o JiShe ] -
{ 0 { Sty Sao J { JTST,  JTSo

Si1 Sia JU 0 SpJt St
S @ ) = i = i
ST, Sy 0o J! SHITY SapJ=t
Comparing the (1,2)-entries of the two matrices above gives us JISU = S19J~ 1. Since Ji
and J— have distinct eigenvalues, we can deduce from Lemma 2.2.4 that S = 0. Hence

S = 511 @ S22 and therefore both J, and J_ are similar to complex orthogonal matrices, which

contradicts Lemma 4.2.3. Thus J; ¢ J_ is not similar to a complex orthogonal matrix. 0

The final tool needed to prove the necessity of the Jordan blocks of types (a), (b) and (c)

in Theorem 1.2.3 is the following cancellation lemma.

Lemma 4.2.5. (5], Lemma 6) Let C € CK*F be similar to a complex orthogonal matriv. If
B @& C is similar to a complex orthogonal matriz for some B € C"*™, then B is similar to a

complex orthogonal matrix.

Proof. We know that ROR™! is complex orthogonal for some nonsingular matrix R. Then
(I, ®R)(B® C)(I, ® R)™!' = B@® RCR™! is still similar to a complex orthogonal matrix, so
we can assume without loss of generality that C is complex orthogonal. Furthermore, there
exists a nonsingular matrix X such that A = X (B @ C)X ! is complex orthogonal, hence

X TBTachHXT = AT = A1 = X(B'achHX!, so

(BTochHxTx = XT'xXB'oc?).
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Thus, there exists a nonsingular and symmetric matrix S = X7 X such that
(BTacT)s =8B tach). (4.1)

Now partition S = [Sjj]; j=1,2 conformally to B @& C' where Sy = ST, € C™* and both
S11 € C™™ and Soy € CF*F are symmetric. The next step will be to prove that we can adjust

Sog if necessary, so that Ses is nonsingular. For this purpose we add 0, ® tC7T to both sides of

(4.1), where t € C

BT 0 S11 S12 S11 S12 B™1 0
0o o7 S?Q Soo + 1} 5{2 Soo + t1} 0 cT
) S11 S12 .
Thus if we let S(t) = , then S(t) satisfies (4.1) for all t € C. Now define

Sg 522 + tIk
p(t) = detS(t). Since S = S(0) is nonsingular we have that p(0) # 0, which proves that p(t)

is not the zero polynomial. Moreover, there are only finitely many values ¢ € C such that

p(t) = 0 and Sa2 +tI} is singular, so we may assume that Sas is nonsingular and satisfies (4.1).

The identity

S11 Sz I, 0 S11 — S12555 5T, St
ST, Sa —S5r ST, I, 0 Soo

shows that ¥ = 511 — 5125272151"12, the Schur complement of Sos in S, is nonsingular and
symmetric since S1; and Sa2 are both symmetric. The block multiplication of both sides in

(4.1) gives us

[ BTSH BT512 -| [ SnB_l S1QCT -| (4 2)
CTS{Q CTSQQ J STQB_l SQQCT

Now, comparing the (1,2)-entries and taking its transpose gives us (a) S{,B = CS%,, and
comparing the entries (2,2) and taking its inverse gives us (b) S5y C' = CS5y'. Thus (a) and
(b) give us

(@)

_ _ (b) _
SyptshB = Sytest, = ¢Sy, S, (4.3)
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Next, comparing the (1, 1)-entries yields (c) BTS1; = S;1B~!. Then, the transpose of (a),

equations (c¢) and (4.3), and the orthogonality of C' give us finally

BTY =  BTS; - BTS1585;5% 2 5B~ — (BTS15)(S5 5% B) B!
a)T,(4.3 _ _ _ _ _ _
@48 g B (81507)(CS5 ST) B! = S1.B~! — (81255, 5T B!

= YB~ L.

