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CHAPTER 1. Introduction

The cochlear is the auditory organ located in the temporal bone (see figures 1.1 and 1.2).
It is a cavity, resembling a snail’s shell. The cochlear cavity is divided longitudinally into
two chambers; scala vestibuli and scala tympani, by the cochlear partition. These chambers
are joined by a hole situated at the apex of the cochlear, known as helicotrema ( see figure
1.3). The cochlear is filled with fluid that is essentially incompressible and is sealed by two
elastic membranes that cover the oval and round windows. The oval window is a membraneous
opening that opens into the scala vestibuli whereas the round window opens into the scala
tympani. The mechanically significant structures making up the cochlear partition include an
elastic membrane called basilar membrane and the organ of corti.
External sound waves causes the ear drum to vibrate. These vibrations are transmitted to
the inner ear by the three bones of the middle ear, the malleus, incus and stapes ( also
called the hammer, the anvil and the stirrup). The to- and- fro motion of the stapes against
the oval window generates an oscillating pressure field in the cochlea fluid, which ultimately
produces "traveling” waves along the basilar membrane. This wave is propagated by the
combined movement of the basilar membrane and the fluid. Given that the cochlear fluid
is incompressible, conservation of mass requires that the round window has to move in the
opposite direction to that of the oval window, where the stapes transmits sound vibrations
from the middle ear. The basilar membrane is shaped such that it is narrow and stiff at the
basal end of the cochlear but gradually broadens and becomes less stiffer towards the apex (
see figure 1.3). The waves therefore propagate quickly with long wavelength at base but slows
down, become shorter and increase in amplitude as it travels down the cochlea. At some point,

called the best place for the given input frequency, the membrane will vibrate with maximum
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Figure 1.1 This is a schematic of an auditory, adapted from Richard G.
Kessel/ Randy H. Kardon(44). It shows how the cochlear,
in a coiled form, is embedded in the temporal bone. Most
anatomists believe that the purpose of coiling is basically to
minimize the packaging space.

amplitude but quickly dies off thereafter. The motion of basilar membrane stimulate the inner
hair cells, located within the organ of corti. These cells act as sensors which transmit auditory

information to the brain.



Figure 1.2 This is an extract of the cochlear slightly unwrapped, also
adapted from Richard G. Kessel/ Randy H. Kardon(44), to
show the two chambers- scala tympani and scala vestibuli with
basilar membrane separating them. High frequency waves cause
maximum amplitude at the base whereas the low frequency ones
cause maximum amplitude near the apex.
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Figure 1.3 This is a schematic of a cochlear that is completely unwrapped,
adapted from R. Duncan Luce(45). Its cross section is shown
on the bottom right hand side. It is broader at the base and
gradually narrows towards the apex.

1.1 History of Cochlear Research

The first anatomical study of the cochlea was conducted by Alfonso Corti (2) in 1851, for
whom the organ of corti is named. This study arose interests of other anatomists, like Reissner,
Deiters, Lowenberg, Hensen and Hasse, who helped shed light on more cochlea structures such
as the Reissner membrane, Deiters, Hensens, cells etc. Perhaps, the first scientist to make a
significant contribution towards understanding the complicated processes underlying the sound
transduction by the ear was Herman Von Helmoltz (3). Helmholtz put forth an explanation
of how mechanical coupling, provided by the middle ear, optimizes the transmission of energy
from the air that sets the tympanic membrane ( eardrum ) into motion, to the fluid inside the
cochlear. He is also the first to give a plausible explanation of how the cochlear functions.
He viewed the basilar membrane as a continuum of vibrating strings with tension coefficients
varying from high at the base ( near the oval window) to low at the apex. The resulting model
of the basilar membrane bore resemblance to a set of harmonic oscillators tuned to different

frequencies. Consequently, the cochlear was thought of as a spectral analyzer providing a



frequency -position map of sound fourier components. For a good number of years, Helmoltz’s
explanation was the accepted theory.

In 1928, Békésy (4) built a mechanical model of the cochlear involving a metal tube filled
with water. Serving as a basilar membrane was a stretched membrane placed to run along the
length of the tube. When the water was forced from one end, he observed a jut which moved
like a wave along the membrane. He realized that by adjusting the tension of the membrane
the position where the maximum amplitude of the wave occurred, varied along the membrane.
Years later, Békésy (4) extracted the cochlear from various animals and also from human
cadavers and carried out the same experiments. With the help of a microscope, he saw a
"traveling” wave over the basilar membrane when the sound was introduced into the cochlear.
This wave resembled the one he observed along the artificial membrane of his model. Békésy
further noted that for a stimulus of a given frequency, the cochlear partition vibration formed
a wave that swelled up in amplitude as it travels from the oval window, attains a maximum
and then quickly dies out. It was observed that high frequency tones produced waves with
maximum amplitudes occurring at the base of the cochlear whereas those of low frequencies
occur at the apex. Because of his discovery of traveling wave phenomena in human cochlear,
Von Békésy was awarded the Nobel prize in 1961.

Békésy’s findings stimulated the development of more elaborate cochlear models which predict
similar traveling waves, e.g Ranke (5) and Zwislocki (6). The main drawback of these models
was that they predict a resonance profile, also called ”tuning curve”, which were too broad
to explain the known frequency sensitivity of mammals. Later experiments in 1960s and
1970s ( see Kiang (7), Rhode (8; 9)), using the Mdéssbauer technique, detected much sharper
tuning curves as compared to those predicted by the passive models. Thus an action feedback
mechanism was hypothesized ( see Sellick, Patuzzi and Johnstone (10); Davies (11); Neely
and Kim (32)). Peter Dallos (17), in 2000, cloned the integral membrane protein responsible
for outer hair cell electromotility and named it Prestin. In 2002, Liberman et al.(19) showed
that targeted deletion of the gene that encodes Prestin, revealed a hundred-fold loss in hearing

sensitivity indicating that it is the fundamental component of the cochlear amplifier. Thus the



outer hair cells provide active feedback which greatly sharpens the tuning curve.

