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ABSTRACT

A deductive system (Hilbert-style) is an algebraic closure system over the set of formulas of given
propositional language. Similarly, a Gentzen system is an algebraic closure system over the set of
all sequents, i.e., finite sequences of formulas, of this language. The main feature of this work is a
technique that allows us to adapt the methods, previously developed in the area of algebraic logic for
work with Hilbert-style deductive systems, to the case of Gentzen systems. Using the properties of the
Tarski congruence, a generalization of the Leibnitz congruence, we develop an algebraic hierarchy for
Gentzen systems that closely parallels the well-known algebraic hierarchy of deductive systems. This
approach allows us to unify in a single framework several previously known results about algebraizable
and equivalential Gentzen systems. We also obtain a characterization of weakly algebraizable Gentzen
systems. The significance of Gentzen systems and related axiomatizations by Gentzen rules is due in
large part to the fact that various metatheoretical properties of deductive systems can be formulated
in their terms. It was observed that a number of important non-protoalgebraic deductive system that
have a natural algebraic semantics also have a so-called fully adequate Gentzen system associated with
them, the conjunction-disjunction fragment of the classical propositional logic being a paradigmatic
example. In this work, a general criterion for the existence of a fully adequate Gentzen system for non-
protoalgebraic deductive systems is obtained, and it is shown that many of the known partial results
can be explained based on this general criterion. This includes such cases as the existence of fully
adequate Gentzen systems for self-extensional logics with conjunction or implication, and the criterions
for the existence of a fully adequate Gentzen system for protoalgebraic and weakly algebraizable logics.
In another vein, it is shown that the existence of a multiterm deduction-detachment theorem in a
deductive system is equivalent to the fact that, so called, axiomatic closure relations for the deductive

system form a Gentzen system.
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INTRODUCTION

In very general terms we can systematize our knowledge of some area of expertise by
listing all the relationships of casuality, i.e., statements of the form “from «q, as, ... it follows
by necessity that o” (more formally written as ag, ag,--- b «a) where ag,a1,...,« are the
expressions of some language pertaining to that area. To be practical this system must at least
be finitary, that is, we accept only the casuality relationships that depend on a finite number of
conditions, that is, of the form ag,...,a,_1 F o where n is finite. For the same reason we want
the system to be monotone, soif ag,...,a,_1 F athen Gy, ..., 0k_1,00,...,a,_1 F a. Itis also
desirable that the system of knowledge be theoretical in nature, so each casuality relationship
«p, . ..,0,_1 F a represents, not a single relationship, but rather a scheme that represents the
entire family of relationships that can be obtained from it by substituting arbitrary expressions
for the variables that occur in the scheme.

Generally, the linguistic expressions that the «; represent can be quite complex: simple
formulas, equations between formulas, and even entire sequents, that is formula complexes of
the form g, ..., pn—1 > @ where @q,...,pn_1,¢ are simple formulas. Thus the “casuality”
relation can take the form of either a Hilbert-style system, an equational system, or a Gentzen
system.

In this thesis we develop a general framework that allows us to study how these three
different logical formalisms interact among themselves. It is based on the idea that an equa-
tional system and a Hilbert system can both be incorporated into the Gentzen formalism. An
equation a = (3 can be presented as a pair of sequents {a> (3, 5>}, while a formula « can be
represented by the sequent of length one >a.

To define a Gentzen system, we start off with a language of some given functional type



L. The elements of £ are interpreted as logical connectives, when viewed from a logical
perspective, or as operation symbols in an algebraic context. The formulas of this language
form an algebra, which in fact is the absolutely free algebra with propositional variables as
free generators. A Gentzen system G can be identified with a consequence relation g on the
set of sequents. A theory of G is any set of sequents closed with respect to the consequence
relation. The set Th G of all theories of G is an algebraic closure system. The largest theory
of a Gentzen system is the set of all sequents.

We can impose a restriction on the shape of sequents; for instance we may require that
all sequents have form ¢ >, and consider a consequence relation on the set of all sequents of
this form. This is the way equational logic can be interpreted as a kind of generalized Gentzen
system. Restricting to sequents of the form >y with a single formula we get Hilbert systems.
For our purposes it is convenient to refer to these as 1st-level deductive systems and Gentzen
systems that satisfy the so-called structural rules (reflexivity, exchange, and weakening) and cut
(transitivity) will be called 2nd-level deductive systems. Chapter 2 mostly contains technical
results about 2nd-level systems, including their axiomatization and 2nd-level matrix semantics.

The study of 1st-level deductive systems such as the classical and intuitionistic propositional
calculi, and the modal logics, has historically been supported and often led by the study of
semantics, especially algebraic semantics. To accommodate this process in a broader and more
abstract context the notion of the Leibnitz operator was introduced in the area of algebraic
logic. Given a 1st-level deductive system S, The Leibnitz operator of S is the mapping € from
the set ThS of theories of S into the congruences Con Fm, on the formula algebra where, for
every T' € Th(S), QT is the largest congruence compatible with T in the sense that if a« € T
and (a,3) € QT then 5 € T.

There is a generalization of this concept to 2nd-level systems. Using combinatorial proper-
ties of the 2nd-level Leibnitz operator (also known as Tarski operator), we classify in Chapter 3
the 2nd-level deductive systems in a hierarchy that closely parallels the well-known algebraic
hierarchy of 1st-level systems. This approach allows us to unify in a single framework several

previously known results about algebraizable and equivalential 2nd-level systems. We also



obtain a characterization of weakly algebraizable 2nd-level deductive systems.

In the second part of the dissertation we apply the theory of 2nd-level systems developed in
the first part to study metalogical properties of the 1st-level, i.e., Hilbert systems. The starting
point here is the notion of a generalized model of a 1st-level deductive system. A generalized
model for 1st-level system S is a pair (A, C) where A is an algebra of the appropriate language
type and C is an algebraic closure system of S-filters. It is full generalized model of S if C is
the set of all S-filters of A or a closely related set. A 2nd-level system G is adequate for a
1st-level system S if every full generalized model of S is a model of G, and it is fully adequate
for § if, roughly speaking, these constitute all the models of G.

The significance for 1st-level systems of their axiomatization by Gentzen-style rules is due
in large part to the fact that many important metalogical properties of these systems can be
formulated in terms of rules of this kind. There are a number of important 1st-level deductive
systems that have a natural algebraic semantics, but are not protoalgebraic, and hence are not
amenable to the standard methods of 1st-level abstract algebraic logic. It has been observed
however that many of these systems have a fully adequate 2nd-level deductive system associated
with them. The conjunction-disjunction fragment of the classical propositional logic is the
paradigmatic example.

Full closure relations were introduced in [14] as a tool for studying fully adequate 2nd-level
systems. The finite closure relation associated with an algebraic closure system C is the set of
all finite sequences ag, ..., an_1,a of elements of the universe of C such that a is in the closure
of {ag,...,an—1}. Roughly speaking, a full closure relation for a 1st-level deductive system S
is a finite closure relation associated with a full generalized model of S. It was known that a
1st-level system has a fully adequate 2nd-level system if and only if the set of all full closure
relations on the formula algebra is a closure system [13]. The highlight of Chapter 4 is a
general criterion for the existence of a fully adequate 2nd-level systems for non-protoalgebraic
1st-level deductive system S. More precisely, there is a fully adequate 2nd-level system for S if
and only the full closure relations of S form a 2nd-level deductive system. We also show that

many of the known partial results about the existence of a fully adequate Gentzen systems can



be explained on the basis of this general criterion. This includes such cases as the existence
of fully adequate Gentzen systems for self-extensional logics with conjunction or implication,
and the known criteria for the existence of a fully adequate Gentzen system for protoalgebraic
and weakly algebraizable logics.

In Chapter 5 we consider another type of finite closure relations for 1st-level systems.
An axiomatic closure relation for S is a finite closure relation associated with a generalized
model (A,C), where C is chosen in such way that it must include all S-filters that contain the
smallest filter in C. It was known that the set of axiomatic closure relations is closed under
finite intersections if and only if the lattice all S-filters is distributive [13]. We show that, if
we strengthen the distributivity condition, and require that the complete lattice of theories
of the system is infinitely meet-distributive over compact elements, then the set of axiomatic
closure relations is closed under finite intersections if and only if they form a closure system,
and so are closed under arbitrary non-empty intersections. This leads to the main result of
the chapter: a 1st-level system admits a deduction-detachment theorem if and only if the set
of axiomatic closure relations for S form a Gentzen system. This is a new characterization of

the deduction-detachment theorem.



Outline of the paper.

The thesis contains: abstract, acknowledgement, introduction, 5 chapters, conclusion, in-
dex and bibliography. First chapter provides the preliminary mathematical information and
notation and also important facts and results from the field of algebraic logic. Some basic facts
and “folklore” are given without references. In Chapter 2 we introduce the basic notion of this
dissertation, a notion of a 2nd-level deductive system. The obtained elementary results have
nevertheless rather technical and abstract form to suit further applications in Chapters 3,4 and
5, therefore the details of the proofs in this chapter may be skipped during the first reading. In
Chapter 3 we define a 2nd-level Leibnitz (Tarski) operator. We develop an algebraic hierarchy
of 2nd-level deductive systems based on properties of the 2nd-level Leibnitz operator. The re-
sults of Chapter 3 are mainly used in Chapter 4. Chapters 4 and 5 show that some important
problems of logic, like the existence of deduction-detachment theorem and the existence of a
fully adequate Gentzen system for Hilbert systems are in fact related to 2nd-level systems. We
obtain in Chapters 4 and 5 some new results and characterizations through this relation. In

Conclusion we summarize the results and sketch a plan for future work.

Main results and related works.

There are four major results in this dissertation.

I. The problem of defining an algebraic hierarchy for Gentzen systems that would be to some
degree parallel in semantical and syntactical aspects to the very successful algebraic hierarchy of
Hilbert systems was studied by several authors. D. Pigozzi introduced in [20] by a syntactical
definition the classes of equivalential and finitely equivalential Gentzen systems and proved
that they demonstrate the expected semantical behavior, similar to that of equivalential and
finitely equivalential Hilbert systems. Some examples of Gentzen systems that can be called
finitely algebraizable were considered in [12].

The author suggests in Def. 3.1.11 an algebraic hierarchy that is based on properties of
Tarski! (2nd-level Leibnitz) operator. This approach has the advantage that the resulting

algebraic hierarchy:

! Another interesting approach based on properties of Suszko operator was considered in [6].



a) closely parallels (in formulation, properties and even in parts of proofs) the algebraic
hierarchy for Hilbert systems based on properties Leibnitz (1st-level) operator [16, 17];

b) allows us to obtain syntactical characterizations (Thm. 3.2.3, Prop. 3.3.4, Prop 3.3.6),
that are similar to and can be seen as generalizations of those for Hilbert systems.

c) the syntactical characterization for (finitely) equivalential Gentzen system coincides with
that defined in [20].

The semantical properties of the hierarchy of Def. 3.1.11 in terms of closure properties of

matrix classes has not been considered in this thesis.

I1. The notion of the weakest structural Gentzen system adequate for a given Hilbert system
was informally introduced in [14]. We denote it Ger S (Def. 2.2.9) and make a great use of it.
In particular, both full closure relations (Def. 4.2.1) and axiomatic closure relations (Def. 5.1.1)

are defined as special subsets of GerS. The basis for work with Ger S was laid out in [20].

III. In Chapter 4 we prove a general criterion for the existence of fully adequate Gentzen
systems for Hilbert deductive systems through the existence of a graded congruence basis
(Thm’s. 4.3.4, 4.3.9). This criterion generalizes several known results. That includes

a) the criterion for the existence of a fully adequate Gentzen system for a protoalgebraic
Hilbert system through the existence of Leibnitz generating Parameterized Graded Deduction-
Detachment system (LPGDD system) [14];

as well as the following sufficient conditions [12, Thm. 4.27 and Thm. 4.45]

b) a self-extensional Hilbert system with conjunction has a fully adequate Gentzen system;

c) a self-extensional Hilbert system with implication has a fully adequate Gentzen system.

The general criterion also suggests a form of Gentzen axiomatization for fully adequate

Gentzen systems (Def. 4.3.7), that can be chosen as canonical.

IV. The deduction-detachment theorem (DDT) has been extensively studied, ever since it
was discovered by Tarski and Herbrand. Along with numerous results about particular deduc-
tive systems that admit the deduction-detachment theorem, a new trend become discernible
in recent years: the study of the phenomenon from general positions including that of abstract

algebraic logic (see [3] for references). The highlight of Chapter 5 is a new characterization



(Thm. 5.2.3) of the (multiterm) deduction-detachment theorem. It states that a Hilbert sys-
tem S admits the DDT iff the set of all axiomatic closure relations for S forms a Gentzen
system. This characterization, though original, has nevertheless several partially pertaining
predecessors:

a) in [13] it was in fact proven that the set of axiomatic closure relations for a Hilbert
system is closed under finite intersections iff the lattice of theories for this Hilbert system is
distributive;

b) it was found in [9, Thm. 2.6.8] that a protoalgebraic Hilbert system admits a deduction-
detachment theorem iff the lattice of theories for this Hilbert system is infinitely meet-distributive
over its compact elements;

c) [14, Cor. 5.7] states that a weakly algebraizable Hilbert system has a fully adequate

Gentzen system iff it admits the deduction-detachment theorem.

Special acknowledgements. 1 would like especially emphasize the importance of the

following works in shaping the ideology of this dissertation (in historical order):

[12] J. M. Font and R. Jansana, A general algebraic semantics for sentential logics, Number

7 in Lecture Notes in Logic, Springer-Verlag, 1996.

[16] B. Herrmann, Characterizing equivalential and algebraizable logics by the Leibniz opera-

tor, Studia Logica 58 (1997), 305-323.
[20] D. Pigozzi, Second-order algebraizable logics, Manuscript, 1996.

[9] J. Czelakowski, Protoalgebraic logics, Kluwer, Dordrecht, 2001.



1. MATHEMATICAL PRELIMINARIES AND NOTATION

The contraction “iff” will be used for the phrase “if and only if”, “TFAE” for “the following
are equivalent”, “:=” for “by definition”; “V” stands for “for all”, “3” for “there exists”, “&”
for “and”, “ =" for “implies”.

