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ABSTRACT. We are calculating the expectation and variance of the number of leaves in
the scale-free network model suggested in [CL06]. Afterwards, we prove a Law of Large
Numbers and a Central Limit Theorem for the number of leaves using the Martingale
Central Limit Theorem. Finally, we check our results by simulation.

1. INTRODUCTION

Random graphs are the key tool in mathematics for modeling large real world networks.
The classical model for random graphs was introduced by Erdés and Rényi in their ground-
breaking papers [ER59, ER60] in the late 1950s. They start with a graph with n vertices.
Each of the (g) pairs of vertices will be connected by an edge with a fixed probability p,
i.e. the appearance of one edge is independent to the appearance of the other edges.

Among questions like connectivity, size of the maximum component and average path
length, one important property of random graphs is the distribution of the vertex degrees,
or shortly the degree distribution of the graph. The Erd6s-Rényi model yields a degree dis-
tribution which is approximately Poisson with a tail decreasing faster then exponentially,
as shown in [BolO1].

In 1999, Barabéasi and Albert studied the degree distribution in various large real world
networks like the internet graph. They discovered that these surprisingly follow a power
law distribution. The relatively heavy tail in such a distribution results in the existence
of a few vertices with high degree. However, this observation conflicted with the classical
Erdés-Rényi model for random graphs. Therefore they conjectured two main features of

real world networks that were not incorporated in the Erdés-Rényi model:

e Growth. Networks in the real world usually develop over time. They start with a
relatively low number of vertices, whereas new vertices are added later with time.
e Preferential attachment. It is also reasonable to assume that a new vertex is more

likely to connect to a big existing vertex than to a small existing vertex.

Finally, Barabdsi and Albert proposed a new model for random graphs in [BA99]:
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...starting with a small number (mg) of vertices, at every time step we
add a new vertex with m(< my) edges that link the new vertex to m dif-
ferent vertices already present in the system. To incorporate preferential
attachment, we assume that the probability II that a new vertex will be
connected to vertex 7 depends on the connectivity k; of that vertex, so that

(ki) = ki) 5, k.

Bollobéas et al. clarified this model in [BRSTO01] and provided a rigorous proof that this
model yields a power law distribution p, ~ Ck™3 as k — oco. However, the analysis of
real data suggested that the exponent of the power law distribution does not necessarily
have to be exactly —3. Table 1 shows the exponents in various measurements of real world
networks. Notice that these are often directed graphs, whereas we will only deal with
undirected graphs in this paper.

Network Size (d) —Yout —Yin l Reference
WWW 325,729 4.51 2.45 2.1 11.2 Albert et al., 1999
WWW 4.107 7 2.38 2.1 Kumar et al., 1999
WWW 2108 7.5 2.72 2.1 16 Broder et al., 1999
Internet, domain 3,015-4,389 3.42-3.76 2.1-2.2 2.1-2.2 4 Faloutsos, 1999
Internet, router 3,888 2.57 2.48 2.48 12.15 Faloutsos, 1999
Internet, router 150,000 2.66 2.4 2.4 11 Govindan, 2000
Movie actors 212,250 28.78 2.3 2.3 4.54 Barabési and Albert, 1999
Co-authors, SPIRES 56,527 173 1.2 1.2 4 Newmann, 2001b
Co-authors, neuro. 209,293 11.54 2.1 2.1 6 Barabési et al., 2001
Co-authors, math. 70,975 3.9 2.5 2.5 9.5 Barabdsi et al., 2001
Sexual contacts 2,810 3.4 3.4 Liljeros et al., 2001
Metabolic, E. coli 778 7.4 2.2 2.2 3.2 Jeong et al., 2000
Protein, S. cerev. 1,870 2.39 2.4 2.4 Jeong, Mason et al., 2001
Ythan estuary 134 8.7 1.05 1.05 2.43 Montoya and Solé, 2000
Silwood Park 154 4.75 1.13 1.13 3.4 Montoya and Solé, 2000
Citation 783,339 8.75 3 Redner, 1998
Phone call 53 -10° 3.16 2.1 2.1 Aiello et al., 2000
‘Words, co-occurrence 460,902 70.13 2.7 2.7 Ferrer and Solé, 2001
Words, synonyms 22,311 13.48 2.8 2.8 Yook et al., 2001b

TABLE 1. Different studies of real world networks. We indicate the size
of the network and its average degree (d). Since most real world networks
are directed, we separately list the exponents of the outdegree o4t and in-
degree v;n. Moreover, we compute the average path length [. The references
can be found in the paper [AB02].