Though many mathematical models of the cochlear have been proposed, | for example (20),
(21), (22), (23), (24) and (25) |, there remains much debate on how to include the sensing of
the inner hair cells and the actuation of the outer hair cells in a cochlear model. Much of the
on-going research is geared in this direction ( e.g Xin et al.(31).)

The theoretical studies of the cochlear have generally been modeled as a straight fluid-filled
duct, even though the cochlear’s geometry is coiled- shaped. The common belief is that the
coiling allows the cochlear to be packed into a small space. However, Manoussaki and Chadwick
(39) have shown that coiling helps to lower the fluid impedance, particularly at the apex, where

basilar membrane curvature is greatest.



1.2 Description of the main results

In this thesis we study controllability of two cochlear models- a model without longitudi-
nal elasticity on the basilar membrane and one with longitudinal elasticity. The controls we
consider act on a portion of the basilar membrane and/or the oval window. One possible prac-
tical motivation for this study is to lay a foundation for the design of better hearing aids and
cochlear implants. In this thesis however, we restrict our focus to the controllability problem.
In recent years there has been much interest in coupled fluid-elastic systems, motivated mainly
by aerospace applications e.g fuselage-engine noise coupling ( see Banks et al (28)). Control-
lability issues related to such structural-acoustic problems was subsequently studied by many
researchers e.g Avalos (27), Lasiecka et al. (33), Lions and Zuazua (29), Micu and Zuazua
(30). Controllability of elastic systems coupled to a potential fluid was studied by Hansen and
Lyashenko (34) and Hansen (26). The cochlear models we study here also involves coupling
of the motion of an elastic system ( basilar membrane) to a potential fluid, however are more
complex in a number of ways than the models considered in (34) and (26). In particular,
the elastic model for the basilar membrane is of variable coefficients and involves a potential
function not treated in (34) and (26).

Controllability results are given for the two models. In addition, well-posedness results are
given. To the best of our knowledge, existence and uniqueness issues for the standard cochlear
models have not been addressed. This could be because the studies have mainly been fo-
cused on understanding the traveling wave phenomena, where the effect of the fluid ( and also
the geometry of the cochlear) is eliminated by an approximation method ( WKB (Wentzel-

” ”

Kramers-Brillouin) approximation, ”long wave approximations”, ”added mass” effects etc.).



CHAPTER 2. Derivation of Cochlear Models

2.1 Description of the cochlear model and its mechanics

We describe a two dimensional model and derive its dynamics. If the cochlear is unrolled, it
takes the form shown in figure (1.3). For simplification purposes we consider the cross section

corresponding to (1.3) to be like figure (2.1).

Figure 2.1 A simplified cross section of the unrolled cochlear.

The cavity, €, is filled with fluid. This fluid is assumed to be incompressible with density
p. There are hard walls on the top, right and bottom sides of the model ( all denoted by T'y),
through which fluid cannot flow. In the center of the model is the basilar membrane, which
is assumed to have stiffness and mass that vary with position a long the cochlea. The motion
of stapes at the oval window (I'1) at the left side of the model drives the system. Because
the fluid is incompressible, inward movement of the stapes at the oval window must result
in a compensating outward movement at the round window, (I'z), so that movement of the
fluid in upper and lower chambers is in opposite directions and pressure fluctuations about the

initial pressure have opposite signs for corresponding points in the two chambers. The length



dimension of the cochlear model runs from z = 0 to = Lp+¢€ (where € is the length dimension
of the helicotrema) and the height dimensions y = 0 to y = L; ( for the top chamber) and

y = —Ly to y = 0 lower chamber).

Remark 1. Of course the actual cochlear is spiral-shaped and more narrow at the apex than
at the base. For us, the geometry in figure (2.1) is chosen for simplicity. Most of the results

we obtain here also hold true under more realistic geometric assumptions.

2.2 Mathematical formulation of the dynamics of cochlear fluid

In general, the fluid velocity vector v at any point (z,y) will have z and y components v,

and v, respectively. In terms of a velocity potential v, we have

_W K

— = 2.1
ox Y oy (2.1)

Vg

and therefore v = V. For an incompressible fluid, there is no net flow into or out of any

small region, so

_Ovy | Ovy
Vo= Ty 70
or
8% 8%

Thus the velocity potential ¥ obeys Laplace’s equation. The hard-wall boundary conditions
at the top, right and bottom sides of the model,( all denoted by I'g), imply that there is no

fluid flow in a direction normal to the boundary, i.e

0
a—:ﬁ:o on Ty, (2.3)

where n is outward normal direction.
On I'y and T'y, the motion of the fluid is determined by the motion of the stapes. For simplicity,
we assume that the displacement at the oval window 7(y, t) and the displacement of the round

window £(y,t) are constant with respect to y, that is v, satisfies

aﬂ_ n(t) on Iy
an ft(t) on Fg
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Along I'p
0, —w, on Fg
on wg on I'p
where w is the transverse displacement of I'g.

Since small vibrations are under consideration, we linearize by matching the velocities on the

boundary of the fixed equilibrium domain €. Putting equations (2.2)- (2.5) together, we have

Ay = 0 in Q

v, = 0 on Ty

vy = Py = —w; on F'g (2.6)
Yn = by = w on Ig

Un = — Pz = mn on I

Y = —Uz = & on Iy

A necessary condition for the solvability of (2.6) is that the average of the Neumann data is

zero. From the first equation of system (2.6), we have that

0:/1Aw:—/V¢-V1+/ 18—1/}: %dfl—i— 8—wdfg,
0 Q o0 871 r; 871 Ty 871
where the part involving I'g cancels out. So
Line = —Lo& & & = —(L1/La)n:
and hence
§=—(L1/La)n. (2.7)