Since Y is nonsingular and symmetric, we have by Lemma 4.1.2 that B is similar to a complex

orthogonal matrix. O

Theorem 4.2.6. ([5], Theorem 4) Let A € C™™"™ be a complex orthogonal matriz. Then the
even-sized Jordan blocks of A corresponding to each of the eigenvalues 1 and —1 appear in

Pairs.

Proof. Let J(A) be the Jordan Canonical Form of A. Now let C; be the direct sum of all the
pairs of Jordan blocks in J(A) of the form Ji(\) ® Jx(A™1). Notice that by Proposition 4.1.1
the Jordan blocks for the eigenvalues A € C\{—1,0, 1} have to appear in pairs, so that they are
all incorporated in Cy. Furthermore, C'; contains all paired blocks of A with the eigenvalues
+1. Therefore, the remaining blocks of J(A) are all unpaired blocks for the eigenvalues +1.
Let Cs and Cs respectively denote the direct sum of all the remaining odd-sized Jordan blocks
and even-sized Jordan blocks in J(A). According to Lemmas 4.2.1 and 4.2.2 we know that
C1 @ (5 is similar to a complex orthogonal matrix. Moreover, the Jordan Canonical Form
J(A) = (C1 & C3) & (43 is similar to A which is orthogonal. Hence according to Lemma 4.2.5,
('3 must be similar to a complex orthogonal matrix. But, by Theorem 4.2.4, if C3 is nonempty,
it is not similar to a complex orthogonal matrix, and therefore the direct sum forming C's must

be empty. O

Now we have all required tools to show our main result for orthogonal matrices. Recall

Theorem 1.2.3 before we give its proof:

Theorem 1.2.3. An n x n complex matriz is similar to a complex orthogonal matrix if and

only if its Jordan Canonical Form can be expressed as a direct sum of matrices of only the
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following three types:

(a) Jp(\) @ Jp(A71) for A € C\ {0} and any k,
(b) Ju(1) for any odd k and

(c) Jk(—1) for any odd k.

Proof. As a first step, Lemma 4.2.1 proves that the Jordan blocks of type (a) are similar to a
complex orthogonal matrix. The next step is to prove the same result for the Jordan blocks of
types (b) and (c), which is accomplished by Lemma 4.2.2. Since a direct sum of matrices that
are individually similar to complex orthogonal matrices must be similar to a complex matrix,
these two lemmas establish the sufficiency of the conditions in Theorem 1.2.3.

To prove their necessity we only need to show that it is not possible to have an odd number
of Jordan blocks of a given even dimension associated with either of the eigenvalues 1 or —1.
This is done by Theorem 4.2.6 whose proof in turn is based on Theorem 4.2.4 and Lemma

4.2.5. O

4.3 Examples

Next, we want to present examples of matrices which are similar to their inverses, but are
not similar to any orthogonal matrix. We showed in Example 3.2.2 that Ja(1) @ J(1) is similar
to infinitely many orthogonal matrices. Now we want to prove that this Jordan block can not

appear by itself.
Example 4.3.1. Jy(1) is not similar to a complex orthogonal matriz.

To see this, assume to the contrary that Jy(1) is similar to a complex orthogonal matrix.

Then according to Lemma 4.1.2 (iv), there exists a nonsingular symmetric matrix S such that
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JQ(l)TSJQ(l) = S. That is,
10 $11 812 11 511 51,1 + 81,2
1 1 51,2 52,2 01 I S1,1 + 51,2 S1,1 + 281,2 + 52,2
. S1,1 81,2 -|
L 51,2 82,2

Therefore, s1,1 = s1,2 = 0 which contradicts the fact that S is nonsingular.

Example 4.3.2. The nonsingular complexr matriz

1 —2 =21 2

is similar to its inverse, however A is not similar to any orthogonal matrix.