In order to get different exponents for the power law distribution, Krapivsky et al. gen-
eralized this model in [KRL0O]. Here, vertices of degree k are chosen with probability
proportional to f(k) for some (increasing) function f. They analyzed different choices of f
that lead to different results:

e f(k) =k yields exactly the Barabasi-Albert model.
o f(k)=k% a<1,yields pp ~ pk~* exp(—ck!=®).
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o f(k) = k“ a > 1, yields a model where there is only one vertex with degree of
order k, whereas all other vertices have degree of order 1 (cf. [0S05]).
o f(k)=k+p, 3> —1, yields pj, ~ Ck=37P.

Especially the last case seems interesting, since it yields a power law distribution with
arbitrary exponent < —2. For this case, a Law of Large Numbers and a Central Limit
Theorem for the number of vertices with low degree has been proven by Méri in [M6r02].

There are various similar models around. Mitzenmacher gives an overview of many of them
in his survey [Mit04]. Each of those models has its unique properties regarding to degree
distribution, connectivity, average path length between two vertices, etc. Since none of the
models can match all available sample data, there is no general consensus about a “best”
model.

We will analyze one of these models, suggested very recently by Chung and Lu in [CLO06].
This model is very similar to a generalized Pélya urn scheme, as described in [CHJ03].

2. MODEL DEFINITION

We start at time ¢ = 1 with a graph consisting of two vertices that are connected by a
single edge. At each step t = 2,3,..., we first flip a coin. With probability p > 0, we add
a new vertex to the graph and connect it with one new edge to an existing vertex. The
latter is selected randomly with probability proportional to its degree. With probability
1 —p, we add a new edge between two existing vertices. These are selected randomly with
probability proportional to their degree, whereas self-loops are permitted.

This model yields a power law degree distribution with exponent —1 — Q—Ep, as shown in

[CF03, Mit04]. If p = 1, this model is identical to Barabasi-Albert model with my = 2 and
m = 1.

Throughout this paper, let Z,, denote the number of leaves, i.e. the number of vertices with
degree 1, after the n-th step. Moreover, F,, denotes the o-algebra generated by the edges
after the n-th step. It is clear, that we have exactly n edges at time n. Therefore, the sum
of the degrees of all vertices at time n is always 2n.

3. EXPECTATION AND HIGHER MOMENTS

We follow the same idea as in [Szy05] to compute the moments. There are only four
possibilities how the number of leaves changes at each step. It can increase by one, if we
add a new vertex to the graph and attach it to an existing vertex with degree > 2. It
remains, if we add a new vertex and attach it to a previous leaf. It also remains, if we only
add a new edge between two vertices with degree > 2. It can decrease by one, if we only
add a new edge, where one of the vertices had degree 1. Finally, it can decrease by 2 if we
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only add a new edge between two previous leaves. Therefore we have

Zn + 1 with probability p ( - 57’;)

Z, with probability pZz + (1 —p) (1 — %)2
Zn — 1 with probability 2(1 — ) ( - %)

%
Zn — 2 with probability (1 — p) (%)

Zn+1 =

Therewith we can compute
ElZn1 | Fu]l = (Zn+1)'p( _%>
+ Zn- (B2 +(1=p) (1-2)?)
+ (Zn—1)-2(1—p)Z= (1-2»)
+(Zi—2)-(1-p) (8)°
= (1 + %) Zn 4 p.
Taking expectations on both sides we obtain the recurrence relation
EZ, 1 = (1 i %) EZ, +p,
which, with initial condition Z; = 2, can be solved (cf. Lemma A.1) as

ST(ip+n—1)
EZ, = ffppn + 2 T ~n.
(p—4)I'(zp — 1I(n)

In order to compute the expected value of the 2nd moment EZ2, we have to solve the

recurrence relation

EZZ, = (1+ 22+ 22)EZ2 +

2n2

L5 ) B2, +p.