We employ cardinal notation for the set of natural numbers w = {0,1,2,...}. Thus n is a

natural number iff n € w. Also for any two natural numbers i,n € w we have i < n iff i € n.

Let a be a contraction for the expression ag, ..., a,—1. We will write: a sequence (ag, ..., an—1)
as (a) or as (a;)ien; a non-empty sequence (ag, ..., an—1,a) as QQ, - - ., Ap—1>a, (A;, Q) iecp, A>a
or (a,a); a set {ag,...,an—1} as {a}. As a rule, every time we meet @ in the text it can be
expounded as ay, ..., a,_1 for some n € w.

The non-empty sequences are called vectors or strings. In the case (a) = (a;)ien, We write
[(a)] = n and say that (a) has length n. If {A4;}icn is a family of non-empty sets, then
[Lic, Ai = Ao x --- x Ap—1 = {{@i)ien | @i € A;} is called a cartesian product of the sets
Ag, ..., Api.

A binary relation R between elements of A and B is a subset R C A x B. For any two

binary relations R C A x B, S C B x C, the composition Ro S of R and S is defined by
Ro S :={({a,c) € AxC| (3 e B)aRb& bSc}.

For (a,b) € R we often write aRb. A function f from A into B (written as f: A — B) is a
binary relation f C A x B such that 1) for every a € A there exists b € B such that (a,b) € R,
2) if (a,b), (a,c) € f, then b = c¢. We write f(a) = b or, equivalently, fa = b to show that
(a,b) € f and to distinguish the argument a of f, from the value b of f on a. For all X C A,
Y C B, we define fX :={fr|re X}, f 1 X ={xcA|ByeY)fr=y}

A function f : A — B is injective (written as f : A — B) if fa = fb implies that a = b;



f is surjective (f : A - B)if fA=B. If f: A— Bandg: B — C are two functions
then the composition of f and g (written as gf or f og) is a function h : A — C such that
h(a) = g(f(a)).

We state for future reference some simple facts about images and inverse images.
Lemma 1.0.1. Let h: A — B. Then

1. X Ch™'hX, for every subset X C A;

2. hh=YY CY, for every subset Y C B;

8. h(Mier Xi) € Nier hXi, for every family {Xi}icr € P(A);

4- h_l(miel Yi) = Nier h=YY;, for every family {Yi}ier € P(B).

Suppose A is a set. Then P(A) := {X | X C A} is the power-set of A. We write X C,, A if
X is a finite subset of A, furthermore P, (A) :={X | X C,, A}. For a family of sets C C P(A),
we define (JC := Uxee X, 1€ :=\xec X The n-th cartesian power of of a non-empty set A
is the set A" := [],,, A of all vectors of length n with elements from A. A* denotes [ J;~; A",
the set of all non-empty finite sequences of elements of A and A* := AT U {()} is the set of all
sequences. A function f: A™ — A is called an n-ary operation on A. Instead of f(a) or f((a))
we will write sometimes f(a). A unary operation f: A — A is also called a mapping on A.

A binary relation R C€ A x A is reflexive if for all a € A, aRa; symmetric if for all
a,b € A, aRb implies bRa; transitive if for all a,b,c € A, from aRb and bRc it follows that
aRc; antisymmetric if for all a,b € A, aRb and bRa implies that a = b. We call R C A x A an
equivalence relation on A if R is reflexive, symmetric and transitive; and R is a partial order
on A if R is reflexive, transitive and antisymmetric. The set of all symmetric binary relations
on A is denoted by Sym A; the set of all equivalence relations on A by Eq A.

If < is a partial order on A and X C A, an element a € A such that for all z € X, 2 < a
is called an upper boundary of X; dually, an element a € A such that for all x € X, x > a is
called a lower boundary of X; inf X is the largest (if it exists) element of A among the lower
boundaries of X; similarly, sup X is the smallest (if it exists) element of A among the upper

boundaries of X. If inf (sup) exists for any two-element subset of A, A is called a lower (upper)

semi-lattice. In that case, inf{a, b} is usually denoted by a A b, and sup{a,b} as a Vb, and
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interpreted as binary operations on A. If both A and V defined for any pair of elements of A,
A is called a lattice. If inf and sup exists for any non-empty subset of A, A is called a complete
lattice.

For a mapping h : A — A the operator-style notation ha will be routinely used instead of
function-style h(a). Also any mapping h defined on A can be uniquely extended to a mapping

on AT by the following definition:
hai)ien = (Rai)ien, (ai)ien € AT,
The latter defines a complezx (defined on sets of elements) mapping on P(A™) as follows,
hX = {h(a) | (@) € X} for all X C A*.

Note that the same symbol h will be used routinely for all these mappings.

A language type is any non-empty set £. The elements of £ are called functional symbols
in an algebraic context or logical connectives in a logical context. With L is associated an arity
function p : £ — w such that pf is the arity or rank of the functional symbol f € L. For each
new: Ly,:={f€L]|pf=n} An algebra A of type L is a pair (A, LA), where A is a non-
empty space called universe of A and LA = {fA | f € L} is a list of operations over the set A
such that for every f € £, f&: A" — A. Members of £ are called basic operations of A. If
A, B are algebras of the same type, then a mapping h : A — B is called a homomorphism of
A into B (written h : A — B), if for every f € £,, and every (a) € A", hfA(a) = fBh(a). A
homomorphism h : A — A is called an endomorphism of A; if h is also surjective and injective,
then h is an automorphism of A. An equivalence relation # on the universe A of A is called a
congruence relation on A or a congruence on A, if 8 is compatible with the basic operations
of A, i.e., for every f € £, and all (@), (b) € A™ if a;0b; for all i € n, then f4(a)0f*(b). For
every algebra A there is a pair of distinguished congruences: 0a := {a>a | a € A} is the trivial
congruence on A and 1a := {a>b | a,b € A} is the universal congruence on A. The set of
all congruence relations on A is denoted by Con A and forms a complete lattice by inclusion
with 0a as the smallest and 14 as the largest element. If for every endomorphism h: A — A,

h# C 0, then 0 € Con A is called fully invariant. If 6,n € Con A the join 6 V n of § and 7 is
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equal to J,c,(fon)* =0onVvlhonohonvhonobhonohonVv....
Let X = {x;}ier be a non-empty set. The set Fm, X of formulas (or terms) of type L over

the set of generators X is defined recursively as follows

1. X C Fm, X;

2. if f € L, and «ag,...,an—1 € Fmg X, then (f, ag,...,an—1) € Fmg X.

Traditionally the formula (f, ag, ..., an—1) is written as f(«o,...,a,—1). Formulas will be
denoted usually by small Greek letters. An element (ag, ..., ax) of sz is called a sequent
and will be written usually in the form ap, ..., ap_1>ax. We write a(po, ..., pn—1) or Var(a) C

{po,-..,pn-1}, whenever « € Fmg{po,...,pn—1}.

We can induce the structure of an algebra on Fm, X by associating with each f € L, a
n-ary operation fF™zX on the set Fmz X defined by f¥™2X(a) = f(a). The superscript in
this case may be omitted. This algebra Fm, X is called the algebra of formulas (terms) of
type L over the set of variables X. We fix a countable set Var = {zg, 1, z2, ...} of propositional
variables. Then Fm, Var is called the formula algebra over (of) the language type £ and will
be denoted Fm, . The universe of Fm, is Fm .

An algebra Fm, X is an absolutely free algebra over the set X in the class of all algebras of
type L. This means that, for every algebra A of type £, an arbitrary mapping h : X — A can
be uniquely extended to a homomorphism A : Fm,; X — A. In particular any homomorphism
h:Fm; X — A is determined by the mapping h : X — A. A homomorphism A : Fm,; — A
is called an evaluation; a homomorphism h : Fm,; — Fm/ is called a substitution.

Let £ be an arbitrary language type and suppose o € Fmg({£} U Var). Then « defines a
function f : Fm,; — Fmg, called a unary polynomial on Fm, or a unary polynomial operation
on Fmg, as follows f3 := o3, where o : Fm,({{} U Var) — Fm/, is a homomorphism such

that & = § and oz = z for all x € Var. Using A-notation, we can write f = A&.a. Let
Tr ={ a|aeFmg({{} UVar)}, £ ¢ Var.
For every algebra of type £ we define the set 75 of unary polynomials on A

Ta = {\a(,a): A— A| Neal€,T) € Tz, (a) € AI@N}
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We will customary omit the subscript £ whenever the language type is clear from the context.
Any subset J C 7a defines the complex operator J : P(A) — P(A) by JB:={tb| b€ B,t €
J}. We can also define 7J :=J o J :={tos|t,s € T}

A family C C P(A) is upward-directed if for every pair X,Y € C there is Z € C such that
X, Y C Z. A subset C C P(A) is algebraic if | JD € C for every upward-directed subfamily
D CC. A family C C P(A) is called a closure system on (over) Aif A € C and (D € C for
every non-empty subfamily D C C. The intersection of closure systems over the same set is a
closure system on that set. The intersection of algebraic closure systems over the same set is
an algebraic closure system on that set. A closure system C over Fm, is invariant if for any
substitution o and any T € C, 0~ !T = {a | ca € T} € C, or, in other words, if c=1C C C for
all 0 : Fm,y — Fmy,. The intersection of invariant closure systems over the same set Fm, is
an invariant closure system on that set.

A closure operator on A is a mapping C : P(A) — P(A) such that for any X,V C A,
X CC(X)=C(C(X)) CC(XUY). Aset X € P(A) such that C(X) = X is called a closed
set of C. A closure operator C is finitary if for any X C A, C(X) = |J{C(Y) | Y C, X}.
The following relations between closure systems and closure operators are well known: 1) if
C is a closure operator on A, then the family of its closed sets is a closure system on A;
2) if C ia a closure system on A, then the mapping C¢ : P(A) — P(A) defined for each
X CAasCeX :=({Y €C| X CY} is a closure operator on A; 3) C is algebraic iff C¢
is finitary. We use interchangeably the prefix and exponential notations for closure operators,
thus X¢ = CcX.

Every closure system C, as a family of subsets ordered under set-inclusion, is a complete
lattice. The infimum of a family {X;};e; C C is its intersection (1),c; X;, and its supremum is
\/Z-Cel X = C¢(U;er Xi); its largest element is A, and its smallest element is C¢(()) = C.

A consequence relation is a relation s C P(Fm,) x Fm, such that for all ', A C Fm, and

every o € Fmy:
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1. a € I' implies I' kg a; reflexivity
2. 'Fsaand I' C A implies A Fs «; monotonicity
3. 'Fsaand AFg S for every 8 € I implies A kg a. transitivity
A consequence relation g is: 1) finitary if for every I' C Fm, from I' kg « it follows that
A ts a for some finite A C T'; 2) structural if T' g « implies oI 5 o« for all substitutions o.
A deductive system S in the sense of Tarski is determined by its finitary structural conse-
quence relation Fg. A theory for S is any subset T" of Fm, closed under Fs in the sense that
if'Fsaand I' CT then o € T. Obviously, Fm, is a theory for any S.

In addition, it can be shown that the set Th S of all theories for § is closed under

1. non-empty intersections, because s is  monotone, reflexive, transitive
2. unions of upward-directed families, — finitary,
3. inverse substitutions, — structural.

where being closed under inverse substitutions means that for every 7' € ThS and every
substitution o, 07T := {a | ca € T} is a theory of S again. This leads us to the definition of
a deductive system usually employed in algebraic logic.

A deductive system (1st-level) is a pair S = (Fm,, ThS) such that ThS C P(Fm,) is an
algebraic invariant closure system on Fmg.

The original consequence relation g can be described in terms of a closure in Th S by
IFsa < acT™S where ™S =O{T' € ThS|T C T}.

The following notion of a Leibnitz congruence played a crucial role in the development of
algebraization theory for deductive systems [4, 5].

Let A be an algebra of type £ and X C A. The Leibnitz congruence 24 X is defined by
QaX = {(a,b) |Vt € TA)ta € X «— the X}.

With each deductive system S we associate the Leibnitz operator 2 : ThS — Con Fmy,.
Leibnitz congruence commutes with inverse surjective homomorphism, thus for every h :
A — B and every X C A, QA h™'X = h~ 1 Qp X. The Tarski congruence ﬁAC for a family

of sets C C P(A) is defined by (NZA C:= ﬂXeC QA X. It is easy to see that Tarski congruence
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also commutes with inverse surjective substitutions.

Let S be a 1st-level deductive system and €2 be the associated Leibnitz operator. Then €2 is:
monotone if for all T, S € ThS, T C S implies QT C Q S; invariant, if for every substitution
o and every T € ThS, o 1(QT) = Q(071T); continuous, if for every upward-directed family
CCThS, Q(UC)=U{2A]| AeC}.

The following algebraizability hierarchy in terms of the properties of the associated Leibnitz
operator seems has been accepted now as standard in algebraic logic [17, 9].

Let S be a deductive system and € be the associated Leibnitz operator. Then S is

protoalgebraic, if © is monotone; (PA1)
weakly algebraizable, if € is injective; (WAL)
equivalential, if © is invariant; (EQ1)
finitely equivalential, if € is invariant and continuous; (FE1)
algebraizable, if €2 is invariant and injective; (AL1)
finitely algebraizable, if  is invariant, injective and continuous. (FA1)

There are syntactical criteria (originally definitions) for these conditions

1) [18, 4, 17] A deductive system S is protoalgebraic iff there is a finite set A(z,y) of
formulas of two variables, called a protoequivalence system, such that

1. Fs A(z,x); 2. z,A(z,y) Fs y.

2) [21, 7, 8, 17] A deductive system S is (finitely) equivalential iff there is a (finite) set

A(z,y) of formulas of two variables, called an equivalence system, such that
1. Fs A(z,x); 2. z,A(z,y) Fsy; 3. A(z,y) Fs A(tz, ty), for every t € Tr.
3) [10, 17] A deductive system S is weakly algebraizable iff there is a protoequivalence

system A and a system of equations E(z) C Fm%{z} such that
z s U{A(ta(z),tB(x)) | t € Tz, a> (€ E}.