2.2.1 Dynamics of the system

The vibrations of the membranes on the oval and round windows are assumed to be modeled
as spring-mass systems, miny + kin = F1 and mo&y + ko = F5 respectively. We assume that
the basilar membrane has negligible longitudinal elasticity and hence modeling it as an infinite

array of springs, taking the form:

mowg + kow = Fp,
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is appropriate. So each portion of the basilar membrane has a unique frequency response to
an input at the oval window. In all these equations m;, k; (which depend on x) and F; are the
mass densities of the corresponding springs, stiffness per unit length of the springs and forcing
respectively. Now, to derive the equations of motion for the system, we first identify its kinetic
and potential energies. The energy £(¢) is the sum of the kinetic K (¢) and potential P(t)
energies where
1 5 1 (ke 5 R R
K = Q/Q(pf]VdJ\ )dS2 + 2 ), mow;dxr + 2 ), min;dy + 2 ), ma&; dy

and

1 [he 1 i 1 (b
P= / kow?dzx + / kin?dy + / ko&3dy.
2 0 2 0 2 0

So the energy can be expressed in the form

1 2 1 [he 2 2 1 2 2
Et) = 5 (pr|VY]7) + 5 (mow; + kow*)dzx + 3 (mang + kin®)dy
Q 0 0
1k 2 2
T3 (ma& + k2&7)dy,
0
where kg, k1, ko are constants. The work term is given by
Lp Ly Lo
W(t) = Fowdz + / Findy + Fyédy.
0 0 0

The equations of motion can be obtained from Hamilton’s principle. That is, the first variation,
with respect to a class of admissible variations, of the lagrangian

L= [](K+W-P)dt

is set to zero. Here W denotes the work done by the applied forces on the oval window, round
window and the basilar membrane. The class of variations {w,xﬂ,ﬁ,g} we consider includes
those that satisfy (2.6), (2.7) and vanish near t =0 and t =T

The Lagrangian is

T 1 [he

c = / “ / pr U+ / (mow? — kow?)da
o 2Ja 2 Jo
1 [k

1 Lo Lp
+2/ (mim® — kin®)dy + 2/ (ma&? — kot?)dy +/ Fowdzx
0 0 0

L1 Lo
+/ Findy + Fyédytdt,
0 0
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where F; and Fy are scalar forces acting on I'y and I's respectively, whereas Fy is a distributed
force acting on the beam.

To obtain the equation of motion we set the first variation to zero i.e

lim %(ﬁ(w + e, + eh,n + €, & + €€) — L(w, P, n,€)) = 0.

e—0
This becomes
T . Lp
0 = / { / (pfVV)dQ + / (mowydy — kowd)da
0 Q 0

L1 Ly N ~
3/<m%m—MMMy5/<m@&—m&My
0 0

Lgp Ly Lo N
+ /0 (Fo)da + /O (Fii)dy + /O (Faf)dy}t,

By application of Green’s formula, we have

o = [tf —orisot [ opiiss [ (ouiitet [ roban

I'p

R Lp
+/ (prppn)dy + / (mowpy — koww + Fyw)dx
Ty 0

Lq Lo ~ ~ ~
+ / (mumeie — kunii + Fii)dy + / (msiés — katé + Bf)dy}t.
0 0

Since Ay = 0, the above equation reduces to

T
0 = [ —prwins [ ppviit [ ppvin+ [ oyt
o Jrg r; Iy Iy

Lp Ly
+/ u?(—mowtt — ]{?()w + F())dx + / ﬁ(—mmtt - kln + Fl)dy
0 0

Ly
+ E(—ma&e — ko& + F2)dy}dt.
0

Integration by parts then gives

0 - /OT{/Fgwpf¢tdm_/F

. Lp
[ éppundy + / i(—mowy: — kow + Fo)da
Ty 0

s — /F Apsindy
1

B

L1 L2 N
+ / A= — ki + F)dy + | E(—matu — kot + Fa)dydt.
0 0
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Now factor out w, 7 and é so that
T
0 = [ ([ a(-mouu— ko~ [ppidr, + Fo)io
o Jrg

Ly
+ / H(=man — kin + Fippide)dy
0

Ly
+ ; E(—mabu — kol + Fopripy)dy tdt.

Using the relationship between & and 7 on one hand and é and 7 on the other, we have
T
0 = [ dt-mown ~ kow = (o, + Fo
0o Jrj

Ly
+ "7[/ (=mamy — ki + F1 — ppapr)dy
0

Lo L2 L2 L L
1 1 1 1
—— — —<kon — —F: —0+Wy)dy| M dt.
+ /0 ( L%mmt 2 2= 2+L2Pf ¢)dyl}

This then reduces to
T
0 = / {/+ W(—mowy — kow — [pse]ry + Fo)
0 I

Ly
+ Al=Liming — Likin + L1 Fy — / (ppbe)dy
0

L2 L2 L Lo
+ _f;mQth = f;kzﬁ —L1Fy + f; / pedyl}dt.
0

Hence

T
0 = /0 {/FE W(—mowy — kow — [Pfl/’th“g + Fp)

2

) L L2
+ Al(=Limy — f;mZ)ntt + (=Liky — f;kz)ﬁ + Li(Fy — F)

1

Lo Ly
+ Ly /0 (pridy — 1 /0 (ppe)dy)] .

So in strong form we have

mowyt + kow + [pridilr, = Fo (2.8)

( Avgr, (pyir) — Aver, (ppir)) + Mg + kin = By
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with 1 satisfying

AY=0in Q
P, =0 on Iy
¢n:7py:_wt OHFE

Yo = thy = w; on T'g
¢n:_¢x:nt on I'y

n = =ty = —FLn; on Ty

and where

losilrs = priile- — pridilpy
mi = (m1 + %m2)
ky = (k1 + £1ks)

B =(F — F)

Avep, (o) — Aver, (o) = 2 [ (orv)dy — 15 Ji (psin)dy. )

Initial conditions are of the form

(’UJ, W, 1, 77t)|t:0 = (w07 wlv 770’ 771)'

The natural energy space E for the system is

E = (w,ws,n,ns,7p) € L*(I'g) x L*(T'g) x R(I'1) x R(I'1) x HY(Q).