This can be done as shown in Lemma A.3. The leading terms for EZ2 are

2 2_
EZ; = (44—pp)2 n’ + Z?i{p)%?gjg)n tlot ~n®

Now we can write down the asymptotic distribution of the variance of Z,,,

Similarly we can compute the asymptotic behavior of the third and forth moment of Z,.
Here the recurrence relations become

3— 3p) IEZ3+ (3p+ 29pJr —3+3p) EZ2 <3p+ —2+p> EZ, +p

EZy,, = <1 +
—44-2 33 6—9 —6+46

BZpi1 = (1 + # + 713) EZ, + (4p+ 6%p | —bi6p p) EZ3
(6p+ =% 7p) EZ2 + <4p+ Z3p )EZ 1.

The leading terms can be computed as

3 12p? (p?—12p+12

BZy = ahpn’ + gty ot +lot ~nf
4 16p% 4 |, 48p3(p2—12p+12) 3 4

EZ, = (4_7;)411 Z()4(—pp)4(3€p) ¥4 lot. ~nl,
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FIGURE 1. The asymptotic behavior of &

Zn Var Zy, .
22 and ~-= depending on p

For later reference, we finally want to compute the asymptotic behavior of the 2nd central
moment EZ2 = E(Z, — EZ,)? and the 4th central moment EZ% = E(Z, — EZ,)*. Clearly,

EZ2 =VarZ, ~n.

In order to calculate the leading term of E?ﬁ exactly, we would eventually need more terms
of the raw moments than we calculated. However, we can derive a bound for the asymptotic
behavior of EZ4. First notice that

EZi = —3(EZ,)* +6(EZ,)*EZ2 — AEZ,EZ2 + EZ,.

n

Therefore, when we are using our approximations for EZ2, EZ> and EZ2, we can expect
all terms of order 3 or higher of EZ} to be exact. However, these terms cancel out. Hence

we have

EZi ~n' for somei < 3.

For the case p = 1, we can solve the recurrence relations above exactly. This can be found

in appendix B.

4. LAW OF LARGE NUMBERS FOR Z,

Having already computed the 4th central moment of Z,, we can give a simple proof of a
Law of Large Numbers for Z,,:

Theorem 4.1 (Law of Large Numbers). We have

Zn 20 .

nopeo 47D
Proof. For all k > 0, Chebyshev’s inequality yields,

(|25 > }) < BATERE = SR~ k0

3 M
n n—00
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with ¢ > 1. Therefore we have

> P Z]'—EZJ' 1 < k4 - EZ*.? k4 - 1

> (f >z)— ZjTN Zﬁ«x’-

j=1 j=1 j=1
Thus, by the Borel-Cantelli Lemma,

P(|£2=E22| > 1 i0.) =0.
Now let
Ak:{w: Z"T(w)—,u‘ >%i.o.},
S0
AY = {w : ‘Z"T(‘”) - p‘ < 1 for all n > ng(w) for some no(w)} .
Moreover, let
A= U Ay
k>1

Since P(Ay) = 0 for all & > 1, we have P(A) = 0. Now consider A® = Ni>1 AY. Clearly,
P(AY) =1 and A® C {w: lim, .o Z”T(w) = pu}. O

5. CENTRAL LiMIT THEOREM FOR Z,

We want to find values «,, and (,, such that
M, = anZ, + Bn
is a martingale. Taking expectation yields
E[Mpi1 | Fn] = anga ((1 + pT_nQ) Zn, +p) + Bnt1

_ !
= an+1 (1 + %) Zn + Oén+1p + 571-{-1 = Mn.