4) [5, 17] A deductive system S is (finitely) algebraizable iff there is a (finite) equivalence

system A and a system of equations E(z) C Fm%{z} such that

z ks U{A(a(z), B(x)) | a> 5 € E}.
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Suppose A and B is pair of non-empty sets. Every binary relation R C A x B induces a

Galois connection between A and B, consisting of two mapping, called polarities,
r:P(A) — P(B), s:P(B) — P(A)
such that for every X C Aand Y C B
rX :={y € B | (Vz € X)zRy}, sY :={x € A|(Vy €Y)zRy}.

We list for future reference the well-known facts about Galois connections (general references

for Galois connections are [2, pp.124-126], [11, pp.232-233], [15, pp.68-69])
Lemma 1.0.2. For all X,U € P(A), Y,V € P(B)

1. YCrX << X CsY;

X CsrX,Y CrsY;

XCU = rUCrX,YCV = sV CsY,

sY = Nyey s{b}, 7X = Nyex r{a};

S =8rs, r=rsr;

the compositions sr and rs are closure operators on P(A) and P(B) respectively;
the images rP(A) of r are the fixed points of rs, so Y =rX < Y =rsY;

the images sP(B) of s are the fized points of sr, so X = sY <— X =srX;

© % NS & e

the sets of fixed points are closure systems on A and B respectively; the associated com-

plete lattices are dually tsomorphic through the mappings r and s.
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2. SECOND LEVEL SYNTACTIC SYSTEMS

In this chapter we introduce a notion of a 2nd-level syntactic system, basic for this disser-
tation. The obtained elementary results have nevertheless rather technical and abstract form
to suit further applications in Chapters 3,4 and 5, therefore the details may be skipped during
the first reading.

We consider three different kinds of 2nd-level systems that can be called “deductive” in the
sense of Tarski. It is important to understand the reasoning and motivation behind them.

1) The most general kind of all three is introduced in this chapter and called syntactic
systems. For these systems a reasonable notion of associated consequence relation can be
introduced. They have adequate axiomatizations by Gentzen rules, but this axiomatizations
in general are not equivalent.

2) Syntactic systems that have equivalent axiomatization by Gentzen rules are called
Gentzen systems.

3) The 2nd-level deductive systems are syntactic systems the theories of which admit a
reasonable notion of the Leibnitz congruence, therefore allowing the Leibnitz operator and
associated with former the algebraization theory. The name “deductive” is somewhat arbitrary
and was chosen because the algebraic hierarchy for so-defined 2nd-level deductive systems

demonstrates close parallelism with that of 1st-level deductive system.

2.1 Closure relations

Definition 2.1.1. For a set A # () define the compatibility relation ~4C P(A) x AT as

Xhgava iff {a} CX = acX. O
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The binary relation 4 induces a Galois connection consisting of two mappings
R4 : P(P(A)) — P(AT), Sa:P(AT) — P(P(A)),

where R stands for “closure Relation” and S for “closure System”. The motivation for this
terminology will become clear later. By Lemma 1.0.2, for all C C P(A) and all A C AT,
SAA={X CA|(VseA) Xy s},
RoC={se€ AT | (VX €(C) X vz s}.

We will use as synonyms, R = Rz := Rpn, and S = S := Sgy..
Lemma 2.1.2. Ifh: A — B, then

1. Xvphs <= h'X vy s;
2. h~'SphA C SAA, for every A C AT;
3. hRah™1C C RpC, for every C C P(B);

Proof. 1. Let X C B and a>a € AT. The statement follows from the implications:

(=) {a}Ch'X = {ha}C X 2 hae X = achlX,
(<) {ha} CX = {a} Ch'X 2 geh !X = hae X.

2. For a singleton {s} C AT

h1Sph{s) “ "X C B| Xphs) = {h"'X | X C B, X kg hs}
L X CB| N ' Xhas) C{Y CA|Y hast @ Sufst. (%)

Therefore, for every A C AT,
1S phA = B (e s Sh{s} = Nuea h-1S5h{s} © MucaSafs} = Sad.
3. For an one-set family {X} C P(B)
hRARXY Y n{s € A* | X g s} = {hs|s € AT, h7 X oy s}
Lihs|Xrphs)C{seBt| Xhrpst ¥ Re{X).  (+4)
Therefore, for every C C P(B),
BRAN1C = h(yee Rah~{X}) € Ny MBAR-X} © yee Ro{X} = ReC. O

The equivalence X g hs <= h™'X k4 s can be seen as a generalization of properties of

non-conditional, “assertive”, logical propositional statements onto the class of “implicational”
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statements. To make it more clear, consider the following example. Let S be a lst-level
deductive system with theorems. Suppose @ € Thm S. Then a € T, for every theory T' € Th S.
In particular, for every substitution o and every theory '€ ThS, ThmS C ¢~ !'T, since Th S

is closed under inverse substitutions, therefore
a€co T «— oIT ~pm, ba <= Ty, boa <= oca €T <= oca € ThmS.

Lemma 2.1.3. If h: A — A, then for every A C A" and every C C P(A)

1. hACA = h™'S4ACS4A;
2. 1 CC = hRA4C CRAC;
3. h71SAA C SaA <= hRASAA C RASAA;
4. hRAC CRAC <= h'S4RAC C SAR4C.

Proof.
1.hACA = SpACSpshA = h 'S4 ACh !S4hACSHA
2. h"1C CC = R CCRuh A = hRC C AR hIAC RyA
3. (=) h 1S4 A C S4A == hRAS4AC RASAA;

M2 15, A C S A

)
<) hRASAA C RAS4A == h 1S R4S4A C SARASAA
4. (=)

-
(
(=) hS4A C S A == h 1S RAC C SARAC
(<) i 'SARAC C S4RAC =2 hRASARAC C R4S4RAC Y hR4cCSuC. O

Lemma 2.1.4. Ifh: A — B, then R4h™'C = h"'RpC, for every C C P(B).

Proof. As before it suffices to prove the statement for C = {X}.
Rah X} ={sc At | X g st 2V (s € AF | X oy hs)
=hYse BT | Xhys}=h"1Rp{X}. O
Definition 2.1.5. The fixed points of the operator R4 0S4 : P(AT) — P(AT) are called

finite closure relations over A. In other words
A C AT is a finite closure relation over A iff A = RaS4A.

Closure relations were introduced in [14] as a framework for studying metatheoretical prop-

erties of 1st-level deductive systems.
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Lemma 2.1.6. If A C A", then SsA is an algebraic closure system on A.

Proof. We have to prove that S 4.A4:

1) contains A; 2) is closed under non-empty intersections; 3) algebraic.
First we prove these properties for an arbitrary singleton {a>a} C AT.
1) Obviously A is compatible with any a>a € AT,
2) Suppose {X;}ier € Sa{ara} is non-empty family. Since

(@} C M, Xi — (VieD{a}C X, 2 (VielaeX; — a€Nie; X,

therefore (,c; Xs € Sa{ara}, and thus Sy{a>a} is a closure system on A.
3) Suppose C C Sy{ar>a} is a upward-directed family. If {a} C,, JC, then there exists X € C
such that {a} € X. Since X is compatible with @ > a, then a € X, hence a € |JC. Thus
UC € Sa{ara}, therefore Sp{a>a} is algebraic.

Now let A be an arbitrary non-empty subset of A™. By Lemma 1.0.2, S4 A = (,c4 Sa{s},
therefore S 4.4 is an algebraic closure system on A, since it is the intersection of algebraic

closure systems on A. If A =0, then Sy A = P(A); hence an algebraic closure system. O
Lemma 2.1.7. Suppose C is a closure system on A. Then

1. RyC={avac At |ac {a}‘},
2. {a}) ={ac AlaracRyC}.

Proof.
1.(CQ)aracRAC= (VX €C)Xhyava = {a}’hyava= ac {a}‘.

1. (2) Suppose a € {a}°. Then a>a € R, C, because, for every X € C,
{a} C X = {a)°c X 2 sefalCx.
2. {a}°={acAlac{a)’}E{acAlaracRyC}. O
Now we can give a characterization of fixed points of the operator Sy o R 4.

Proposition 2.1.8 (D. Pigozzi). Suppose C C P(A). TFAE

1. C is an algebraic closure system on A;
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2. C is a closure relation and C ={X | X = U{a}gwx{a}c};
3. C=SR4C.

Proof. (1 = 2) For every X € C, the equality X = U, +1a}€ follows from the inclusions:

(©) {a} c{a}* = X =U{{a}|{a} cv X} cU{{a}* [{a} C, X},
() {a} Cu X = {a)°CXC=X — U{{al|{a} C, X} C X.
On the other hand, if X = (J{{a}¢ | {a} C., X}, then, since the family {{a}¢ | {a} C, X} is
an upward-directed subfamily of C, we get X = |J{{a}° | {a} C, X} € C, since C is algebraic.
(2 = 3) By Lemma 1.0.2, C € SyR 4C. So it suffices to show that S4yR4C C C.
Suppose X € SAR4C (*) and let {a} C, X. Then {a}® C X, because

ae{a) 2L graecRiC £ Xhyava 2 aex.

Thus X = U{a}ng{a}C C X, therefore X € C, by assumption.

(3« 1) C = S4R4C is an algebraic closure system on A by Lem. 2.1.6. O

2.2 2nd-level syntactic systems

Definition 2.2.1. We call a family C C P(A) a closure system in A if

1) UCeC; 2) D e for every non-empty subfamily D C C. O

Note the difference between a closure system on the set A, defined previously, and a closure
system in the set A. If C is a closure system in A, then obviously C is a closure system on
JC. We call a closure system C in A algebraic if it is algebraic as a closure system on |JC. If
C is a algebraic closure system in A, then it is straightforward to show that D = CU{A} is an
algebraic closure system on A. In particular, A = {a}? for every a € A such that a ¢ |JC.

Next is a rather technical lemma that will be useful for describing Gentzen axiomatizations

of 2nd-level syntactic systems. By X Y we understand the set {a>b|a € X,b € Y}.

Lemma 2.2.2. Suppose C is an algebraic closure system in A and let B =|JC. Then

1. RgC=R4CNB*;
2. A=RpCU((A\B)>A) = S A=CUI{A}.
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Proof. 1. For every X C B and every b>b € Bt
brbeRp{X} <= (B} CX = be X) « brbe RA{X).
Thus Rp{X} =Rp{X} N BT =R4{X} N B*'. Therefore
RpC= ﬂxec Rp{X} = ﬂxec(RA{X} NB*) = (ﬂxec Ra{X})NB*=RpCNB*.

2. (©) Let X € Sy A. (%)
a) Suppose X C B and {b} C,, X. Then {b}¢ C X, because

be (¢ 2 hobe RpC — bobe A 2 Xybob 24 pe X

Thus X = [J{{a}¢ | {a} C., X}; hence X € C, since C is algebraic.
b) Suppose X Z B and let a € X\B. Then X = A, because
beA — avbe (AB)>A) CA L Xhyavh 2 pex.

1.
2.(2) A=RpCU((A\B)>A) CRuC "L S, RAC CS1A

1-£§3)chARACgSA«4gCU{A}QSAA' -

A syntactic type for a family C C P(FmZ) is a subset TypeC C w defined as
TypeC:={|s|—1]|seJC}.
We “downsize” the elements of | JC by 1 for the compatibility with previous results (see [14]).

Definition 2.2.3. A 2nd-level syntactic system R is a pair (Fmg, ThR) such that ThR C
P(FmZ) is an algebraic invariant closure system in sz. The elements of Th'’R are called
theories of R and Thm R:=()ThR are theorems of R. The syntactic type of R is TypeR :=

Type ThR. O

Suppose R is a 2nd-level syntactic system and let B = |JThR. Suppose some (&) €
Fm} C sz is contained in B. Since ThR is invariant, 0 ~'B C B for every substitution o.
In particular, applying a substitution o such that o(z) = (&), we get that (z) € o~ '{a) C B.
Therefore any element (@) from any theory A € ThR can be obtained as a substitution
instance of an element of the form (Z) € Var™, that also belongs to some theory of R (and

hence, what is really important for us, the closure {(z)}™ 7 is defined). Thus the collection
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{{zo,...,xn—1,2n) | n € TypeR} can be seen as representing all possible “syntactical” forms

of elements from | J ThR. This reasoning arguably justifies the use of qualification “syntactic”

in the definition of 2nd-level syntactic system.

The definition of a 2nd-level syntactic system encompasses and brings in a single context

a broad family of systems that can be considered “deductive”. For instance:

Let S = (Fm/, ThS) be a 1lst-level syntactic system. Define for each theory 7' € Th S,
pT := {pa | @« € T}. Then it is easy to check that R = (Fmg, {pT}remns) is an
algebraic invariant closure system on >Fm,; hence R is a 2nd-level syntactic system
with TypeR = {0}. Another possible 2nd-level counterpart for S will be defined later
in this chapter (see Definition 2.2.9).

Consider, ConFm, C P(Fm}). It is easy to see that R; = (Fmg,ConFmy.) is a
2nd-level syntactic system, with |JConFm; = lpm, = Fm% a proper subset of sz
Similarly, Re = (Fm,, EqFm/) is a 2nd-level syntactic system, where | JEqFm/ is again
Fm%. Both TypeR; = Type R = {1}.

Let R(k) = (Fmg, P(Fm%)). Then R(k) is the weakest out of so called k-deductive
systems over £. The syntactic type of R(k) is {k — 1}.

Here is more non-trivial example: suppose L is a language type such that & € Lo, so &
is a binary connective. Let B = {a& | @, 3 € Fm,} U Var. Then R = (Fm,,P(B™))
is a 2nd-level syntactic system with Type R = w.

Suppose £’ C L, then R = (Fmg,P(Fm},)) is a 2nd-level syntactic system with

TypeR = w.

From the examples it follows that in general the syntactic type of a 2nd-level syntactic system

only loosely defines the form of elements of R.

Let R = (Fm,, ThR) be a 2nd-level syntactic system, and X C |JThR. Then
XR.=XT™R _N{AcThR|X C A}

is the closure of X in Th'R. Note that the closure is not defined for all subsets of sz

The following lemma is a straightforward generalization of [10, Lemma 2.3].
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Lemma 2.2.4. Suppose H is an algebraic closure system in sz. Then

1. if H is closed under inverse surjective substitutions, then H U {FmZ} 18 tnvariant.

2. if Type H # w or sz € 'H, then

H is invariant iff H is closed under inverse surjective substitutions.