(2.9)

(2.10)

(2.11)

(2.12)

Remark 2. Actually, I'p is flexible and its position is determined by the solution of (2.8)-(2.9)

and (2.11). Hence the system (2.8)—(2.9) and (2.11) is a free boundary problem. On the other

hand, motions are typically on the nano-scale, well within the linear range. Consequently,

here, as is typical in cochlea models, in (2.9), I'p will be assumed to be fixed in its equilibrium

position.
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2.3 Analysis of the fluid part of the model

Here we begin the analysis of model (2.9). Split (2.9) in the form :

Ay =10in
Yp=0o0onT'gUI'y Ul
(2.13)
%:—%:—QODFE
%Z—%:gonfé
and
Ay =0in
Y, =00onToUTLUT,
0mBEE (2.14)

Yp = =9, = fonly

Y = =Py = _%f on I'y

Since I' (here ' =Ty UT'y UT'2 UT'p ) is Lipschitz we may consider variational solutions.

Define
a(6, ) = /Q VoVipdo (2.15)
and
(u,v)r :/Fuvdf. (2.16)
Let 7 : HY(Q) — H%(I’) denote the trace operator 7¢p = ¢|p. Multiply the first equation of

(2.13) by ¢ and apply Green’s formula to it, so that
0= / PAY = —/ VoVpd) + / ¢a—¢df Vo € HY(Q).
Q Q r on
This reduces to
N
VoVipdQ = | ¢p——dTl. (2.17)
0 T 8’0

By using the notation defined above, we have

a(¢,v) = (9, 7¢)r, (2.18)
where
0 onI'suUI'y UTy
g=4q —g onT} . (2.19)

g on I'p
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Now define

H(U)={ve HU): /UvdU =0}, (2.20)

where s € [0,1] and U = either Q or I'. The dual of H*(U) with respect to HO(U) (which is
identified to (H(U))') is H—*(U). We claim that a is sesquilinear, conjugate symmetric and

continuous on H'(Q) x H(Q). To see this

CL((I), aV¥i + 02\1’2) = / V@V(Clqll + CQ\I’)dQ, (Cl, Cco € C)
Q

_ /qwmw+@wmwm
Q

= ca(®, V) +ca(P, V), (thus a is sequilinear).
It is clear that a is conjugate symmetric. Finally,

a(®, W) = y/vwwm
Q

IN

V@2 [IV¥] 22y,  (by Schwarz inequality)
< @l g @ 1Y 710,
1
where [|2]|10) = (Jo([VO? + [[@]*)d0)2.
Thus a is continuous. Furthermore, a is coercive on H' () i.e for some § > 0

a(u,u) >4 || u ||§{1(Q) vV oue H(Q). (2.21)

We note that H 1(Q) is densely and compactly embedded in H 9(Q). So by Lax- Milgram
theorem 3 a unique solution ¢ to the problem

¢ € H'(Q)

a(é,v) = 1(v) Yy € H'(Q)

(2.22)

where [ is a given element of fI—I(Q). By the trace theorem, if § € L?(T") the form Loy =
(g, 7¢Y)r defines an element of ﬁfl(Q),

So given any element § € H 7%(1“) there is a unique solution ¢ € H'(Q) to the problem

a(¢,v) = (g, 7)r Vv € H(Q).
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Let G denote the solution operator to (2.22) i.e ¢ = Gg if and only if

¢ € H'(Q)
a(¢,¥) = (g, 7)r Vip € H(Q)

G: ﬁ_%(l“) — H'(Q) is continuous. Now define Agg = 7G§. Ag is the Neumann to Dirichlet

map. By continuity of G and 7

() — g (I") continuously.

D=

ANo: H™

Note that

[N

< Aog, f >=a(G§,Gf) =< g,Aof > Vf,ge H 2(T).

So Ay is self-adjoint. Necas (40) showed that 7G' remains continuous from HO(I") to H'(T'). It
therefore follows that Ag remains continuous as a mapping from H(I') — H(T) i.e
1Mogll gy < C | G llz2qry Vg € HOT) .
Now define
Ag = Aog |r- —Aog |+ -

Proposition 1. The operator A : L?(0, Lg) — H'(0, Lg) is continuous and satisfies for some

C>0
1 AG 10,0 C Il G llL200,L5) -

Furthermore, A is a positive and self-adjoint operator on L?*(0,Lg).

Proof:

| Ag |z, = |l Aog |r§ —Aog |p;§||§|| Aog 0,0 + Il Aog [l (0,L5)

IN

C g lla L)

since Ag is continuous.
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If f’g € LQ(Oa LB)7

(Aof)gdl + / (Aof)gdl

- +
B 1—‘B

<Ag> = [ (of o, ~AoF [pyodt = |
r r
= / gAo fdl, since Ay is self-adjoint,

r

/ GAofdl = / fAogdl
T r
e fA()gdl-i-/ —fAogdl
1—\+

I'p B
= /Ff(Aofl |F§ —A0§ |r§)dl
= < f,Ag>.

So A is self-adjoint. To show that A is positive, we use the fact that a satisfies (2.21). So

Lp _ ~ - .
/0 (A)F = a(GF.GF) 2 8|GFI2(Q) > 0, Vf e L0, L), f £0.  (2.23)

This implies that A is positive. This completes the proof.

Next consider

AYy = 0on{
v, = nonl,
where
0 on UL UTR
n= n on I'y )
—%n on I'y

1 being a constant.
Define Hn = L1(Avgr, Ao) — Avgp, Ao7).

Here, Avgp Ajj = [i7 Agipdl i =1,2.



Proposition 2. The operator H :

Proof:
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R — H'(0, L) is self-adjoint and positive.

< Ll(Avgpleﬁ - AngQAgﬁ),v >
1

. 1 5
Ll((fl g Aon)v — (fg g Ao7)v)
1 2

1 1
Li(— Ao — — Aony
1(L1 /1“1U |F1 o7 L, FQU |F2 07)

1 1
Li(— [ #hoii— — [ —Z25Ao7
1<L1 /Flv 07 o Jr, le 0f)

1 1
L~ [ hgii+ — [ i
1<L1 /Flv 077+L1 FQU 07)

1 - -
L ([ onon+ [ o)
1Jry Iy
/ 0Ao7,  since Ag is self-adjoint (2.24)
r

<1, L1( Avgp, Aot — Avgpr, Agv) >

<n,Hv>

where © is defined in the same way as 7. Thus H is self-adjoint. Positivity of H follows from

positivity of Ag and (2.24). This completes the proof.