This yields the recurrence relations au,, = apq1 (1 + %) and 8, = ap41p + Bnr1, which
can be solved using Lemma A.5 and Lemma A.6 with initial conditions a; =1 and 5y =1

as
1 1
1 1
g, = 1 2p n AL(Gp+ DI'(n+1) o n2-5P

Tr4 - ATt -1

Hence the asymptotic behavior of the martingale is

1
M, ~n'T2P (Zn — ffppn) )
Now for k > 1 we define g, by
ep =My — My_1 = a2y — o121+ B — Br—1 = a2y, — g1 Zj—1 — D,

where My = 0. Since

Elex | Fr—1] = ax ((1 + %) Zy—1 +P> - <1 + %) apZy—1 — agp =0,
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€k is a martingale difference array. Now, for k < n, let

(;:(”) — Ek
k apy/Var Z,,
Clearly, 512.") is also a martingale difference array since for all £k = 1,2,...,n, we have
1
E[ (n) _}271@ Fi_1] = 0.
S i ek | Pl

Lemma 5.1. We have

¢ I
max &, | —— 0 uniformly.

Proof. By the recurrence relation of oy, |£,(€n)] can be rewritten as

(n) 823 -2
& any/Var Z,, B <1 + 2p’f_2> Zi=1 —p)
1 (677 ( (2 — p)Zk,1 3
— — |\ |Zk— Zp_ ‘ ‘ ) S
JVVar Z, o MJF 2(k — 1) +£';|/ = /Var Z,
~~ < —_—
<1 <1
So, |§ P n) | is uniformly bounded by \/7 — 0. O

Corollary 5.2. For every € > 0, the conditional Lindeberg condition
SUE [ 10671 > o) | Fia] 20
=1

holds.

Rewriting & ,gn) as

(n) Xk
= —————(Zy — E|Zk | Fr—1]),
gk an\/m(k [k|k1])
we can compute the conditional expectation
E [(fl(gn))Q ‘ fk—l} = E [m (Z — E[Z), | Fi-1])? ‘ fk—l}
a; -2 +2)Z} 2p° —p—2)Zy_
. k kl_(p p )k1+p(1_p)'
o2 Var Zy, 4(k —1)? 2(k—1)

Lemma 5.3. For all k < n, we have
SE[E)? | Fea] Lot
k=1

Proof. First define
(€07 7] - (40

Since §l(€n) is a martingale difference array, > ;_, E(ﬁlin))z =1 and it suffices to show that
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In fact, we will show that
n
k=1

—ozi(p2 —2p+ 2)Z,f_1
4(k — 1)%a2 Var Z,,

(5.1)

ZET””LQZ Z Enin; ——— 0.

=1 j=1+1

Let

—a2 (2 —p— 2T

d
an 2(k—1)a2 Var z,, ’

Wk = Yk =

SO M = Wi + yi. Notice that

(5]

(o) o) ()

k=1

Since

ZEwk + QZ Z Ew;w;

=1 j=i+1

and

ZEyk +2Z Z Eyiy;,

(Em)

NPy —

n—oo

k=1

n n
)Y Y Eyy 0

i=1 j=i+1
(a) Since

O 1 2
- — . . 2 J— J— 2 .
we have

n
> m <
k=1

i=1 j=i+1

we actually have to calculate four limits to prove equation (5.1):

ZEwk—>0

n—oo
k=1
n
@3 3 By 0
i=1 j=i+1 e
A 1 1
it Iy TR TS ()
2(k—1) n n
:l—>0.
n n—oo

(b) Note that since My_1 = aj_1Z;_1, we can rewrite yy as

—az(2p2

—p—2)My_

Yk =

2(k — 1)ag_1a2 Var Z,,
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Therefore,
n n n n
> By = D Elw ) v
i=1 j=i+1 i=1 j=i+1
n
IS
i=1 j=i+1
n
(2p* —p—2)
= E
Z vi IIZ ]—lozj 102 Var Z,,
=1 J=1+1
Now,
W —p—2 & aof 1 i 1 1
a2 Var Z,, Pt 2(j — Daj—1  n3P ot gp/2 p3p