Proof. 1) Suppose H is closed under inverse surjective substitutions. By Lem. 2.1.3(2), R H
is closed under surjective substitutions. Fix a substitution o. For every s € sz, there is a

surjective substitution ds such that s = ogs. Therefore

UREH = USERLH g8 = USGR[:H OsS g USEREH O—SRﬁH g RﬁH.

Thus RyH is closed under arbitrary substitutions, hence, by Lem. 2.1.3(1), S, R/H = H U
{Fm}} is closed under arbitrary substitutions.

2) Suppose H is closed under inverse surjective substitutions. Then, by 1), H U {Fm}} is
closed under arbitrary substitutions. If {Fm/} € H, then H = H U {Fm/}, and therefore it
is closed under arbitrary substitutions. If TypeH # w, then there is no substitution o such
that sz = 071 A for any A € H. Therefore oH C ‘H, for every substitution o.

The other direction is trivial: if H is closed under arbitrary inverse substitutions, then it

is closed under inverse surjective substitutions. O

Definition 2.2.5. A 2nd-level syntactic system R is called a Gentzen system, whenever Th R

is a closure system on sz

We take a Cantor-style approach towards Gentzen rules: we view a rule not as a “rule”—
description of an action, but as a list of all applications.
A 2nd-level sequent is a string s> s of sequents {5, s} C sz. A Gentzen (2nd-level) rule

S s is a set of all substitution instances of the 2nd-level sequent 51> s, i.e.,

sks:={o(s>s)|o:Fmys — Fm/}.

805 -+38n—1
78 .

This Gentzen rule is often also written as
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Definition 2.2.6. Let z,y, z be variables. Standard rules are the rules of the form
(Ax) FT,z,Xpx Axioms of the 2nd-level
(Ex) Dz,y,Xpzblyz, Xz Exchange
(W) I''YpykTazX>y Weakening
(Con) Iz,z,YpykTz,Y>y Contraction

(Cut) Iyz,Xpy; OpxtbI1,0,X>y Cut

where I', X2, © range over the set of finite, possibly empty, sequences of variables of Fm,.
So, for instance,

(Ex) =T, z,y, X0z FTy,z,X> 2= U u,x,y, 0>z Fu,y,x, 0> 2.
(u),(v)eVar*

We denote the collection of standard rules by (CR), i.e.,
(CR) := (Cut) U (Con) U (Ax) U (W) U (Ex).

A subset A C sz is invariant if c A C A for every substitution o. Note that Gentzen

rules are invariant subsets of sz

Let G = {R;}icr be a set of Gentzen rules. We define ThG := S (U, Ri)-

Corollary 2.2.7.

If G is a set of Gentzen rules, then ThG is a Gentzen system.

Proof. By definition, ThG' = S;(Ugeq R). Thus, by Lemma 2.1.6, ThG is an algebraic
closure system on Fmg. Also, since |Jpco R is an invariant set of sequents, it closed under

substitutions. Therefore, by Lemma 2.1.3(1), Th G is closed under inverse substitutions. O

If, for a 2nd-level syntactic system G, ThG = Th G for some set G of Gentzen rules, then G
is called an Gentzen axiomatization for G. Note that every Gentzen system has an equivalent
Gentzen axiomatization, as such can be chosen for example R, Thg.

In general, there is no equivalent Gentzen axiomatization for an arbitrary 2nd-level syn-
tactic system R due to the fact that sz may not belong to ThR, while sz is a theory
of any Gentzen system. But, from Lem. 2.2.2 it follows that there is the smallest Gentzen

system R, namely R := (Fm;, Th R U {Fm[}), that contains R and has a simple and natural
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interpretation. “hat” in R is intended to indicate that R is obtained from R by attaching “to
the top” the largest possible Gentzen theory.
Similar to the case of Ist-level deductive systems, for every X, Y C |JThR and every

substitution o : Fm, — Fm, extended to sz holds

Proposition 2.2.8. Let R be a 2nd-level syntactic system. Then

1. XFRrY «— Xl—sz,‘
2V CX = XFrY;
3. XFrY = oX FgoY;

4. AFr X = X C A for every A€ Th'R.
Proof. The proof is trivial. O

Some examples of Gentzen systems arise naturally in connection with 1st-level deductive

systems.

Definition 2.2.9. Let S be a 1st-level deductive system. If C C ThS is an algebraic closure
system on Fmg, then R4 C is called a general finite closure relation for S or simply a general

closure relation for S. The set of all general closure relations for S will be denoted by Ger S.

For every 1st-level deductive system S of type there is a distinguished general closure rela-
tion R,Th S, which in its turn defines a Gentzen axiomatization for some 2nd-level deductive
system:

FR,ThS :=J{Fara|aracR,/ThS}.
Proposition 2.2.10. For any 1st-level deductive system S of language type L

1. R,/ ThS = {@DOA ‘ akgs a},
R,/ThS is invariant,
GerS = Th((CR)UF R.ThS),

Ger S is a 2nd-level deductive system on Fmyg,

Gvod o e

R/ThS = Thm (Ger S).
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Proof.
1) ReThS Y {avalac{a)™) Y (ara|atsal.
(2) For any substitution o : Fm; — Fm,

ara € R,/ThS g atFsa = ocatsoa g cavoa € R,/ThS.

(3) Suppose A € GerS. By definition of GerS, A = R, C for some closure system

C CThS, hence R, ThS C R, C. Therefore for any rule - & > « and any substitution o
FabaCrR,ThS “L apaeR.ThS 22 Gaboa € ReThS C R.C.

Now let A € Th ((CR)U - R.ThS). Then A is a finite closure relation over Fm}, since it is
a theory of (CR). By Lemma 2.1.6, A = R C for some algebraic closure system C C P(Fmg).

Since A € Th (FRThS), then, for every X € C and every ara € R,/ThS C A.
{a}¢CcX = ac{a}*c X=X — X eThS.

Thus C C Th S, therefore A =R,.C € Ger S.

(4) Tt follows directly from Proposition 2.2.7 and (3).

(5) By (3), any A € GerS is closed under the rules of FR;ThS. Thus, for every A €
Ger S, we have R,ThS C A and hence R;ThS C Thm GerS. On the other hand, since

R,ThS € Ger S, then Thm Ger S C R.ThS. |

2.3 DMatrix semantics for 2nd-level syntactic systems

A pair 2l = (A, A) is a 2nd-level matriz if A C AT.
Definition 2.3.1. Let 2A = (A, A), B = (B, B) be 2nd-level matrices. We write and say that
ACB,if A<LBand AC B — A is a weak submatriz of B;
A < B, if there is h : A — B such that A=h"'B — 2 is a submatriz of B;

A < 9B, if there is h : A — B such that A=h"'A — B is a strong submatriz of .

Let R = (Fmg, ThR) be a 2nd-level syntactic system. We say that a 2nd-level matrix
2 = (A, A) of type L is a model of R if for every evaluation h : Fm; — A, h~'A € ThR.
The class of all models for R is denoted by Mod R.
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The proof of the following proposition is standard.

Proposition 2.3.2. For every 2nd-level syntactic system R

ThR ={ACFm} | (Fmg, A) € Mod R}

Proof. (C) Suppose A is a theory of R and let h : Fm; — Fm/, be an evaluation, that
obviously is also a substitution. Then h~'A € ThR, since ThR is closed under inverse
substitutions. Therefore (Fm,, A) € Mod R.

(2) Suppose A = (Fmg, A) € Mod R and let i : Fm,; — Fm, be the identity homomor-

phism. Then, since 2 is a model of R, A =i"14 € Mod R. O

The following three lemmas were first proven in [14]. We modify the proof of two of them.

Lemma 2.3.3. [14, Lemma 2.7]

Let A and B be 2nd-level matrices and R be a 2nd-level syntactic system. Then

1. (A<B) = (BeModR = A< ModR),
A<LB) = (BeModR < A€ ModR).

Proof. Suppose A < B and let h: A — B be such that A = h~'B. Let B € ModR. Then
2 € Mod R, because for every evaluation g : Fm, — A, since hg : Fm, — B, we have that
14 _ —lp=1py _ -1
g A=g (h'B)=(hg)” BeThR.

Then 1) and 2) (<) follows.

2) (=) Suppose 2 < B and let h : A — B be such that A = h~!B. Fix an evaluation
g : Fmy — B. Since h is onto, then {h~!gx | € Var} is a collection of non-empty sets.
Choose a function f : Var — A such that fao € h~'gz. Since Fm/ is absolutely free, f can be

extended to a homomorphism f: Fm,; — A. Then hf = g, because, for every a(z) € Fm,,

hfo(z) = a(hfz) = a(gT) = ga().

Therefore g7'B = (hf)"'B = f~Y(h~'B) = f~'A € Mod R. O
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Lemma 2.3.4. [1}, Lemma 2.8] Let K be any upward-directed by C family of 2nd-level ma-
trices such that, for each B € K, there exists U € K such that B C 2 and A € Mod G. Then
UK € Modg.

Definition 2.3.5. Let A C AT. Then A is

1. reflexive, if a>a € A, whenever a € {a};

2. transitive, if ag,...,ap_1>a € A and by, ...,b_1>a; € A for some i € k, then
gy .+, Ai—1,b0, ..., bj_1,a;,...,a5_1>a € A.

3. reqular, if A is reflexive and transitive.

4. standard, if a>a € A, then by, ..., bj_1>a € A, whenever {by,...,b_1} C {a}.

Note that any regular set is standard.

Finally we can give alternative characterizations for finite closure relations.
Lemma 2.3.6. Suppose A is an algebra and A C AT. Then TFAE

1. A is finite closure relation;

2. A is a standard subset of A ;

3. (A, A) is a model of the Gentzen system (CR).

Proof. The proof is straightforward. o
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3. ALGEBRAIZABILITY OF 2ND-LEVEL DEDUCTIVE SYSTEMS

In this chapter we develop a technique for defining an algebraic hierarchy for a special
subclass of 2nd-level syntactic systems. This hierarchy closely parallels the algebraic hierarchy
of 1st-level deductive systems. This striking similarity prompts a name for the subclass: 2nd-
level deductive systems. However the term turns out to be somewhat arbitrary, since it relates
not to deductive aspects (the closest counterpart in that case would be 2nd-level syntactic
systems), but rather to semantical ones, pertaining to algebraic semantics, to be precise.

The algebraic hierarchy for 2nd-level deductive systems (as well as in the 1st-level case) is
based on properties of 2nd-level Leibnitz operator, like invariancy, meet-continuity and conti-
nuity. Several important examples of 2nd-level algebraizable deductive system were considered
in [12], a characterization of equivalential and finitely equivalential 2nd-level deductive systems
was given in [20]. The method of this chapter is based more on an operator-style approach

similar to that in [16, 17].

3.1 Leibnitz operator for 2nd-level deductive systems

Definition 3.1.1. We call a 2nd-level syntactic system a 2nd-level deductive system if

1. every theory of R is a regular subset of sz, (see Def. 2.3.5)

2. the largest theory | JThR is closed under substitutions.

Note that, as a direct consequence of the second condition, 1pm, C Fm% C UThR. This
allows us to take closures of symmetric sets “inside” ThR.

In the context of 2nd-level deductive systems, the notion of the 2nd-level Leibnitz operator
has a particular simple formulation. It relates to the fact that for each regular subset X C A™

there is the largest congruence § € Con Fm, such that 6 C X. This congruence we call the
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Leibnitz congruence of X. We show that €24 X is equal to the Tarski congruence of the closure
system S4X C P(A). Later we provide a useful characterization for Q4 X through the action
of 7a. Leibnitz congruences for theories of a 2nd-level deductive system define a 2nd-level

Leibnitz operator for this system.

Definition 3.1.2. Let # € Con A and X be a regular subset of AT. We say that 0 is compatible

with X if for every ag,...,ap_1>a € X,
agbby, ..., an_10b,_1,a0b —> bgy,...,b_1>b€ X.
A simple but very useful characterization for compatibility of congruences is given by
Lemma 3.1.3. Let §# € Con A and X be a reqular subset of AT. Then
0 is compatible with X iff 6 C X.
Proof. (=) Suppose 6 is compatible with X, and let a>b € 6. Since X is reflexive, a>a € X.

Also, aa,ar>b € 0, therefore, by definition of compatibility, a>b € X.

(<) Let # C X and suppose ag,...,a,—1>a € X and agbby, ..., a,-10b,_1,a0b. Then,

since # C X, we have bg>ag,...,bp—1>an_1,a>b € X. Therefore, by transitivity of X, from
bo>ag,...,bp_1>an,—1 € X and ag,...,a,—1>a € X it follows that by,...,b,—1>a € X and
together with a>b € X, that bg,...,b,—1>b € X. O

Lemma 3.1.4.
Let A be an algebra and X be a regular subset of AT. Then the set {§ € ConA |0 C X}

1) is not empty, 2) is upward-directed, 3) has the largest element.

Proof. 1. Since X is reflexive, 0o C X.

2. Suppose 8,7 C X. Then all relations fon,fonoh,fonobon,... contain in X, because
X is transitive. Therefore 0Vn=0onUbonofdUhonobonuU---C X.

3. Since {# € Con A | § C X} is upward-directed, | J{# € Con A | § C X} is a congruence

and obviously is the largest congruence in this set. O

In view of Lemma 3.1.4 the following definition is correct
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Definition 3.1.5. Let A be an algebra. For a regular subset X of AT let
QaX =J{# € ConA|oC X}
We call Q4 X the (2nd-level) Leibnitz congruence of X. 0

We will provide a syntactical characterization for 25 X, but first we need some technical

results about the operator 7a : P(A) — P(A).
Lemma 3.1.6. For every algebra A, Ta7Ta C 7a.
Proof. We have to prove that TA7a = {sot|s,t € Ta} C 7a.
Suppose s = AE.0(€,y) € Ta, t = A.a(£, %) € Ta. Then for any ¢ € Fm,

where obviously A€.8(a(€,Z),y) € 7a. O
Every substitution o induces a mapping o : 7 — 7, given by
oc(Aa(§,x)) = Aa(g, o).
Lemma 3.1.7. Lett € 77, ¢ € Fmy and o : Fmy — Fmg,. Then

1. o(te) = (ot)(o9),

2. if o is surjective, then oIy = Tr.

Proof. Let t = A{.a(&,Z) be an element of 7.