Next, let S be defined as:

where

Y

Sﬁ = (AOB ’F;a _AOB ’FE)'

0 on UL UTR
15} on I'
—% on I'y

and 3 is a constant. Further, define

Ta= Ll( AvgrlAgd‘rl - AngQAod‘FQ),
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o€ LQ(FE UT'5) and & is defined the same way as § was.

Proposition 3. S=T*
Proof:

<a,S> = OZ(AOﬂ~ ’r}; _AOB ’Fg)dr

&(8aB) Ir — [ ~6(80B) I

o

G(00B) Ir + [ 6008 I

B

W

Ao

(o))

@

I
S S S S 5—

BAod, since Ag is self-adjoint
Now consider

<Ta,f> = Ly Avgr Ao — Avgr, Aot) 8

Lo~
= Aa—— ——=0BAg
L1 Flﬁ 0 Llﬂ 0(v)

= 3A004+f 5/\054)

Hence < «, S >=< Ta, 8 > and therefore S = T™. This completes the proof.
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With these operators at our disposal, we can rewrite the system of differential equations
(2.8)-(2.9) as:
(mo + ppN)wy + ppSne + kow = Fy  on (0,Lg) x RT (2.25)
(M1 + prH)ne + prTwy + kin=F onRxR"

Given initial data
’LU(%',O) = w()’ wt(ZU, O) = ’LUl, 77(0) = 7707 77t(0) = 7717 (226)

the model is complete as an initial value problem.

2.4 A cochlear model with longitudinal membrane elasticity

In this section we discuss the derivation of the cochlear model that has longitudinal mem-
brane elasticity. The basilar membrane should have some longitudinal membrane elasticity (
though small) since some of its portion has connected membrane. The inclusion of this term
has also been considered by other researchers e.g Jack Xin, (43), included the term for reasons
of numerical stability for his model.

The derivation is similar to the first model except that here the potential energy and work

term have extra terms i.e the energy term

1 [be
= B(z)wide.
2Jo

Here ((z) describes the elasticity of the basilar membrane. So potential energy takes the form
1 Lp Ly Lo
P(t) = o / (kow? + B(x)w?)dx + / k1 dy + / ko€2dy}.
0 0 0
Two boundary conditions are needed. It is natural to assume that w(0,t¢) = 0 at the base

and at the helicotrema end we assume an imposition of a transverse control f(¢). Hence the

additional work term is
w(Lp,t)f ().
Therefore, the Lagrangian in this case is

r 1 2 1 Ls 2 2 2
L= [ {5 [ polV¥]"+ (mowj — B(x)wy — kow”)dz + f(t) +
o 2Jo 2 Jo
I

1 [he
2/0 (mani — kin?)dy + 2/0 (mak? — ko&?)dy}dt.
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The class of variations {w, \if,ﬁ,é} we consider are those that vanish at ¢ = 0 and T" = 0.
Furthermore, @ € H'(0, Lg) such that w(0) = 0.

By running through the same procedure as for the first model, we end up with the system

mowy — (B(2)wz)z + kow + [p¥4)r, = 0 on TpxRT (2.27)
g + kin + Avgr, (p;) — Avgr, (p¥;) = 0 on ([} UTy) x RF (2.28)
AV = 0 inQxRT (2.29)

0 onTgx RT

—w;  onTHxRF
o~ Y aTpxRT . (230

Nt onI'y x RT

\ *%m onTy xRt

with the boundary conditions

wy(Lp,0) = f, w(0,t) =0, (2.31)

where f is a control input at the right end. In the equations (2.27)—(2.28)
Avgr, p¥y = L% fOLi pVdy i=1,2;
m1 = Li(m; + %WQ), ky = Ly(ky + %kz)

The initial conditions are of the form
(wvwbnvnt)‘tzo = (U)O?wl’no’nl)' (232)
On introducing the operators defined in section (2.3), the above system becomes

(mo + pA)wi + pStye — (B(x)wy)e +kow =0 onTp x RF (2.33)

(M1 + pH)nw + pTwy + l;:m =0, on (I';UTl)xR"

with boundary conditions (2.31) and initial conditions (2.32).
Thus the system (2.33) with boundary conditions (2.31) and initial conditions (2.32) describes

the dynamics of a cochlear model with longitudinal elasticity.
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CHAPTER 3. Existence and Uniqueness of solutions of the cochlear

models

3.1 Existence and uniqueness of solutions to the cochlear model without

longitudinal elasticity

In this section, we will discuss the existence and uniqueness of solutions of (2.8)—(2.9)and

(2.11). The matrix form of system (2.25) together with initial conditions (2.26) takes the form

mo 0 Wit A S Wit ko 0 w Fo
+pf + - = . (3.1)
0 my Nt T H Nt 0 Kk n Fy

with initial conditions

and where
A S

T H

is compact and self-adjoint on L?(0, L) x R. This form is more convenient when studying
the well-posedness of (2.8)—(2.9)and (2.11).
We will consider three approaches.

3.1.1 The fixed point approach

By writing



24

A S
R= (3.4)
T H
ko O
K= B (3.5)
0 Kk
and
— w _ F()
V= PP F= -
n Fy
equation (3.1)—(3.2) take the form
(M +pR)YVy+ KV =F with V(0)=V° V;0) =V, (3.6)
Theorem 1. : Let a_
. k
Vkg sin m—%t
o | e °
e 0 ] qT R
0 \/Hsm2 m—llt

my
where mo(z) > 6 > 0. Also let Xoo = L®[(0,7);X], where X = L?(0,Lg) x R and M be
as defined by (3.3), R as defined by (3.4). Then for p <

1
the system
TR0 (TR 110y Y

(2.8)-(2.9) has a unique solution in the class C([0,7];X). Furthermore, the solution can be

computed by fixzed point iteration.
Proof: Split the solution V so that V = U + W and consider the two equations

(M +pR)Uy+ KU = F with U(0)=0, U0)=0 (3.7)

(M 4+ pR)Wy +KW = 0 with W)=V W, 0)=V! (3.8)
We first look at (3.7) in the form
MUy + KU =F — pRUy;,  with U(0) =0, U(0) = 0. (3.9)
Define Gy as a solution operator i .e Gog = (M Dy + KI)™! so that GooF' = y means that

My, + Ky=F with 75(0)=0, %,(0)=0.
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Take the initial guess as Uy = 0. Then

Ul = Goo(F - pRUw) = GooF

Us = Goo(F — pRU1s)

Ukt1 = Goo(F — pRU k).
This defines a fixed point iteration, with fixed point equation,
U= GOO(F - pRUtt)~
So we can write this as
U=TU; where TiU = Goo(F — pRU). (3.10)

Define

Xo = L®[(0,7); X], where X = L*(0,Lp) x R.