and since EM? ~ i>"PEZ? ~ 377,

o L L pe2 Ay
e a1 o2 VarZ, 2(i-1)
.2_
~ 1 ¢ ’ 112_17: 71 ’[,3_%1)
Zl—%p n?r n n3-p
So,
1 43 1 .3
2P v —— . 2P —
>3 B~ Z 7 R —
=1 j=i+1
(c) Since
2 2
a2 1 ) 72 1 p
— k. 2 —op 9.kl .2 9.1 2
o] a2 Var Z, p p+2| 4k—1)2 """ n n’
we have

n
4 4

E szgn-—Q:——>0.
n

n n—oo
(d) We first need to find a martingale N,, of the form
Ny =Y Z2 + 60 Zn + €n.
Taking expectation yields
E[Nnt1 | Ful = 1 (1 + 2 12_75) Z;
+ <7n+1 <2p+ 2 Sp) + Ont1 (1 + %)) Zn
+ YD+ 1D+ g1 = Ny
We will use the initial conditions 5 = 1, 1 = 1 and €¢; = 1. The solution of the
recurrence relation for 4 can be written as

n—1 2]§72
’yn:klleQ-l-(Qp—ll)k—i-l—p
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Splitting up the quadratic denominator into its roots, we can use formula (A.3) to

compute
L(gp — 3VP2 = 2p + 2)T(5p+ 5/p* — 2p + 2)T(n)?
Tn = :
LTt lp-1- P+ 2T+ Ip— 1+ iV —2p+2)
The leading term of ~, is

Yo =Tp - 3vp2 =20+ 2)T(3p + /P2 — 2p +2)n* P + Lo. t.
Using Corollary A.4, we get

4pl'(5p — 5/P* =20+ 2)T(5p + 5/P* —2p +2)

4—p

Op = n®P +1o.t.

Since €, = —p > p_o (YK + k), we have
n ~n*P  at most.
We can rewrite the martingale N,, as
Ny =y (Zp — 5” ) +Un o~ Y22+ .
Now, E ~ (Ng—1 — Vk—1)/Yk—1, SO

e —ai (p* = 2p + 2)(Np—1 — V1)
b A(k — 1202751 Var Z,

Similarly as in (b),

—a3(p* —2p+2)

Z Z Ew;w; ~ ZE w;i(Ni—1 — vi-1) Z 4(5 — i)nyj_la%Vaan

=1 j=i+1 Jj=i+1

Now,

n

p2—2p+2i 1 1 —af 1 3 1
Var Z, a2 47 —1)2 v n3—p g2

j=i+1 n Jj=i+1
Since E(N; — ;)% ~ 4 EZ4 ~ 472 33 = {77 at most,
2 2
—a?2 1 pP—2p+2 (Ni_1—viq
wi(Ni—1 —vim1) ~ L= gov — )
Yie1 a2 Var Z,, 4(i—1)
1 1 5—2p __ 1 5—2p
- 1.n2—P nt e
Hence,
1 n
i5—2p il
>3 Bwiw ~ eI Z 5 o
i=1 j=1+1 =1 j= z+1
This completes our proof of Lemma 5.3. O

Now let us recall the Martingale Central Limit Theorem in the version of Corollary 3.2 in
[HHS80].
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Theorem 5.4 (MCLT). Let {S,(gn),}",gn),l < k < n,n > 1} be a zero-mean, square-
integrable martingale array with differences X,gn) and let n* be an a.s. finite r.v. Suppose
that

B[ 1 > o) B ] 20 for atie >0,

VE= YL B[ | 7| o,

n—oo

the o-fields are nested: ]:kn) C f,gnﬂ) for1<i<n,n>1, and

S V2 = N(0,1) in distribution.

Therewith, the Central Limit Theorem for Z,, follows immediately.