L. o(t¢) = o(a(¢, 7)) = a0, o) = (at)(00).

2. Since o is surjective, there is a sequence (u) € o~ 1{(Z)}. Therefore
o(Aea(€,n) Y Aca(g,on) = Nea(e,7) =t. D
A simple but useful syntactic characterization of 4.4 was given in

Lemma 3.1.8. [20, Basic Definability Lemma]

Suppose A is a reqular subset of A*. Then for every X € Sym A

X COQAA < TAX C A
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Proof. Consistently applying our notational conventions

Ta{ab} = Ujeq, tHar b, b>a} = Uer, {t(a>b),t(b>a)} = Uer, {ta>th, tbr>ta}.

Let n = {a>b| Ta{a<>b} C A}. We have

(1) M.ceTa & ey

(2) 7Ta{ara} CA = avacmny;

(3) avben < Ta{a<wwb} =Tpa{b<ra} CA < bracn;

(4) avbbrcen = (Vt€Ta) ta>thtb>tce A, te>thtb>ta e A

() (Vt € Ta) tavte, tevta € A = Tafa>c} CA = avcen;
(5) avben = Ta{a<wrb} C A = (Vt € Ta) Tat{a>b} C Ta{axb} C A
= (Vt € Ta) ta>th € n;
6) 6CA = TpA0=0C A = 6Cn.
From (2)—(4) it follows that 7 is an equivalence relation, (5) means that 7 is also a congru-
ence, from (1) it follows that n C A, and (6) proves that 7 is maximum out of all congruences

with such property. O

Although the Leibnitz congruence 24 of a subset of A (1st-level) and the Leibnitz congru-
ence of a regular subset of AT (2nd-level) bear the same name and are denoted by the same
symbol, it is important to distinguish them because they are defined for radically different

objects, and therefore possess inherently different properties. However, there is a connection:
Lemma 3.1.9. For every algebra A and every closure system C in A

QARAC = Q4 C.

Proof. 1t is easy to see that for every B C A: QA B = QAR 4{B}. Therefore

~ de 1
04 C Y Ny X L Nye QARA{X} = 24 (Nyee Ra{X}) = QARAC. 0

Definition 3.1.10. Suppose R is a 2nd-level deductive system. The associated Leibnitz

operator 2 : Th'R — ConFmy, is

e invariant, if for every substitution ¢ and every A € ThR, 0 'QA=Qo 1A,
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e continuous, if for every upward-directed family C C Th R
QUC)=U{A| Aec}. 0

Definition 3.1.11. Let R be a 2nd-level deductive system and € : ThG — Con Fm, be the

associated Leibnitz operator. Then R is

weakly algebraizable, if €} is injective; (WA2)
equivalential, if © is invariant; (EQ2)
finitely equivalential, if € is invariant and continuous; (FE2)
algebraizable, if © is invariant and injective; (AL2)
finitely algebraizable, if © is invariant, injective and continuous. (FA2)

Note almost perfect textual coincidence of this definition with that for 1st-level systems.
The only difference is due to fact that a 2nd-level Leibnitz operator is always meet-continuous,
therefore all 2nd-level deductive systems are trivially protoalgebraic.

Suppose R is a 2nd-level deductive system or a protoalgebraic 1st-level deductive system.
Then 2 : Th'R — ConFm, is meet-continuous, therefore Q ThR := {24 | A € ThR} C
ConFmy/ is a closure system. Let Fr denote the consequence relation associated with the

closure system 2 Th7R, thus, for any X,Y C Fm%7
XERY = YCN{NA| X CQA AcThR}.

To avoid bulky constructions in the superscript we will use notation (. )*? for the associated

closure operator, so X™® := {QA| X C QA, Ac ThR}. In particular
XERY < Y C X"®,

According to the definition, F is neither finitary nor structural, in general. This does
not contradict the idea of a semantical consequence. However, when R is equivalential, Fr
becomes structural, and the associated consequence relation is called an implicational system.
If R is finitely equivalential, then €2 Th’R becomes a deductive system by itself, defining the

quasiequational theory of the quasivariety equivalent for R.
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3.2 Weakly algebraizable 2nd-level deductive systems

A weakly algebraizable deductive system R is characterized by the fact that the Leibnitz
operator 2 : Th’'R — ConFmy/ is injective, or, equivalently, there is an 1-1 correspondence
between theories of R and the set €2 Th R of Leibnitz congruences for R. It alone is enough to
obtain a characterization through the existence of a graded congruence basis for R. We start

with a technical lemma.

Lemma 3.2.1. Suppose H C P(FmZ) is a closure system in sz of reqular sets such that

Q :H — ConFmy is injective. Then, for every A € H,

1. QA" =QAU,
2. A= (QA™M.
Proof. (1) Let A € H. Then

def
Q) QAC A= (QANCAN=A = QAT CQA,
(D) QAC QAT = QACQ QAN

(2) From (1), since §2 is injective, it follows that A = (Q.A) ™. O

Suppose N C w and € = [J,,cy €n is a set such that for each n € N

en(Z, ) = {a;(Z,2)<> Bi(Z, 2) }ier Cow Fm%, (Z) = (z0,...,2p 1)
is a finite symmetric set of ordered pairs of formulas depending on a set {Z,x} of distinct

variables. Let H C P(me) be a closure system in sz such that all 4 € H are regular sets.
Definition 3.2.2. £ is a graded congruence basis for H if N = TypeH and for all 4 € H
avaced = gg(a,a) CQA O
A graded congruence basis £ for H defines an operator £ : H — Sym Fm, by
EA=Hes/(a,a) | ava e A}, for every A € H.

We will see that the existence of a graded congruence basis is equivalent to a 2nd-level

deductive system to be weakly algebraizable.
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Theorem 3.2.3. Let R be a 2nd-level deductive system. Then

R is weakly algebraizable iff it has a graded congruence basis.

Proof. (=). Fix n € TypeR, and let T >z, |Z| = n, be a vector of distinct variables. By
Lemma 3.2.1(2),
{zoa}® = (Q{zpa}*)F

Since Th G is algebraic, there exists a finite set X C,, 2{z>x}7, which can also be chosen

symmetric, such that {Z>2}® = X, Also
XCcQ{zvz}® = XCTXCQ{ivz}? — {Zva}R=XRcCc(TX)RC{zva} "

Being finite, X depends on a finite set of variables Var X. Therefore there exists a surjective
substitution o : Fmg — Fmg, such that o(Z>2) = > 2 and o(Var X) C {z,z}. Denote
en(Z,x) = 0X. Then

{Zra}® ={o@va)}® = (0X)® = (en(@,2)) %,

{Zra} R ={o(@pa)}® = (o(TX))® = ((¢T)(0X))® = (Ten(z,2))*.

Lemma 3.2.4. For every ava« € sz

1. {ara}® = (5|a‘(oz a)) R,

2. E|@|(5[,Oé) - Q{@DQ}R.

Proof. Let o be a surjective substitution, such that o(Z > z) = @>a. Then
1) {ava}R={o(@>a)}" = (o(en(z,2)))® = (en(@ a)) ™.
(2) {ava}R={o(@pa)}®
= (0(Ten(7,2)))® = (0T )(0en(7,2)))* = (Ten(a, o)) *.
So, by Lemma 3.1.8, ¢,,(a, o) € Q{awa} . O
Thus, for every A € Thg,
avraceAd = {ava}RCAR=A = Q{ara}R C QA 22 ela)(@, o) C QA,
ca(@a) QA = {ava}R 2 (@ a)RC (QARPE A — avac A

Therefore £ := UneTypeR €n is a graded congruence basis for R.



36

(<) Suppose A,B € ThG and 2. A = Q2 B. Then
ara €A = g5(0,0) CQA = ¢5(a,a) CAB <= aracbB.

Thus © : ThG — Con Fmy/ is injective; hence Th G is weakly algebraizable. O

The following proposition shows that an operator associated with a graded congruence

basis provides a faithful interpretation of 5 in Fg.

Proposition 3.2.5. If £ is a graded congruence basis for a 2nd-level deductive system R then
1. Q(UR) = (EU)Fr,
2. URRV «— EUEREV,

where U, V' are arbitrary subsets of sz

Proof. By definition of a graded congruence basis for R, for every A € Thg,
arac A <= E{ara} CNA (%)
(1) The statement follows from the inclusions

Q) EUCOA L UCA—=URCA= QUR)CQA)
— QUR)CN{NA|AeThG, EUC QA £L (cu)r=.

o) vcuR Y eucaR) — (EU)R CcaUR).
@) Urgrava™avactu® & glava} cowR) Y €v)r=. 0

3.3 Equivalential 2nd-level deductive systems

Let A be a theory of a 2nd-level deductive system R. Recall the definition, that A is
invariant if it is closed under substitutions, i.e., 0 A C A for every substitution o. If A is
invariant and R is equivalential, then for every substitution o:

(EQ2)

cACA —= ACo 10 ACo 1A —= QACQo 14 ol A

— 0 QACoo 1QACQA
Thus, if R is equivalential, then the Leibnitz congruence of every invariant theory of R is a fully
invariant congruence. This fact results in a close connection between consequence relations Fg

and Fgr. First we prove a general result about arbitrary 2nd-level deductive systems.
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Lemma 3.3.1. Let R be a 2nd-level deductive system. Then for all X, Y € Sym Fm,

1. X A TX,
2. X 9Fr QTX)R,

3. XERY <= TXFrTY.

Proof. (1) Since X C 7 X yields X F* C (T X)F~, it suffices to show only the other inclusion.

For every A € ThG, X C QA implies 7X C Q A. Therefore
TXCN{QA|XCQA AcThg) Y xFr (mon) (TX)"= C XFr.

(2) The statement follows from the inclusions
QO TXC(TX)R L X c(TX)R = XFrRCQ(TX)R.
(Q)VAEThG: XCQA L TX CA— (TX)RC A= Q(TX)RC QA
Therefore © (TX)R C ({QA| X C QA AcThgt ¥ x*=.

3) XFrY €L yexmrZorx)R 22 rvc(rx)R &L TxR TY. 0

For an arbitrary 2nd-level deductive system, according to Lemma 3.3.1(3), the operator
7T : SymFm,; — Sym Fm, provides a faithful interpretation of Fx in k. If R is equivalential,

7 can be replaced by a weaker operator.

Definition 3.3.2. Let My :={t €7, |t =X a(§,x,y)} be the set of unary polynomials

over Fm, that depend only on variables x and y. Then for every subset J C M the definition

T(a>B) :={o(a,a,B)w¢(B,a,8) | A& p(& x,y) € T},

gives rise to a complex operator NE P(Fm%) — Sym Fm,.

The index £ in M will be routinely omitted. O
For every J C M we can define the operator J L. ’P(FmZ) — Fm% as follows
T A= {aw 3| T{aw [} C A}.

Lemma 3.3.3. The following holds

1. Mg =0Tz, for every substitution o such that o(z>y) = x>y and o Var C {z,y};

2. for every substitution o and every J C Mg, 0J = Jo;
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3. for every substitution o and every J C Mg, o2 J 1 = T to~ 1.

4. if J is finite, then ' : P(Fm}) — Fm% is continuous.

Proof. 1) Let o be a substitution such that o(x>y) = x>y and o Var C {z,y}. Trivially, for
every t € Ty, ot € M. Also, if t € M then t = ot € 07.

2) For every a> 3 € Fm}

oJ{a> B} = o{ (o, a, B) <> $(B,a, B) | AE. 6(€,2,y) € T}
={¢(oa,oa,08)w>d(cf,0a,008) | X . o(&,z,y) € T} = j{aab of} = ja{abﬁ},

therefore, for every A C sz,

o JA= U Uj{S} = U ja{s} = JoA.
s€A seA
3) For every X € SymFm,

avrfBeoc'\J X < cavofe T 'X «— J(oavof) CX
= {dloa,00,08)®>¢(0f,00,008) | A§. $(&,2,y) € T} C X
— o g, 0, B)>(B,0,8) | A 9(&2,y) € T} S X
= {o(a,a,8)®¢(8,0,8) | A€ 0(& x,y) € T} Co™'X
— J{arplCo'X < avfeJ o X
4) Suppose {A;}ier € P(FmZ) is an upward-directed family. We have to show that
jfl(Uz’eI Ai) = User T A
The direction D is trivial, because J ! is monotone. For the other direction, pick any o b
B € T HUier Ai). Then, by definition, J{a<>8} Co, U;c; Ai. Therefore, since {A;}ies is
upward-directed, there exists A € {A;}ics such that J{a<a>p} C A. Thus a>f e J 1A C
T User Ai)- =
In equivalential deductive systems J replaces the operator 7. and the fact that J com-
mutes with substitutions plays the crucial role in the characterization of equivalential deductive

systems by Leibnitz operator. Note that in the case of 7, 0(7X) = (¢7)(0X) C 7 (0 X).

The following proposition is an analog of [17, Theorem 4.5].

Proposition 3.3.4. Let R be a 2nd-level deductive system R. TFAFE
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1. R is equivalential;
2. 0 QAC Qo AR, for all substitutions o and theories A € ThG;
3. TX 4Fr MX, for every X € SymFmy.

Proof. (1 = 2) For every theory A € Th@,
1.0.1

AC o loA=0"oA) Co (o AR 22 QAC Qo (e AR Lo 1 Q0 AR
1.0.1
— 0 QAC oo ' QAR C QAR
(2 = 3) Note, that for every A C |JThG and every substitution o,

CroCrA=CroA — QCroCrA=QCr7A. (*)

Let o be a substitution such that o(z>y) = z>y and o Var = {z,y}. Then

0 QCR(T{zawy}) C QCroCr(T{zawy})

0 3.1.7(2)

QCr (0T {za>y}) QCr((0T) c{zay}) *2* QO (M{zasy}).