Now let T} : Xoo — Xoo ( We show in (3.14) that GooD? is bounded on its domain in X, hence

T extends as a bounded operator to all of X) and consider

12U —ThV|| = ||GooF — pGooRUy — GooF + pGoo RVt ||x ..

[0GooRVie — pGooRUw [ x .

= pl[RGoo(Vit — Unt) | X e - (3.11)
Let Z=U -V and Z(0) = Z;(0) = 0 then GopZy = Y means
MYy + KY = Zy  with Y(0) =0,Y:(0) = 0.
Take the Laplace transform so that

Ms?Y + KY = 522,
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where Y and Z are the Laplace transforms of Y and Z respectively. Solving for Y gives

Y = (Ms*+ K) 5’2

= Ms*+K)" YIS+ KM ' —KMYZ

= [(4+ KM YM| ' I+ KM ' — KM YZ
= MY P+EM Y s+ KM ' —KMYZ
= M 'U—(S’+KM Y KM Yz

= MM Y L+KEM Y ITKMYHYZ
In matrix form this becomes

mg' 0 mg' 0 % + komg ! 0 komg !
0 myt 0 myt 0 52 + kymy ! 0

This then simplifies to

-1
~ mo 0 5 0 N
Yy — - mos®+ko )
~ —1 k1my
0 my 0 mis24+ky

By taking the inverse Laplace transform we have

Y=M1'2Z-Q«xZ

where
= mgl 0
~—1
0 m
and
Vkosin =0t
3/2 0
Q g 0 q
Vk1 sin —11t
1

From (3.13), we have that

1Y %0 < 1M1 Z1x00 + 1QU 210,75 1 Z ]| X -
From equation (3.11), we have that

ITU = TaV (| < lIRIAM ™+ 1@ 21 0.mx) Z 1 X -

(3.12)

kim;

(3.13)

(3.14)

(3.15)
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So Ty will be a contraction mapping if

1
| Rl %o (1M ]+ QU Lr(0,7)53%)

p <
|
Now consider the non-homogenous part
MWy + KW = —pRW y; W)=V W0)=Vv%.
Let H be the solution of
MZy+KZ =0, Z0)=V" Z,0)=V"
So, if we let W = 0 to be the initial guess for the solution of (3.17), then

W1 = H+ Goo(—pRWoy)

Wy = H+ Goo(—pRWiy)

Wis1 = H+ Goo(—pRW i),
this defines a fixed point iteration with fixed point equation
W =H+ GOO(—pRth).

Define

TQW =H — pGoo(Rth).

Then

|ToW — ToU|x,, = pllGooR(Wu — Uy)llxo = pIIRG00Z1t|X o -

where Z = W — U. Recall that GooZy = V implies that
MV + KV =Zy; V(0)=V,(0)=0.

Taking the Laplace transform on both sides gives

Ms*V + KV =s*Z —s2° — 7,

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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but note that Z(0) = Z;(0) = 0 since U, W satisfy (3.23) and H satisfies (3.18).Thus, we have
Ms*V + KV = s*Z. (3.25)

So by repeating the same arguments as before we have that 75 is a contraction mapping if

1
p= — .
1Rl x o (1M =M+ Q1 0,7:%))

Combining the two cases, we find that ||T(U — V)|x., = (71 + T2)(U = V)|x.. < pllU —

(3.26)

1
TR0 (T HTRT 10,7y )

To show uniqueness, we assume U; and Us satisfy (3.20), then

D=

Vixe, 0<p<1 andwhere p<

(U1 = U2)|xee = 1T(U1 = U2)[Ixc <pl(U1 = U2)|lxe, 0<p <1,

which only holds if Uy — Uy =01i.e U; = Us.

Remark 3. The fixed point solution is actually in C([0,7];X). This will follow from the

semigroup approach in Section (3.1.3).

Remark 4. If my(x), ko(z), initial data are continuous and p is sufficiently small, then by the
same argument, we obtain a fixed point with X = C[0, L] x R. Thus, under these conditions

we know that the solutions are spatially continuous.

3.1.2 Spectral theory approach

Consider the differential equation
(M +pR)\Vy+ KV =F;, V(0)=V° V(0 =Vv%.
We can rewrite this as:
MV + pRVy + KV =F; V(0)=V° V,(0)=V%. (3.27)
Let us define the sesquilinear forms

L X
CL(U, U) = / kou101dx + kiugDs,
0
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and

Lp
b(u, U) = / (moulf)l + p(Aul)f)l + SUQﬁl)dx + miug®s + Tuivs + Hugvs.
0

Then a and b are conjugate-symmetric and continuous on (L?(0,1) x R)? (= X?). Further-
more since R is nonnegative,

bu, ) > fulk-

By the Lax-Milgram theorem there exists an isomorphism B : X — X and a continuous

mapping A : X — X’ ( note that X = X') such that
b(V,V) = (BV,V)xxx, YV,Ve€X.

a(V,V) = (AV,V)xxx, YV,VeX

We can write (3.27) in the operational form as

e
BV + AV =TF. (3.28)

We claim that B~!A is self-adjoint relative to b(.,.) for we have that

b(B~'Au,v) = (BB lAu,v)
= (Au,v)
= (u,Av), since A is conjugate-symmetric we have
= (BB lu, Av)
= b(B'u, Av), since B is conjugate symmetric so is its inverse, so

= b(u, B~ Av)

Let A= B7!A.