Since A is upper-triangular its eigenvalues are the diagonal entries ¢, —i,1 and 1. Direct

computation shows that pa(x) = ma(z) (v —i)(x + i)(x — 1)? and therefore J(A) =

J1(i) @ J1(—i) @ Jo(1), where i~! = —i. Hence, according to Proposition 4.1.1 we have that A
is similar to its inverse.
To prove the second part of our claim, we assume to the contrary that A is similar to an

orthogonal matrix. So, by Lemma 4.1.2 (iv), there exists a nonsingular symmetric matrix S

such that ATSA = S. Comparing the entries of AT'SA and S forces

0 S$19 islg —S12
512 2i812 —2812 —2’i812
S pu—
1812 —2812 —2i812 2812
—S12  —2i812 2512 S44

The fact that the third column of S is 7 times the second column contradicts the assumption

that S is nonsingular and hence proves the assertion.

These examples emphasize the importance of the characterization of the Jordan Canonical

Forms of orthogonal matrices which we showed throughout this chapter.
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CHAPTER 5. SKEW-SYMMETRIC CASE

5.1 General Properties

First, we want to analyze the properties of a matrix which is similar to its additive inverse.

Similarly to the orthogonal case, we can exhibit the Jordan Canonical Form of such a matrix.

Proposition 5.1.1. A complex square matric A € C™" ™ is similar to —A if and only if its
Jordan Canonical Form contains only Jordan blocks with eigenvalue 0 and pairs of blocks of

the form Ji(X) @ Jip(—A) for X € C\ {0}.

Proof. The matrix A is similar to its Jordan Canonical Form J(A) = Ji, (A1) & -+ & J,. (M),
hence —A is similar to —J(A) = [—Ji, (M)] @ -+ & [T, (\r)]. But according to Lemma 2.1.6,
we know that —J(A) is similar to Jg, (—A1) @ - - - @ Jk, (—Ar). Therefore, the Jordan Canonical

Form of —A is of the following form
J(=A) = Ji (M) & -+ & i, (=)

Furthermore, we have that A and —A are similar to each other if and only if they have the
same Jordan Canonical Form. Therefore, for every A € C\ {0} the Jordan Canonical Form

J(A) has to contain both Jordan blocks Ji, (A;) and Ji, (—\;). Since 0 = —0, the Jordan blocks

for this eigenvalue do not have to appear in pairs. ]

A useful tool which will be needed to prove that a given matrix is similar to a complex

skew-symmetric matrix is provided in the following Lemma.

Lemma 5.1.2. ([5], Lemma 7) A € C"*" is similar to a complex skew-symmetric matriz if

and only if there is a nonsingular symmetric S such that AT = —SAS™1,
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Proof. First assume that A is similar to a complex skew-symmetric matrix M. Then there
exists a nonsingular complex matrix R such that RAR™! = M, or equivalently, A = R~'MR.

Thus,
AT = (RFMR? =R"MTR™T = —R"TMRT = —RTRAR'R™T
= —(RTR)A(RTR)™' = -5457!
Since S = RTR is symmetric this establishes the necessity.
Now assume there exists a nonsingular symmetric S such that AT = —SAS~!. According to

Proposition 2.2.2 there exists a nonsingular complex matrix X* € C"*" such that S = X7 X.

So we have

AT = 545 = (XTX)AXTX) ' = —XxT(XxAXxH)x T
which is equivalent to
X TATXT = _XAX™! and therefore (XAX T = —(XAX™).

Hence XAX ! is a skew-symmetric matrix and A is similar to a skew-symmetric matrix via

the nonsingular matrix X.

5.2 Proof of the Main Result for Skew-symmetric Matrices

From the definition of a skew-symmetric matrix and Proposition 5.1.1, we know that a
Jordan block for an eigenvalue A # 0 has to appear paired with the Jordan block for —A. Now,
we show that the direct sum given by this pair is indeed similar to a skew-symmetric matrix

for any eigenvalue A € C.

Lemma 5.2.1. ([5], Lemma 8) For any positive integer k and any A € C, Jp(N\) @ Jp(—A) is

similar to a skew-symmetric matriz.