Therefore
T{z<w>y} C (T{zawy}) R 8 {zavy} CQ(T{zwy})®
— {zay)l =c{zy} CoQ(T{zwy )R C QM{zawy})R
L T{aay} € M{zay)® = (T{zoy})R C (M{zwy})R
So, since trivially M{:z:<1> y} C T{z<a>y}, we have
(M{zay})® = (T{zawy})*

Consider any a> 3 € Fm% and let o be a surjective substitution such that o(z>y) = a> .
Then

Mz yh R = (T{azwy)® — (@ M{zwyh)R = ((Tlowy)®

— Mofeayh)® = (T)ofeweyh)® = (M{aw )" = (T{aw BT
(3 = 1) Consider the operator M1 ThG — Sym Fm, defined as follows

MU = {aw 3 | M{aws [} C A

Then, for every A € Th@,

MTA = {a<> 3 | M{oz<ll>ﬁ} - A} = {aw B | T{aw 5} C A} "= 180 (%)
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Therefore, for every substitution o,

(e

oA =) oTIMTAPE oA () QoA O
Corollary 3.3.5. Let R be a 2nd-level finitely equivalential deductive system. Then

1. for all X,Y € SymFm;: X Fr V¥ <— MX br MY,
2. Egr 1s structural.

Proof. 1. X e YV 2L 7x 1 7V *229 Nix - M1y

2. For every substitution o
XERY = MX g MY = o(MX) g o(MY)
W) (0 X) Fr M(0Y) 25 oX Fg oY O

The finitely equivalential 2nd-level deductive systems also demonstrate properties similar

to their 1st-level counterparts. The following proposition is an analog of [17, Theorem 4.6].
Proposition 3.3.6. Let R be a 2nd-level deductive system R. TFAE

1. R is finitely equivalential;

2. there is J Co M such that for every X € SymFmg: TX “+r JX;

Proof. (1= 2) Let X € SymFmg be a finite symmetric set. The family {(KX)® | K C, M}
is upward-directed and J{(KX)® | K €, M} = (MX)®. Therefore
Q(7X)" 2 @ (X0 R = @ (UIRX)™ | K S M) EULRKRDR K Cu M) (1

3.3.1(2) 3.1.8 () 5
Then X =HFgr Q(7TX)® = X CQTX)R=ZU{QUKX)R|K <, M}

Thus, there exists J C,, M such that X C Q (jX)R Then
XCcQUix)R &2 7x c (FX)R
Therefore, for an arbitrary Y € Sym Fmg,
TY = U{TX | X € SymFmz, X C, Y} CU{(TX)® | X € SymFmg, X C, Y} = (JY)R

Thus JY Fr 7Y. The other direction is trivial, because JY cTY.
(2 = 1) As well as before, for every A € Th@,

3.1.8

T YA = {awp | T{aw p} C A} £ {aaw B | T{aw B} C A} =" QA (+x)
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Then R is equivalential, because for every substitution o,

(xx )

o 1A L) 51714333 G114 ) g o1y

Also, Q is continuous, because for every upward-directed family {.A;};crof theories of R.

(%)

QUier Ai) = j_l(Uie] Ai) = Uier T A ) Uier 2 A:. O

Similarly to the 1st-level case holds

Corollary 3.3.7. Let R be a 2nd-level finitely equivalential deductive system. Then

1. there is J Cop M such that for all X,Y € SymFm;: X EgY — JXtr JY,
2. Er is finitary.

Proof. 1. X Er Y 324 7y 1 7Xx %250 Fy 1r Fy.

2. Suppose X,Y C SymFm, such that X Fgr Y and Y is finite. Then JX Fx JY, and
since Fx is finitary there is a finite subset Z C,, X, which can be chosen also symmetric, such

that JZ Fr JY, and therefore Z Ex Y. O

The properties of an algebraizable (finitely algebraizable) logics are just mechanical com-
binations of those for weakly algebraizable and equivalential (finitely equivalential) ones. We
put the summary in tables.

1) Let X,Y C Fm%,

2) (PA) means protoalgebraic, (EQ) stands for equivalential, (FE) is finitely equivalential,
3) A is a protoequivalence system, that exists for every protoalgebraic deductive system,
)

4 Ale{xby}, K C M is an equivalence system, that exists for every equivalential deductive
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system; IC can be chosen finite if the system is finitely equivalential.

1st level 2nd level

PA | XEFsY <« (AT)XFs(AT)Y | XFrY <= TXFrTX
EQ| XEsY <= (AM)X ks (AM)Y | X ER Y <= MX Fr MY

FE | XEsY < (AK)XFs (AK)Y | XERY < JX+Fr JY

Note that At(a> ) = A(ta,t3) in infix notation looks like tawAtS which bears striking
syntactical similarity to ta > t3 of the 2-level case. Thus by using this notation we can give a
precise meaning to the informal observation first made apparently by D. Pigozzi, that the role
of A in the 2nd-level case is played by >.

The lineage of weakly algebraizable systems looks like following.

1. S,T CFmg, X,Y CFm%, U,V C|JThG,

2. E(z) C Fm%{z} be a system of equations that exists for every weakly algebraizable
Ist-level deductive system [10]. Let for every A C Fm,g, EA = |J{F(a) | a € A}. Tt is
possible to compose E with A, so for instance (EA) 0 = E(Af0) = {v((«, B))>e((v, 5)) |
yrpe€ B,y € Aar (e b}

3. Let £ = UneTypeR en be a graded congruence basis for a weakly algebraizable 2nd-level
deductive system R, that exists by Theorem 3.2.3. As before we associate with £ an

operator £ : P(Fm}) — P(Fm%) by EU = Uleja(a, ) [a>a e U}.
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1st level 2nd level

WA | StsT < ESESET |UbrV < EUERr EV
X =HEs (EAT)X X =Eg (ET)X
AL |StsT < ESEsET|UbrV = EUEREV
X ks (EAM)X X dEg (EM)X
FA |StsT < ESEsET|UbrV < EUEREV

X Hks (EAK)X X 94k (E)X

Notes to Chapter 3.

It was shown in [20], that a 2nd-level deductive system R is equivalential iff the class
Mod R of 2nd-level models for R is closed under submatrices, and R is finitely equivalential
iff it is equivalential and Mod R is closed under filtered products. Equivalential 2nd-level

deductive systems were defined in [20] through an operator essentially equivalent to M.
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4. FULL CLOSURE RELATIONS

A full closure relation for a deductive system S can be defined as a general closure relation
generated by a Leibnitz congruence. Full closure relations were studied in algebraic logic
primarily in connection with deduction-detachment theorem [14] and fully adequate Gentzen
systems. The former arise in a number cases when non-protoalgebraic 1st-level deductive
system has a natural algebraic semantics [12], the paradigmatic example here is being the
conjunction-disjunction fragment of a classical propositional logic [19].

In this chapter, we will prove the criterion for the existence of a fully adequate Gentzen
system for a 1-st level deductive system, through the existence of, so called, a graded congruence
basis. The proof exploits the fact that a deductive system & has a fully adequate Gentzen
system if and only if its full closure relations form a 2nd-level deductive system. This 2nd-level
deductive system Fcr S which corresponds to a fully adequate Gentzen system will be shown is
always weakly algebraizable and, according to Proposition 3.2.5, the graded congruence basis
represents a faithful translation of the deductive theory of G into the equational theory of the

class Alg* S.

4.1 Strong Galois connections

Suppose X C P(A) is an algebraic family and C is a closure system in A such that for every
Y € C the set {X € X | X C Y} is non-empty and upward-directed. We will describe the
properties of the special Galois connection, that we will call strong, determined by the relation
C between elements of X and C. For every Y € C, we can uniquely define OY = [J{X € X |
X CY} € X, therefore defining an operator O : C — X. Thus OY is the largest element of X

contained in Y.
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Let C be the closure operator associated with C. Here is some easy facts about the relations

between O and C':

Lemma 4.1.1.

1. OY CY;

2. O 1is monotone;

3. if X is a closure system in A, then O is meet-continuous;
4. OCO = 0O;

5. O is injective on {COY | Y € C};

6. COY =({ZeC|OY C Z}.

Proof. The proof is trivial. O

Not so trivial properties we formulate in the following lemmas:

Lemma 4.1.2. Let C be an algebraic closure system in A, C : P(A) — C be a closure operator

associated with C, and O : C — P(A) be an operator such that

a) OCO =0,
b) O is monotone.

¢) OX C X, for every X €C,
Then {COX | X € C} is algebraic.

Proof. Denote D = {COX | X € C}. It is easy to see that 1) the composite operator (CO) :
C — Cis monotone; 2) COX C X for every X € C. Suppose {COX; }icr is an upward-directed

subfamily of D. In order to prove that | J,.; COX; € D, it suffices to prove that

i€l
Uie; COX; = CO(U,,; COXy).
(C) (¥ € I) COX; C U, COX;
L (vj e I) CO(COX;) = C(OCO)X; 2 COX; C COU,, COX,)

— Use; COX; C CO(U;e; COX,).
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(2) Since {COX}icr € C and C is algebraic, | J;c; COX; € C. Therefore
2)
CO(U;e1 COX;) C Ui COX. O

To deal with the issue of intersection in the families of finite closure relations, both full and
axiomatic (the latter will be introduced in the next section), we need the following technical

lemma.

Lemma 4.1.3. Let C be a closure system in A, C : P(A) — C be the closure operator associated

with C and O : C — P(A) be an operator such that

a) OCO = 0,

b) O is meet-continuous,
Then TFAE

1. {COX | X € C} is a closure system in A,
2. the composite operator (CO): C — C is meet-continuous,

3. for every family {X;}ier CC: ﬂieI(OXi)C = (ﬂieIOXi)C.

Proof. Denote D = {COX | X € C}.
(1 = 2) Suppose { X, }ics is a non-empty family of members of C. Then, since D is a closure

system in A, there is X € C such that COX = (,.; COX; (*). Then

0cox =0(cox) Y on.., cox) 2N, 0cox; 2N, 0x..

Therefore C(OCO)X = C((N;c; OXi). (%)

() a)

Thus N, COX; 2 cox 2 cocox 2 ¢, 0x:) L con,, Xo).

icl
2. a)
(2=3) Nic; COX; = CO(Nier Xi) = CNies OXi).

B=1) MNie; COXi Z C(Nyes OX). 0

4.2 Fully adequate Gentzen systems

A number of important non-protoalgebraic 1st-level deductive system that have a natural

algebraic semantics also have a so-called fully adequate Gentzen system associated with them,
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the conjunction-disjunction fragment of the classical propositional logic being a paradigmatic
example. In order to give a criterion for the existence of a fully adequate Gentzen system and
provide a particular Gentzen axiomatization for it, we will proceed as follows: we define for
an arbitrary lst-level deductive system S the set Fer S of full closure relations for S, that
are closure relations counterparts for so-called generalized full models for S on Fm,. If S
has a fully adequate Gentzen system Fecr S turns out to be a weakly algebraizable 2nd-level
deductive system. In fact, the set of theories of the fully adequate Gentzen system is just Fcr &
itself, whenever S has theorems, and Fecr S U {FmZ} if it does not. Then, using properties of
weakly algebraizable 2nd-level deductive systems, we will extract a particular axiomatization
for the fully adequate Gentzen system.

Recall that in Chapter 2, we have defined for a 1st-level deductive system S the set Ger S
of general closure relations for S, which is essentially the set of theories of the trivial Gentzen
axiomatization of S and standard Gentzen rules. This somewhat trivial Gentzen system plays

nevertheless an important role of a framework for defining more interesting constructions.

Definition 4.2.1. The set of full closure relations for a 1st-level deductive system § is
FerS = {(QA)CS | A€ Ger S}

An element of Fer S is called a full closure relation for S. O

Note that the full closure relations for & arise from the strong Galois connection between
ConFm, C P(Fm}) and the closure system GerS C P(Fm}), inheriting properties formu-

lated in Lemma 4.1.1

Proposition 4.2.2. For any 1st-level deductive system S

1. Fer S C Ger S,
2. FerS = {(6)%"S | § € ConFm,},
3. AcFerS — A=R/{T €ThS|QACQT},

4. Fer S is a closure system in sz iff for every non-empty family {F;}icr C Fer S

ﬂ@-effz‘ - (ﬂielﬂ}—i)ccrs-
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Proof. (1) By definition of Fer S.
(2) (©) It holds by definition of Fer S, since 2.4 € Con Fm,.
(2) (2) Suppose A = (6)GrS for some § € Con Fm,. Then
3.1.5

1. 3.1.5
0 C QA C A — A:(H)Gcrs C (QA)GCI‘S QAGchZA — A= (QA)Gch.

(3) Let A € FerS. Since A is a general closure relation for S, then A = R,C, for
some algebraic closure system C C ThS. Let D = {T' € ThS | QA C QT}. Then it is
straightforward to show, that D is an algebraic closure system on Fm,. Also C C D, because

(VT eC) QA=QR.C* ' ac™ Nascar
SeC
Thus A = R, D, because

(D) CCD — R;DCR.C=A,

def ~ ..31.9 3.1.5
(Q) QAC({QT |TeD} =QD=QR,D C R;D

— A'Z' (QA)CrS C (R, D)GS = R, D.
(5) It suffices to check conditions of Lemma 4.1.3 for operators €2 : Ger S — Con Fm, and
C: ConFm; — Ger S, where C is the closure operator associated with the closure system
Gcer S.

a) ©: Ger S — Con Fm, is monotone, hence meet-continuous.

b) By definition, (C€2) : Fer S — Fer S acts as identity on Fer S, hence QCQ =Q. O

It follows from Proposition 4.2.2(2) that the largest full closure relation always exists and
it is obviously (1Fm£)Gcr8. It is easy to see that it is equal to sz if S has theorems, and to
Fm} \ >Fmg if S does not. In other words:

1) Type(Fcr S) = w iff S has theorems;

2) Type(FerS) = w \ {0} iff S has no theorems.

4.3 A criterion for the existence of the fully adequate Gentzen system

Let A be an algebra. The subset F' C A is called an S-filter on A if h~'F € Th S for every

homomorphism h : Fm, — A. The set of all filters on A is denoted by FisA.
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A basic full 2nd-level model for S is a 2nd-level matrix (A, Ra(FisA)); a full 2nd-level
model for S is a matrix B = (B, B) such that there exists a basic full model A for which
A < B. It is easy to see that if 2 is a full model for S and A < €, then € is also a full model

for S. Let FGMod S be the class of all full 2nd-level models of S.