The principal assertion of the spectral theorem is that every bounded normal operator A on a
Hilbert space induces ( in a canonical way) a resolution E of the identity on the Borel subsets
of its spectrum o(A) and that A can be reconstructed from E.

Now split equation (3.28), into

(i) Vu+AV =0, V(0)=V, V4{(0)=0



(i)) Vu+AV =0, V(0)=0, V(0)=V

(i) Vu+ AV =F; V(0)=0

=
=
I
o
=
=
D
3
B!
I
b
~

Let us first consider (i) :

Viu+ AV =0, (3.29)

with initial conditions V(0) =V, V(0) = 0.

This system, formally, has a solution of the form V = (cos Alt)VO, whereA = A? (note that
since A is nonnegative, there is a unique nonnegative operator A; such that A= A%) Let £

be the resolution of the identity for A then by the spectral theorem,
cos At :/ cos VALE(dN), (3.30)
o(4)

therefore

— VOZ

V = (cos Ait) E(d))(cos VATV

a(4)
Now, we verify that, V, defined this way satisfies (3.29). We first check the identity for V7,
and then that for AV.

Vi = —/ ~ E(d\)X(cos \F/\t)vo,
o(A)

due to the boundedness of the spectrum of A, differentiation with respect to time is continuous
and hence we can put the derivative thorough the integral sign. On the other hand , AV is
given by the spectral theorem as:
AV = [ E(d\)M(cos VAT,
o(4)
Then since fa(A) Ed) = I, equation (3.29) holds.

Next consider (ii), which has the formal solution V' = A (sin Alt)vl.

VvV = isin V!
V = U(A)E(d)\) ﬁ< VAV
Ve = — / (A)E(d)\)ﬁ(sin\[\t)Vl (3.31)
AV = E(d\)VX(sin VAT (3.32)

o(A)
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By adding equations (3.31) and (3.32) system (éi) holds.
Finally consider (ii).

Take the Laplace transform on both sides of (iii) so that
sV + AV = F(s)
and hence
V = (2T + A)~'F(s).
Take inverse Laplace’s transform to get

V =Fx (A sin Art),

which can be expressed as

— F
V:/ E(d\)——=  (sin V'\t).
o (dA) 7 ( )
Vit and AV will take the form,
Ve = — /  B(ANVAF = sin vt (3.33)
o(A)
. 1 _
AV = / BE(dA\A—=F * (sin VMt
i (dA)A] 7 ( )]
- /  E(d\VAF xsin VAY). (3.34)
o(A)
So on adding (3.33) and (3.34), (#i7) is satisfied. Therefore solution of (3.27) can be expressed
as
_ _ 1 _ _
Vit)= |  E(d\)[cos(vat)V’ + ﬁsm(ﬁt)vl £ VF # sin(VAD). (3.35)
o(A)

Remark 5. Equation (3.35) shows that V is differentiable in time to the extent that F is.

3.1.3 The Semigroup theory approach

First, we review basic definitions of semigroup theory. An elaborate treatment of this

branch of mathematics can be found, among others, in (37).
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3.1.3.1 Preliminaries

Let E be a Banach space and let £(E) be the set of all linear bounded operators from E

to E, endowed with the operator norm ||.|[(g), defined by

Ul ey = sup |[Uz|
l2][<1

for each U € L(F), L(F) is a Banach space.

Definition 1. A family, {7 (¢);¢ > 0} in £(F) is a semigroup of linear operators on E, or

simply semigroup if:
1. T(0)=1
2. T(t+s)=T(t)T(s) for each t,s > 0.
If in addition, it satisfies the continuity condition at t=0,

lim 7 (t) =1
i T(t) =1,

in the norm topology of L(F), the semigroup is called uniformly continuous.
Remark 6. We say that the semigroup is strongly continuous, or a Cy semigroup, if and only
if
t—T(t)x
is continuous for all z € F and t € [0, 00). Here, [0, 00) has the usual topology and E has the

norm topology.

Definition 2. The infinitesimal generator, or generator of a semigroup of linear operators

{T (t);t > 0} is the operator A : D(A) C E — FE defined by

B o Tt —x
D(A) = {:UGE.EII;E}#,}
and
Ay — Ly L)~
t10 t

Equivalently, we say that A generates {7 (¢);t > 0}.
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Remark 7. If A: D(A) C E — E is the infinitesimal generator of a semigroup of linear

operators then D(A) is a vector subspace of F and A is a possibly unbounded linear operator.

Remark 8. If {7 (¢);¢t > 0} is a uniformly continuous semigroup of linear operators then, for

each ¢ > 0, 7(t) is invertible.

Definition 3. A family of operators {G(t);t € R} in L(E) is called a group of linear operators
on E if G(t+s) = G(t)G(s) for each t, s € R. If in addition lim; |y G(t) = I in the norm topology

of L(E), the group is called uniformly continuous.

Remark 9. If {7(¢);t > 0} is a uniformly continuous semigroup of linear operators then it

can be extended to a uniformly continuous group of linear operators.

Remark 10. If {7 (¢);t > 0} is a uniformly continuous semigroup of linear operators then the

mapping t — 7 (t) is continuous from [0, c0) to L(E) endowed with operator norm. [

3.1.3.2 Semigroup formulation

The first order form of (3.6) can be written as

Bvy = Av + CF, (3.36)
where
\% I 0 0 I 0
v = , B= , A= , C=
Vi 0 B -A 0 I
and
Fy
F = R
Iy

Define the sesquilinear form e on (Lo(I'g) x R)? by

u1l U1

Uz V2 (51 U1 us U3
€ ’ =a ’ + b ’

us U3 u2 V2 Uyq V4

Uy V4
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B! A, denoted by A, is skew-adjoint with respect to e since

I 0 0 I Uy U2
< ) >e
0 B! -A 0 U1 Vo
v us .
=< , >.= a(vy,uz) + b(—B™ " (Auy), v2)
B (Aul) V2

= (A’Ul,’ILQ) + (—Aul,’l)z).

Let us now calculate

U I 0 0 1 U2
- < 3 >e
V1 B — 0 V2
V2
>e
B_I(AUQ)
= —a((u1,v2) + b(vi, =B~ (Auy)))

= —((Auy,v2) + (Buy, — B (Aug)))
= —((Auy,v2) + (v1, —Aug))

= —((Auy,v2) + (—Avy, up)).