Theorem 5.5 (Central Limit Theorem). We have

Zn = N(:U‘v 0)7
with
2p(p2—12p+12
p=in and o =LAy,

Proof. Note that Z,//VarZ, = > j_; f,(gn). Corollary 5.2 is part (a) of Theorem 5.4,
Lemma 5.3 is part (b). Parts (c) and (d) are obviously true. Therefore,

S = N(0,1).

k=1
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6. SIMULATING THE DISTRIBUTION OF Z,

We wrote a C program, cf. appendix C, to simulate graphs in our model. For different
values of p, we were letting 100,000 graphs grow with 10,000 edges each and we obtained
the following distributions for Z1ggo:

p=.1 p=.3
o
™ g -
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S
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FIGURE 2. Histograms of Zjggog for different values of p

The histograms show the actual simulated data, whereas the overlying line corresponds to

a normal distribution with mean ; and variance o2 as defined in Theorem 5.5.
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APPENDIX A. RECURRENCE RELATIONS

Lemma A.1. The recurrence relation
any1 = (1+2)n+3,

with initial condition a1, has the solution

_ 8 (@ Dm AT tn)
1—a« (=11 +a)(n)

Proof. The solution of the recurrence relation can be written as

(A.2) miﬁi(l >+anl h ( )

J=1k=j+1

Now,

n—1 o — F(O& + n)
(A.3) 11 <1 + j> i T T(mT(1+a)’
and

nl @y _ P+ j)T(a +n)
(A.4) kl;[+1 (1 + E) T T(A+a+)ln)
Finally, we use the identity
" T(j)  TA+a)(n+1)—T(a+n)

(A5) 2Tt a) - (i e

The latter equality can be proven easily by induction. Plugging in equations (A.3), (A.4)
and (A.5) into equation (A.2) yields the result. O

Lemma A.2. We have the following asymptotic expansions:

I'(n - ala—1) —a—1
7F(n( )a) = n — 7( 3 )n +1.().t.
I'(n4+«a « ala—1 a—1

(I‘(n) ) = n + 7( 3 )n —f—l o.t.

Proof. Using the Euler-Maclaurin formula, we can expand
F(n+a)= e*"\/ﬂn"“‘*% +e "1 —6a+ 6042)\/%71"“‘7% +Lo.t.
Now the claim follows by simple algebra. O
Lemma A.3. The recurrence relation
ant1 = (1= 2+ %) a, + (yn” + 9" " +1Lo.t.),

with v > 1 and tnitial condition a1, has the solution

v vi1 20y —w(l+v)+ 200 +v+1)

—_— Y+ Lo.t.
O+v+1 20+v)0+v+1) noLot
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Proof. The solution can be written as

n—1

n—1 n—1
an=ar [[ (1 -4 +j%) +> I =4+ 8&) (" +ni” " +1ot.).
j=1 =1 k=j5+1

First we want to approximate

n—1

[T =%+ 5) =45+ 4" + 1ot
k=j+1

: 0 _ 0-+V/02—4a 0—/02—4a
Factormgl—g—i-k%_ 1_T@> (1_Ta>
the asymptotic expansion from Lemma A.2 compute

F(nfgf%\/mﬁ(nf%r%\/m)

, we can use equation (A.4) and

Ay

I'(n)?
o (2a+6702)l‘<n737%M)F<nfg+%\/m>
2 = 2T (n)?

Using Lemma A.2 again, we can expand A; and As as

A4, = n %4 92“’%20‘717971 + L o.t.
Ay = 720""29_92 n?+ 762—(924—204)2 n %l lo.t.
Now since
Z :% +1 %ng—i—l.o.t.,
we have
n—1 n—1
+ 2 (v + i+ Lot
j=1 k= +1
n—1
= > (A + A T Lo t) (v + 0 + Lot
7=1
- ezfilnﬂuﬂ + <77A512A1 — Lgh) n?t +1.o.t.
_ +1 | 2ay—yw(1+v)+2n(0+v+1)
= gt 200+)(0+v+1) n’+1lo.t.
Clearly, these will be the leading terms of a,, since
n—1
(A.6) a[[(1-9+%)~a~n".
j=1

Corollary A.4. The recurrence relation

Gn = Api1 (1 + %) + (yn” +1.o.t.),

with v > 1, has the solution

v

S —e S P
0—1—1/—1—1” + 1o

an —
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Proof. Rewrite
ap+1 = (1 — % +1lo.t.)ay, + (yn” +1l.o.t.)

and use Lemma A.3 (notice that the first 1. 0. t.-term doesn’t affect the proof).