Proposition 4.3.1. Let S be a 1st-level deductive system. Then

1. Fer§ = {A| (Fmg, A) € FGMod S},

2. FcrS is closed under inverse surjective substitutions.

Proof. (1) (C) Suppose A € FerS. Then, by Proposition 4.2.2(3), A = R.C, where C =
{T € ThS | QACQT}. Suppose A =Fm,/QA and let h: Fm; — A be the canonical
homomorphism associated with this factor. Since h is a surjective homomorphism and Q A =
h='14, then C = h=! FigA. Therefore

A=R;C=R;h ' FisA L' i 'Ry (FisA).

Thus (Fmg, A) < (A,R4(FisA)) and therefore (Fmg, A) is a full 2nd-level model for S,
since (A, R4(FisA)) is a basic full model for S.

(2) Suppose (Fmg, A) € FGModS. Then there is an algebra A and a surjective ho-
momorphism h : Fmy — A such that (Fmg, A) = h=1 (A, Ra(FisA)). Let C = {T €
ThS | QA C QT}. Then A = h ' Ru(FisA) 2 R b1 FisA = R;C, so A € Fer S, by
Proposition 4.2.2(3).

(2) Suppose A € FerS and o is a surjective substitution. Then, by (1), (Fmg,A) is a
full 2nd-level model for S. Since (Fmg,o ' A) < (Fmg, A), therefore (Fmg,o 1 A) is a full

2nd-level model for S, hence, by (1), 0! A € Fer S. O

We will also need

Lemma 4.3.2. [14, Lemma 2.12] Let S be a deductive system of language type L, A be an
algebra of type L and K = {(B,Rp(FisB)) | B C,, A}. Then K is an upward-directed by C
set of 2nd-level matrices and | JK = (A, Ra(FisA)).

Let Inc. be the class of all models of the form (A, AT), where A is an algebra of type L.
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Definition 4.3.3. A Gentzen system G is fully adequate for a deductive system S if
Mod G = FGMod S U Inc,. O

The reason for including the models Inc, is that when S has no theorems, Type(Fcr S) #
w, therefore Fcr S cannot be a Gentzen system simply because of syntactical considerations.

However the following holds

Theorem 4.3.4. If S has a fully adequate Gentzen system, then FcrS is a weakly algebraiz-
able 2nd-level deductive system, therefore FerS has a graded congruence basis (see Defini-

tion 3.2.2).
Proof. Suppose S has a fully adequate Gentzen system G, so, by definition,

Mod G = FGMod S U Inc,.

Restricting the last equality to 2nd-level matrices on Fm,, we get that ThG = Fer S U{FmZ}
Fer S has the largest element, it is obviously (1gm E)Gcrs. Since G is a Gentzen system, Th G
and, hence Fer S, is closed under non-empty intersections. Also we have, by Lemma 4.1.2,
that Fer S is algebraic, and, by Proposition 4.3.1(2), it is closed under inverse surjective
substitutions, therefore, by Lemma 2.2.4, it is closed under inverse arbitrary substitutions,
and hence it is a 2nd-level deductive system. Also @ : Fer S — Con Fm/ is injective; hence
Fcr S is a weakly algebraizable 2nd-level deductive system, and, by Theorem 3.2.3, it has a

graded congruence basis. O

The following is a technical definition.

Definition 4.3.5. Let £ = |J,cyen be a graded congruence basis for FerS. A 2nd-level

matrix A = (A, A) is congruence definable by € if N = Type A and
ara € A = €|a‘(d,a) C QA
Lemma 4.3.6. Let 2 and B be 2nd-level matrices such that B < 2. Then

A is congruence definable by £ iff B is congruence definable by &.
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Proof. Suppose 2 = (A, A) < B = (B, B). Then, by definition, there exists a homomorphism
h : A — B such that B = hA and A = h~!B. Thus, for each pair of sequents a>a € AT,

bb e BT, such that h(a>a) = b>b,

bob=hava) € A < avach 'B=A (%)
(=) Suppose B is congruence definable by £. Then
araec A & h(a>a) € B &3 E%(h&,ha) CQpB

— hel‘%| (@,a) C QB <~ 6‘%' (@,a) Ch QB =Qah™'1B=QpA.
(<) Suppose A is congruence definable by £. For any given bi>b € B, let ava € h= (b b).

Then
bobeB <L arac A = A(a,a) C Qad = Qah 1B = h QB

|al

= h€|%| (@,a) = E%(h@, ha) = 5|E—l:’| (b,b) C QpB. O

Definition 4.3.7. If £ is a graded congruence basis for Fer S, define

Gg := {a?ba:l—tabtﬂ|tETL,al>[3€£|j|(j,x)},

Ge U(CR)U (F Rz ThS), if Thm S # 0

gE(S) = >y .
Ge U(CR) U (F RgThS)UILg —, if Thm$ =0.

Directly from the definition of G¢(S), it follows that

1. if A= (A, A) € ThGe(S), then A is a finite closure relation on A,

2. for every aba € AT, if a>a € A, then 5%((‘1,@) cC QA

Note that for defining Gg¢(S) in the case when S has no theorems (i.e., when Fer S is a

2nd-level non Gentzen deductive system), we used the idea of Lemma 2.2.2.

Lemma 4.3.8. If £ is a graded congruence basis for Fcr S, then every full 2nd-level model of

S is congruence definable by .

Proof. The proof consists of three succinct steps:



52

(1) Let 2 = (A, A) be a full 2nd-level model for S over a finite algebra A. Then A < B, for
some B = (Fm, B), where B € Fcr S. By definition of the congruence basis, 8 is congruence

definable by &, therefore, according to Lemma 4.3.6, 2L is also congruence definable by £.
(2) Suppose 2 = (A, A) is a basic full model for S. Let

By (1), each B € K is congruence definable by &, hence 8 € Mod Gg(S). By Lemma 2.3.4,
UK € Mod Gg(S), therefore, by Lemma 4.3.2, the basic full model 2 = |JK € Mod G¢(S),
This secures one direction in Definition 4.3.5.

For the other direction, consider a>a € A" such that n € N and suppose that eg‘ (a,a) C
QA. Let B = A(a,a) be the subalgebra of A generated by the set of elements {a, a} and let
B=ANBT". Then

Tae (a,a) = Tacfy(a,a) N B> C (QA) N BT C AN BT,

By Lemma 3.1.8, TB€E|(5L7G) C Q(ANBT) = QB, hence, by (1), a>a € B. But BC ANB* C
A, soara € A, as needed.
(3) Suppose 2 is a full 2nd-level model of S. Then B < 2 for some basic full 2nd-level

model of B. By (2), 98 is congruence definable by £. Therefore, by Lem. 4.3.6, 2 is congruence
definable by £. O

Now we are ready to prove the main theorem of this section.

Theorem 4.3.9.

If € is a graded congruence basis for Fer S, then Ge(S) is fully adequate for S.

Proof. We need to prove that Mod Gg¢(S) = FGMod S UInc,.

(D) Let 2 = (A, A) be a 2nd-level matrix. If A € Inc, then it is a model of any Gentzen
system, hence a model of G¢(S). If A = (A, A) € FGMod S, then 2 is a 2nd-level model
for S, hence a general closure relation for S, therefore a model of for the Gentzen system

(CR)U(F Rz ThS). Also, by Lemma 4.3.8, 2 is congruence definable by &, therefore a model
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of G¢. Finally, if S has no theorems, then A contains no sequent of the form > a, therefore the
rules >y = Z > x hold vacuously in .

(€) Suppose A = (A, A) € Mod Gg(S), where € = (J,cyen- Then A is a 2nd-level model
for S, since all the rules of (- Rz ThS) U (CR) hold in . Let B = (A, B) be a full 2nd-level
model of S, such that 2B = Q2 .A. Then B C A. Also, for every a>a such that |a| € N,

318 A

arae A = TAsfa(Zz,a)QA = €j5(a,0) CQA=QB 8 araeB

If |a| ¢ N, for some s =ara € A, then N =w )\ {0} and s =>a. Since N = Type(FerS) =
w \ {0}, then S has no theorems, therefore all the rules >y - Z >z hold in 2, hence A = A™.

Thus, either B = A, and A € FGMod S, or A = A" and 2 € Inc,. O

4.4 Protoalgebraic deductive systems with fully adequate Gentzen systems

Protoalgebraic deductive systems, that have fully adequate Gentzen systems, were studied
in [14]. It was found there that the existence of fully adequate Gentzen system is equiva-
lent to the existence of Leibnitz-generating parameterized graded deduction-detachment system

(LPGDD system) A for S, where A =J, ., A, CFmyg.

new
We can formulate a variety (namely, 18 = 3 x 6) of necessary conditions for a deductive
system with a fully adequate Gentzen system, depending on properties of G¢(S) and S. We

will list here only two extreme cases:

Ge(S)| S Relation

WA2 | PAL| X bg. 5 Y €2 X Es €Y £4 (ATE)X bs (ATE)Y

FAL |FAL | X bg. (Y £2 exksey £2 (ATEX ks (ATEY

Thus, according to Definitions [14]
A =, coA(Ten(Z,1))

is a Leibnitz-generating parameterized graded deduction-detachment system for S.
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Proposition 4.4.1. If FcrS has a graded congruence basis, then Fer S is a closure system

' +
m Fmﬁ.

Proof. Suppose {Fi}ic; € FerS and |J,,cy en(Z, ) is a graded congruence basis for Fer S.

Ger S
By Proposition 4.2.2(4) it suffices to show that (,c; F; = (Q(ﬂlelﬁ)) . Thus
ava€ (g Fi &= (Viel)aracF
= (Viel)gg(a,a) e QF; <= g5)(a,a) €N QF

Ger S
) € FerS. O

= avac (Mg RF)TS = (AN F)
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5. AXIOMATIC CLOSURE RELATIONS

Historically the examples of 2nd-level deductive systems were provided by the studies of 1st-
level deductive systems. In particular, in this section we will show that a multiterm deduction-
detachment theorem holds in a lst-level deductive system with theorems if and only if the
set of axiomatic closure relations of S forms a 2nd-level deductive system. Axiomatic finite
closure relation for S can be defined as a general closure relation generated in a closure system
of all general closure relations by sets of trivial sequents (i.e., the sequents of the form >a,

[eAS Fmﬁ).

5.1 Axiomatic closure relations

Define for every X C Fm, and every A C sz
X :={palae X}, ThmA:={aeFmg|pac A}, OA:={pacFmg|>ac A}
Thus we get operators
(>) : P(Fmg) — P(Fmp), Thm:P(Fm})— P(Fmg), ©:P(Fm})— P(Fmy),
where Fm}, by definition is {(a) | @ € Fm,}. Mnemonically, ® stands for “Theorems”.
Definition 5.1.1. For a deductive system S, define a set of aziomatic closure relations of S:
AcrS = {(>T)%S | T € ThS}.
An element of Acr S is called an aziomatic closure relations for S. a

We will see that the operator ® : Acr S — P(FmZ) plays for axiomatic closure relations
a role, to some degree, similar to that of the Leibnitz operator €2 : Fcr & — Con Fm, for full

closure relations of S.
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Proposition 5.1.2. For any 1st-level deductive system S

1. AcrS C Ger S,
A€ GerS =— ThmA € ThS,
AcrS = {(>X)GrS | X C Fm,},

AcrS = {R [T)ThS ‘ T e ThS}

S

For every X C Fmg,

avac (pX)8"8 «—= ac{a})’vX® — X,atsa

Proof. 1. By definition.
2. A (@ A)CS — © A =00 A)CS,
3. Suppose A € Ger S, then, by definition, A = R C, for some algebraic closure system

C C ThS. We have Thm A = [ C, because
aeC <= racRC=A < acThmA.

Therefore, since C C ThS, Thm A € Th S.

3. If A€ AcrS, then A = (© A)G°"S = (>Thm A)&°"S. For the other direction, suppose
A= (>X)GS for some X C Fmy. Then A = (@ A)GrS | because

(D) OAC A = (@ A)GTS C AGerS — 4

(S A=0X)C"" —= PXCA = X COA = A=(X)CT5C (@A)

4. Suppose A € AcrS. Then, by 3), A = (>T)%"S, where T = Thm. A € ThS. Let
C = [T)Ths- Being a finite closure relation for S, A = R D, for some algebraic closure system
D C ThS. Then A = RC, because

) TYND—=DCT)ms=C — RCCRD=A,

(C) @RD=>(ND) =T =(NC)=ORC=>T CRC=— A= (rT)%"S CRC.

5. avacGT)%S YR

— ac{a}!Pms = (Tu{a})$=Tv{a}® < T,atsa. O
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Lemma 5.1.3. AcrS is a closure system iff for every family {A;}icr C AcrS
NierAi = (Nie ©A) G

Proof. Tt follows directly from the implications

=) O(NicrAi) =Nic/OA;
5.1.2(2

GerS
= Merdi 27 (ONerA)) T = (e @A) O,
(<) Nier®A CpFmy = (A = (ﬂieI@Ai)Gch € AcrS. O

5.2 Deduction-Detachment Theorem

The following is a standard definition.

Definition 5.2.1. A deductive system S has a deduction-detachment theorem (DDTa) with

respect to a finite (may be empty) set A(z,y) of formulas of two variables if

(1) z,A(x,y)Fsy A-detachment,

INzksy

2) ———" A-deduction. O
(2) s A7) eduction

Lemma 5.2.2. Suppose Acr' S for some deductive system S is a closure system, and let A(z,y)

be a nonempty set of formulas of two variables. Then S has DDTa iff

{CEDy}Ach _ (DA)Ach.

Proof. For readability sake, we write A(x,y) as A inside closure operators.

(1) abye (>A)AerS Ll (p A)GersS

Ty e @) V(A = o A@y) P / A-detachment

()

(2) z,zpye A€ AcrS = O >y € (5({Z}° V Thm A))AerS

S ([> A) GerS (;) {xby}Ach C (D({Z}S vV Thm.A))Ach

5.%5)

— A(z,y) C {z}°vThm A Zks A(z,y). / A-deduction O
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Note that the inconsistent 1st-level deductive system S = (Fmg, {Fm,}) over the language

L has DDTa with respect to any finite set A C Fm, of formulas, because
(DA) GerS _ sz _ {ny}Ach.

We also define that the almost inconsistent deductive system S = (Fmg, {0, Fm,}) over £

has DDTp, because
{w>y} A7 = Re{0, Fig} = Fmf \ Fg = (9) 9%,

Theorem 5.2.3. Let S be a 1st-level deductive system with theorems. Then Acr S is a Gentzen

system iff S has a multiterm deduction-detachment theorem.