Proof. By Proposition 2.1.3 there exists a symmetric matrix S which is similar to Jx(A). Using

the same matrix H as in the proof of Lemma 4.2.1, we see that

So-S)'=H(-S®S)H=-H(S® -S)H .
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Hence S @ —S is similar to a complex skew-symmetric matrix by Lemma 5.1.2, and Ji(\) &

Ji(—A) is similar to S @ —S.

Next, we prove that a single odd-dimensional Jordan block for the eigenvalue 0 is similar

to a skew-symmetric matrix.

Lemma 5.2.2. ([5], Lemma 9) For any odd positive integer k, Ji(0) is similar to a complex

skew-symmetric matric.

Proof. The proof will be by induction on n € INU {0} where k = 2n + 1 and will establish
the identity J;x(0)" = —SyJx(0)S; *, for Sy, defined below. Then using Lemma 5.1.2, this will
prove the assertion.

For n = 0, we have k = 1. Define S; = [1], then —S;J1(0)S; " = —[1][0][1]~* = [0] = J1(0)".

Now, assume for n > 1 there exits a matrix So,, 1 such that Ja, 1(0)T = —Sgn_ngn_l(O)SZ_,f_l
and define
[0 0 0 1]
0 0 -1 0
Sopv1=1| 1 1 1| € Mg,
0 -1 0 O
10 ... 0 0

where 1 and —1 alternate on the counter-diagonal. This matrix is nonsingular and symmetric
since 2n + 1 is odd. Moreover, we have 53, | = I»n41 and therefore S™' = S. Let e; € C**~1

denote the j-th unit vector, then by the induction hypothesis we have
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—Son+1J204+1(0)Sont1 =

_0 0 1”0 el 0 ”o 0 1]

= — | —=Sean-1 Son-1J2n-1(0)S2,—1 0
0 —el'So, 1 0
0 0 0|

= - —eq —J2n71(0)T 0

0 _egn—l 0

= Jont1(0)7.
O

Proposition 5.1.1 does not give any evidence that Jordan blocks for the eigenvalue 0 appear
in pairs. Nevertheless, the even-dimensional Jordan blocks for the eigenvalue 0 cannot appear
by themselves. Using the matrix exponential we will see that this result can be shown from
on the fact that the Jordan Canonical Form of an orthogonal matrix does not contain single,

even-dimensional Jordan blocks for the eigenvalue 1.

Lemma 5.2.3. ([5], Lemma 10) Let r, k1, ..., k, be positive integers where ky is even. Ifr > 1
suppose that ki > ka > -+ > ky. Then Ji,(0) @& --- & J,(0) is not similar to a complex

skew-symmetric matrix.

Proof. Suppose to the contrary that J = Ji, (0) @ --- & Ji, (0) is similar to a skew-symmetric
matrix. Then by Corollary 2.3.4, e’ is similar to a complex orthogonal matrix, whose Jordan
Canonical Form is J, (1) & - -- & J, (1) according to Proposition 2.3.5. But this contradicts

the result of Lemma 4.2.3, thereby proving the claim. 0

The following cancellation lemma is similar to Lemma 4.2.5, and will be used for the

analogous purpose.
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Lemma 5.2.4. (5], Lemma 11) Let C' € C*¥** be similar to a complex skew-symmetric matriz.
If B® C is similar to a complex skew-symmetric matriz for some B € C"*", then B is also

stmilar to a complex skew-symmetric matric.

Proof. Using the argument and notation of Lemma 4.2.5, we can assume without loss of
generality that C' is skew-symmetric. Next, we have that B @ C' is similar to a skew-symmetric

matrix, hence by Lemma 5.1.2 there is a nonsingular symmetric matrix S such that

(BaO) = —-S(Ba0)s™!

(BT -C)S = S(-B&-0). (5.1)

After partitioning S conformally to B @ C' (compare Lemma 4.2.5), the block multiplication
in (5.1) gives us (a) BTSH = —SHB, (b) BTSH = —5120, (C) CS?Z = S%;B and (d) 0522 =
So99C'. Then,

®) @

BT815855' 815 = —5195085,' 815 = —512555' CST, © —S12555' ST, B. (5.2)

Now, define Y = 571 — 5125272151"12, the Schur compliment which is nonsingular by the same

argument as in Lemma 4.2.5, and use (a) and (5.2) to show

BTY = BTSH - BTSlQSQ_QISg (G)Q.Q) —-S11B+ 51252_215'{23 =-YB.