Lemma A.5. The recurrence relation

an41 = n+ﬂan;
with initial condition a1, has the solution

L _TU+A(n)
" T TB+n) OV

Proof. The solution can be written as

2 T(k)
=a H =o T'(B+n)
i (o2

Lemma A.6. The recurrence relation

r
ant1 = n = a3y

with initial condition a1, has the solution

B L Lot
(v=1I(y)  (y=DI(y—=1+4n)

anp = a1 —
Proof. The solution can be written as

ap = a1 — BZ k+'7

Using the identity (A.5) we receive the result.

15
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APPENDIX B. EXPECTATION AND HIGHER MOMENTS IN THE BA MODEL

In the Barabasi-Albert model, i.e. if p = 1, we can calculate the moments similarly as
in section 3. However, this time the recurrence relations are simple enough to be solved

exactly.

First some notation: Define

T'(n) . I'(n—3)
gn) = ———3 and g7 (n) = ="
I(n—3) Vv I(n)
Note that g(n) ~ /n and g(n+1) = 272:119(”)'
We have
Zn with probability g—g
Zn+1 =

Zn+1 with probability 1 — £z
Therefore we can compute
E[ZnJrl | fn] = Zn% + (Zn + 1) ( - %)
1
Taking expectations on both sides we obtain the recurrence relation
EZp1 = (1-5)EZ, +1,
which, with initial condition Z; = 2, can be solved as

EZ, =2n+3g;'(n) ~ 2n.

Similarly, we can compute the higher moments

EZy = §(4n®+n) +§(n+1gt(n)  ~gn’
EZ} = k= (40n% 43002 — n) + & (160n° — 12002 — 160n — 217) 72=g-'(n) ~ S0
EZ: = 2 (80n* + 120n® + 7n? — 6n)

+ 55 (640n* — 1096n% — 2712n — 1755) 529 (n)  ~ n’.

Now we can write down the variance of Z,, as
Var Z, = EZ% — (EZ,)* = n+ %(471 + 1)g; t(n) — 2 (g;l(n))2 ~ .
Clearly,
EZ2 =VarZ, ~ %n,

and we can compute
EZ} =E(Z, -EZ,)" ~ &n
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ArPENDIX C. C CODE

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

int main (int argc, const char * argv[]) {
double p = 1;
int n = 10000;
int numSweeps = 100000;
int Z1;

FILE *pFile;
pFile = fopen("myfile.txt","w");

int sweeps;

int 1i;
int *Deg = malloc(sizeof (int) * n+1);
if (Deg == NULL) exit(EXIT_FAILURE); // No memory.
int *Edges = malloc(sizeof (int) * 2*n+1);
if (Edges == NULL) exit (EXIT_FAILURE); // No memory.
for (sweeps=1; sweeps<=numSweeps; sweeps++) {

for (i=1; i<=n; i++) Degli] = (int)O;

Deg[1] = 1; Degl2] = 1;

for (i=1; i<=2*n; i++) Edges[i] = (int)O0;
Edges [1] = 1; Edges[2] = 2;

int ii = 2;
for (i=2; i<=n; i++) {
double rr = rand()/((double)RAND_MAX + 1);
if (rr < p) {
int r = (int) ((2*(double)i-2) * rand()/((double)RAND_MAX
+ 1))+1;
Deg[Edges [r]]++;
Deg [++ii]++;
Edges [2*xi-1] = ii;
Edges [2xi] = Edges[r];
} else {
int r = (int) ((2*(double)i-2) * rand()/((double)RAND_MAX
+ 1)) +1;
int s = (int) ((2*(double)i-2) * rand()/((double)RAND_MAX
+ 1)) +1;
Deg[Edges [r]]++;
Deg[Edges [s]]++;
Edges [2*¥i-1] = EdgesI[r];
Edges [2xi] = Edges[s];

}
}
Z1 = 0; // creating histogram
for (i=1; i<=ii; i++)

if (Degli] == 1) Z1++;

fprintf (pFile, "%i\n", Z1);
}

fclose (pFile);
return O0;
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