Proof. In view of the remarks above, it suffices to prove the theorem for S that is neither
inconsistent nor almost inconsistent.

(=) Suppose AcrS is a closure system, then there is a closure of the set {z >y} in AcrS. If

{J:Dy} AcrS _ (@) Gch7 then
{a:by} AcrS — (@) Ger S — zbyc (@)Gch S'i(f) T }_S v,

so § is either inconsistent or almost inconsistent, a contradiction with the assumption. Thus

{z>y}ArS = (oT)GS for some T € ThS, such that T # ThmS. Since {z > y}ArS is

compact in Acr S, there is a finite subset O C T, such that {z>y}A*S = OGS, Suppose o is

any substitutions such that o{z,y} = {z,y} and o(Var \{z,y}) C {z,y} and let A(z,y) = 0O.

Since Acr S is a 2nd-level deductive system, it is invariant under inverse substitutions, therefore
{.T > y}Ach _ {O‘SE > O_y}Ach — (O_O)Ach _ (DA(SE, y))Ach.
Therefore, by Lemma 5.2.2, S has DDTA.

(«) Suppose S has DDTa, where A # (). A can be viewed as a function A : Fm? C Fm} —

P(Fm). Furthermore it can be extended to a function from Fm} to P(Fm.) inductively by
AGa) =0, A a5 a) == A Ao, ) = Usea {A@ 8o, 0))),

and further, in the usual way, to a complex function A : P(Fm}) — P(Fm.). Then for every
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A € Acr S holds

1) vacd < A®a)™ aecThmA

(2) a,qg>acA 5%‘1;@ Thm A, &, 5 Fs a 224 Thm A, & Fs Ao, )
5L20) avAlqg,a) CA = ... &= pA(G,qba)C A
= A, aq > a) € Thm A
In other words: arace A < A(a>a) € Thm A.
Then, for every family {A4;};cr C AcrS,
avac (A <= Viel)avac A
< (Viel) A(ara) C ThmA; <= A(ava) C[)c; ThmA;
> avac€ (>N Thm 4;))6rS = (N, ;,0A4;)9% € Acr S.
Thus, by Lemma 5.1.3, Acr S is closed under arbitrary intersections, hence a closure system.

Now suppose A € AcrS and o is any substitution. Then

avaco A < olava) e A <= A(cavoca)=cA(ara)C ThmA
«— A(ara)Co (ThmA) < avac (c7'@A)FTSc AcrS.

Thus, in addition to being a closure system, AcrS is closed under inverse substitutions,

therefore it is a 2nd-level deductive system. O

A multiterm deduction-detachment theorem is rather a strong property of 1st-level deduc-
tive systems. It is interesting to investigate weaker and constituent conditions of it. One was

suggested in [9, p. 164]:

Definition 5.2.4. A complete lattice L is infinitely meet-distributive over compact elements

if for every compact element ¢ € L and every family {a;}icr C L

eV (Nier@) = Nier(e V aq). O
J. Czelakowski in [9, Theorem 2.6.8.] had shown that for a protoalgebraic deductive system
S to have a multiterm Deduction-Detachment theorem is equivalent to that the lattice ThS
is infinitely meet-distributive over compact elements, therefore the condition that AcrS is

invariant can be dropped under conditions of protoalgebraicity.



60

Theorem 5.2.5. AcrS is a closure system iff the lattice ThS is infinitely meet-distributive

over compact elements.

Proof. In this theorem V denotes the join in the complete lattice ThS.
(=) Suppose AcrS is closed under arbitrary intersections. Let {T;};c; € ThS and {a} C,

Fm,. Then for any o € Fm,
a €N, {a}° V) = (Viel)ae{a}s VT,
— (Viel)avae (pT) ¢S < avac (e, CT) 06"

22 ahac (Nier®T)) aord = (> (NierTh) 0 = ac(a)v (MierTo)-

1S 1S
Thus (Nie; a7 VT = {a}” V (Nie,Th)-
(<) By contradiction. Suppose ThS is infinitely meet-distributive over compact elements,

but there is a family {A;};c; € AcrS and a sequent &> a such that a > o € ();c;A; and

ava¢ (e ThmA;)¢TS. Then
1) avad (e ®A)S " o ¢ (a)S v (), Thin 4),
2) ara € di = (Viel)avacA; < (Viel) ac{a}®VvThmA,
— a€;e;({a}® v Thm A4;).

But, by assumption, {a}®V (M;c; ThmA;) = ",c;({a}® Vv Thm 4;), a contradiction. ]

Note that Th S is always infinitely join-distributive over compact elements
{6} N (Ve Thm A;) = V., ({a}® N Thm A;),
by [9, Proposition 2.5.1], since Th S is algebraic.

Corollary 5.2.6. [14, Corollary 5.7] Let S be a weakly algebraizable 1st-level deductive sys-
tem. Then S has a fully adequate Gentzen system iff it has a multiterm deduction-detachment

theorem.

Proof. 1t follows directly from Proposition 5.2.3, and the fact that FerS = Acr S for any

weakly algebraizable 1st-level deductive system S. a
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Suppose § is a 1st-level deductive system. If F € FerS, then Thm F € ThS is called a
Leibnitz theory of S. The set of all Leibnitz theories for S is denoted by Th~S.
When § is protoalgebraic, every Leibnitz theory for S is always the largest among theories

with the same Leibnitz (1st-level) congruence.

Corollary 5.2.7. Suppose S has a deduction-detachment theorem. Then S has a fully adequate

Gentzen system, whenever Th 'S is closed under non-empty intersections.

Proof. Suppose {F;}icr € FerS, then {Thm F;},c; € Th*S. Since S is protoalgebraic:
FerS C Acr S, so {F;}ier € AcrS. By Theorem 5.2.5
Nic1Fi = (Nie; Thm F;)G°S € Fer S,

since, by assumption, (;,c; ThmF; € Th* S. O
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CONCLUSION

The string of three conceptually and technically interdependent results forms the backbone
of this thesis.

1. A syntactical characterization for weakly algebraizable Gentzen systems (Thm. 3.2.3).

We use this characterization to obtain the canonical form of a fully adequate Gentzen
system (Thm. 4.3.9). It is also important for providing a syntactic characterizations for al-
gebraizable Gentzen systems and completing Herrmann-style [16, 17] algebraic hierarchy of
Gentzen systems.

2. A general criterion for the existence of fully adequate Gentzen systems for Hilbert
deductive systems (Thm. 4.3.4 and Thm. 4.3.9).

This criterion generalizes a number of diverse results. That includes: the criterion for the
existence of a fully adequate Gentzen system for a protoalgebraic Hilbert system [14]; as well

as the known sufficient conditions [12, Thm. 4.27 and Thm. 4.45].

3. A new characterization of the deduction-detachment theorem (Thm. 5.2.3).

The deduction-detachment theorem is often formulated by using Gentzen rules, but it was
not known what abstract Gentzen system is axiomatized by those rules. The characterization
provided in Thm. 5.2.3 for the first time links the deduction-detachment theorem with abstract
Gentzen system of axiomatic closure systems. The former were systematically studied in this

thesis.

Future plans and related problems. There is a number of related facts that have

been left unexplained in this thesis, and which may be interesting to investigate.

1. It was proven in [12, Thm’s. 4.27, 4.45] that
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a) a self-extensional deductive system with conjunction has a fully adequate Gentzen sys-
tem;

b) a self-extensional deductive system with implication has a fully adequate Gentzen sys-
tem.

Although they are similar in formulation and have apparent closeness in proofs, the con-
ditions a) and b) have so far resisted the unification. The uniform method, if it exists, would
reveal common properties of conjunction and implication and also might help better distinguish
them.

Problem: Find a condition that would entail both a) and b).

2. As a by-product of the method employed in [12], it was proven that every self-extensional
deductive system with conjunction or implication is fully self-extensional. However it is known
that it is not always the case [1]. This problem relates to the question when the validity of
Gentzen rules is preserved by all full models.

Problem: It would be interesting to derive the result directly using the technique of this

thesis.

3. The graded congruence basis & = J,,cy €n (Def. 3.2.2) in its most general form consists
of “grades” e, = {; (&, ) B;(Z, ) }icr, where (T, ), B;(Z, x) are some, seemingly unrelated,
formulas. In all observed cases though, the shapes of o; and 3; are regular and related, and
also are built by using a binary operation. Compare, for instance, the “grades” of the graded
congruence bases for self-extensional logic with conjunction and implication

ep={xo N (@1 Ao (1 ATp1) ... ))D>xoA(T1 Ao (1 Az)..0))  [12]
e, ={zxo—=(r1— ... (Tp_1—=xp_1)...))D>ro—(T1— ... (Tpo1—T) ... ) b [12]
Note also the visual coincidence between &/ and ;.

Problem: Explain this phenomenon.

4. In modal propositional logics (consider K for instance) the set M (Thm. 3.3.4) can be
replaced by unary polynomials of the form {O0"x},c,, where O is the “necessity” connective.
The reason and the exact conditions for possibility of such replacement are not known.

Problem: Find those conditions.
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Index
Oa, 1A, 8 closure
Acr S, 46 operator
Thm, 46 finitary, 9
EqA, 7 closure system
Fer S, 39 algebraic, 9
Fm/, Fm,, 8 invariant, 9
Ger S, 20 on,over, 9
SymA, 7 in, 16
O, 46 compatible, 24
Type, 17 congruence, 8
Var, 8 fully invariant, 8
S-filter, 41 Leibnitz, 10
R, 20 Tarski, 10
inf, 7 trivial, see O
sup, 7 universal, see 14

R, Rz, Rem,, S, Sz, Sem,, 13
o Time £ Phme DDT, deduction-detachment theorem, 48

(Ax), (Con), (Cut), (CR), (Ex), (W), 19
deductive system

algebra, 8 1st-level, 10

automorphism, 8 algebraizable, 11

axiomatization equivalential, 11
Gentzen, 20 finitely algebraizable, 11

finitely equivalential, 11
basis
protoalgebraic, 11
graded congruence, 29
weakly algebraizable, 11



2nd-level, 24

endomorphism, 8

evaluation, 9

family of sets
algebraic, 9
upward-directed, 9

formula, 8

function, 6
composition, 6
injective, 6

surjective, 6

Galois connection

strong, 37

language type, 8
lattice, 7

complete, 7

mapping, 7
model
2nd-level, 22
full, 41

basic, 41

operation, 7
basic, 8
polynomial

unary, 9

unary, 7
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operator
closure, 9
Leibnitz, 10
1st-level, 10
continuous, 11
invariant, 11

monotone, 11

partial order, 7

relation
antisymmetric, 7
binary, 6
composition, 6
compatibility, 13
congruence, 8
consequence, 10
finitary, 10
structural, 10
equivalence, 7
finite closure, 15
reflexive, 7
symmetric, 7
transitive, 7
rule
2nd-level, 19

Gentzen, 19

semi-lattice, 7

lower, 7



upper, 7

sequent

set

2nd-level, 19

closed, 9
reflexive, 23
regular, 23
standard, 23

transitive, 23

string, 6

strong submatrix, 21

submatrix, 21

substitution, 9

system

2nd-level

deductive, 13

syntactic, 13, 17
algebraizable, 11
equivalence, 11
equivalential, 11
finitely algebraizable, 11
finitely equivalential, 11
Gentzen, 13, 19
implicational, 28
protoalgebraic, 11
protoequivalence, 11

weakly algebraizable, 11

term, 8
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variable
propositional, see Var

vector, 6

weak submatrix, 21



[1]
2]

[3]

[4]

[5]

[11]

[12]

67

BIBLIOGRAPHY

S. Babyonyshev. Fully Fregean logics. Reports on mathematical logic. To appear.

G. Birkhoff. Lattice theory. vol. XXV of Collogium Publications. American Mathematical

Society, Providence, 3rd edition, 1973.

W. Block and D. Pigozzi. Abstract algebraic logic and the deduction theorem. Bulletin

of Symbolic Logic. To appear.
W. Block and D. Pigozzi. Protoalgebraic logics. Studia Logica, 45:337-369, 1986.

W. Block and D. Pigozzi. Algebraizable logics. Memoirs of the American Mathematical

Society, 396, January 1989.

J. Czelakovski. The Suszko operator.Part 1. Studia Logica, 73:1-51, 2001.

J. Czelakowski. Equivalential logics (I). Studia Logica, 40:227-236, 1981.

J. Czelakowski. Equivalential logics (II). Studia Logica, 40:335-372, 1981.

J. Czelakowski. Protoalgebraic logics. Kluwer Academic Publishers, Dordrecht, 2001.

J. Czelakowski and R. Jansana. Weakly algebraizable logics. The Journal of Symbolic

Logic, 65(2):641-668, 2000.

B.A. Davey and H.A. Priestley. Introduction to lattices and order. Cambridge University
Press, Cambridge, 1990.

J. M. Font and R. Jansana. A general algebraic semantics for sentential logics. Number

7 in Lecture Notes in Logic. Springer-Verlag, 1996.



[13]

68

J.M. Font, R. Jansana, and D. Pigozzi. Fully adequate Gentzen systems and closure

properties of the class of full models. Manuscript, 1999.

J.M. Font, R. Jansana, and D. Pigozzi. Fully adequate Gentzen systems and the deduction

theorem. Reports on mathematical logic, 35:115-165, 2001.

G. Gratzer. General lattice theory. Birkhauser Verlag, Basel, Second edition, 1998.

B. Herrmann. Equivalential and algebraizable logics. Studia Logica, 57:419-436, 1996.

B. Herrmann. Characterizing equivalential and algebraizable logics by the Leibniz opera-

tor. Studia Logica, 58:305-323, 1997.

W. Dziobiak J. Czelakovski. A deduction theorem scheme for deductive systems of propo-

sitional logic. Studia Logica, Special Issue on Algebraic Logic, 50:385-390, 1991.

V. Verdu J. M. Font. Algebraic logic for classical conjunction and disjunction. Studia

Logica, Special Issue on Algebraic Logic, 50:391-419, 1991.

D. Pigozzi. Second-order algebraizable logics. Manuscript, 1996.

R. Wéjcicki. Theory of logical calculi. Basic theory of consequence operations. Kluwer

Academic Publishers, Dordrecht-Boston-London, 1988.