Since S11 and Syp are both symmetric, we have Y7 =Y and thus Lemma 5.1.2 proves that B

must be similar to a complex skew-symmetric matrix. O

Finally, the next theorem will complete the proof of the main result for skew-symmetric

matrices.

Theorem 5.2.5. ([5], Theorem 5) Let A be a complex skew-symmetric matriz. Then the

even-sized singular Jordan blocks of A appear in pairs.

Proof. This proof is entirely parallel to that of Theorem 4.2.6. If J(A) denotes the Jordan
Canonical Form of A we can decompose J(A) into C;,Cy and C3, where C is the direct

sum of all paired Jordan blocks, and Co and Cj respectively denote the direct sum of all
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the remaining odd-sized Jordan blocks and even-sized Jordan blocks for the eigenvalue 0.
Lemmas 5.2.1 and 5.2.2 show that C7 & Cs is similar to a complex skew-symmetric matrix.
Since J(A) = (C1 @ C2) & (3 is similar to a complex skew-symmetric matrix, we know that
Cs3 must be similar to a complex skew-symmetric matrix by Lemma 5.2.4. If (5 is nontrivial,

this is impossible by Lemma 5.2.3; thus the direct sum forming C'3 must be empty. O
We now summarize the results from this section to prove Theorem 1.2.5:

Theorem 1.2.5. An n x n complex matrix is similar to a complex skew-symmetric matrix if
and only if its Jordan Canonical Form can be expressed as a direct sum of matrices of only the

following two types:
(a) Jx(\) @ Jp(—A) for A € C and any k,
(b) Jk(0) for any odd k.

Proof. First, Lemma 5.2.1 and Lemma 5.2.2 prove that the blocks (a) and (b) described in
Theorem 1.2.5 are similar to a complex skew-symmetric matrix. This establishes the sufficiency
of the conditions in Theorem 1.2.5. Finally, Theorem 5.2.5 states the necessity of the paired

appearance of even-dimensional Jordan blocks for the eigenvalue 0. ]

5.3 Examples

Example 5.3.1. J2(0) is not similar to a complex skew-symmetric matriz.

Assume the converse, then by Lemma 5.1.2 there exists a nonsingular symmetric matrix S

such that J5(0)" = —S.J5(0)S~!. Thus

[0 0] b s s | o ] ] s slﬂ

T -1
= J2(0)" ==5J2(0)8 R —
10 LI227212 | 519 899 00 —S12  S1,1
2
1 51,151,2 —S11
= a2
81,1822 — 8 2
. 1,2 STo  —S51,1512

This forces 511 = 0 and hence —SJ2(0)S™! = —J5(0)T # J2(0)7, a contradiction. Therefore

J2(0) is not similar to a skew-symmetric matrix.
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Example 5.3.2. The complex matriz

T —2 =21 2

0 —2 1 0
A= ,

0 0 0 1

0 0 0 0

is similar to its additive inverse, however A is not similar to any skew-symmetric matriz.

The eigenvalues of A are its diagonal entries ¢, —¢,0 and 0 since it is upper-triangular.
Direct computation shows that pa(z) = ma(z) = 2%(z — i)(z + i) and therefore J(A4) =
J2(0) & J1(i) ® J1(—1i). Hence, according to Proposition 5.1.1 we have that A is similar to its
additive inverse.

To prove the second part of our claim, we assume to the contrary that A is similar to a
skew-symmetric matrix. By Lemma 5.1.2, there exists a nonsingular symmetric matrix S such
that AT = —SAS~! which is equivalent to A7.S+SA = 0. Solving this system forces S to have
the same form as in Example 4.3.2 which is singular. However, since S must be nonsingular

this contradicts the assumption and proves the claim.
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