Therefore A is skew-adjoint. Hence by Stone’s theorem (Pazy (37)), A is an infinitesimal
generator of a Cy group, {eAt}teR of unitary operators. Since A is bounded, the semigroup is

uniformly continuous.

Theorem 2. A is an infinitesimal generator of a uniformly continuous group of unitary op-
erators on X% = (La(T'p) x R)2. Given the control F € Ls(0,7; X), V9, V! € X the solution

V' of initial value problem
(M + pR)Vy + KV =F with V(0)=V" V4(0)=V",

satisfies

Ve ([0, 7]; X).

Furthermore if F € C*(R;X) then V € CF2(R;X). O
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Since A is bounded, the following are immediate.
Corollary 1. (i) Solutions of homogeneous problem are C*°(R; X).
(i) If F € C*([0,7];X) then V € C*+2([0, 1]; X).
Remark 11. The solution of (2.8)-(2.9) ( in form (3.36)), can be represented as

- t - 0
o(t) = exp (At)o(0) + / exp A(t — 5) ds, (3.37)
0 B71F(s)

where

- cos At Al_1 sin A1t
exp(At) =
—Ajsin Aqt cos At

Corollary 2. The mapping t — exp At is differentiable in norm and

%(exp(flt)) = Aexp(At).

3.2 Existence and uniqueness results to the cochlear model with

longitudinal elasticity

In this section we study existence and uniqueness of solutions to the cochlea model with
longitudinally elastic basilar membrane. Recall the equations governing this system are given

by

(mo + pA)wy + pSny — (B(x)wy)z +kow = Fy onTp x R (3.38)

(m1 + pH)nw + pTwy + iﬂm = Fl, on (I’ UTg) x R (3.39)

wy(Lp,0)=f, w(0,t)=0 (3.40)
{wtha"?a nt}|t=0 = {w07w1>n07n1}' (3'41)

Let us define
H\(Tg) = {f € H'(Tg) : £(0) =0}, (3.42)

The natural energy space Fq for the system is

By = {(w,n,ws,m;, W)} € HY(T'g) x R x L*(I'p) x R x HY(Q). (3.43)
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3.2.1 Semigroup approach

We first consider the homogenous problem:

(mo + pA)wy + pSny — (B(x)wz)z +kow = 0 onTpx RT (3.44)

(m1 + pH)nu + pTwy + 1%117 = 0, on (I'iuUly) xR" (3.45)
with homogenous boundary conditions:
w(0) =0, wy(Lp)=0 (3.46)

and initial conditions (3.41). Define the sesquilinear forms

ul V1 Lp
b , = / (mou101 + p(Aup )01+ p(Sug) 01 )dz+myuge+ pTui 2+ pHug s
u9 V2 0
(3.47)
and
uy v1 Ly . . .
a , = / (B(x)u1, 01, + koui01)dx + kiuavs. (3.48)
u9 V2 0
In the variational formulation of (3.44)—(3.46), together with (3.41), we seek a function
w
V= € C([0,00); Vx) N CH([0, 00); X) satisfying
n
d N N N
ZHA V) +a(V.V) =0 WV e, (3.49)

f h

where V, = { € H'0,Lp) xR : fo(Lp) =0t and X = {| | € L2(0,L5) x R}.
g ha

Equation (3.49) holds in the sense of distributions on [0, 00). Since mg,m1,p,S,T, H, A are

positive and that A,T,S,H are continuous and self-adjoint ( see Propositions (1)—(3), the

form b is conjugate-symmetric and continuous on X x X and that

b(v,v) > |lul%, (3.50)

Ul
where v = . Similarly, a is symmetric and continuous on V, x V, and that

uz

a@) 2 oLy ¥ veVe (351)
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Now we make the identification X = X', so that we have the dense and continuous embeddings
V.cX V.. (3.52)

By the Lax-Milgram Theorem there exist an isomorphism B : X — X and a continuous

mapping A : V, — V', such that

WV, V) = (BV,V), V V,.VeX

aV,V) = <AV,V>, VY V,VeV,.

We rewrite (3.50) in an operational form as

%th +AV =0 inV,. (3.53)

The first order form of (3.53) can be rewritten

BV, = AV, (3.54)
where
|4 I 0 0 I
Vi 0 B —-A 0
N1 ) .
We set D(A) = { € (H*(0,Lp)H.(0,Lp) xR): f1,(Lp) = 0}. Now define
91
D(A) = D(A) x V, (3.55)

and note that A : D(A) — V, x X is continuous and B : V, x X — V, x X is an isomorphism.
Hence, B~'A : D(A) — V, x X is continuous. In particular, B~'A is densely defined as an

operator on V, x X. Define the sesquilinear form e on V, x X by

(51 V1
u2 V2 u1l U1 u3 U3

e , =a , +b ) . (3.56)
us V3 u9 V9 U4 V4

Ug Vg
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then for all

e

Ui
U2
B tA "
U4
uy
u9 7
us
Uyg
u1
Uz
B tA "
Uyq
=a

u1

U2

U3

V4
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Uz

Ug

u3

Ug

D(A), we have
S

U1

V2

v3

V4

U1

V2

u3

Ug

U3

V4

ug
Uy
B7'A
—1
b| -B A
+
A
V1 _
V2
U1 .
V2
us
—a y

us3

B 'A

Ui

u2

ul

Uz

u1

U2

ul

Uz

U1

V2

uy

Uz

1

V2

U3

Vg

U3

V4

U3

Vg

U3

Vg

have
ic, we
etric,

t a is symm

tha

fact

e

using th

Uy

U2

U1

V2

us

Uyq
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On back tracking,

U3 3} U1 us

=—(a , +b|-B1] A , )
(o U V2 Uy
u3 U1
Uy ()
= —€ s
ui V3
-B71A
U2 V4
U U3
U9 (%!
= —€ 5
us U1
-B7llA
Uy V2
(/5] V1
U2 _ V2
=—¢ ,B7tA
u3 U3
Uy V4

By denoting B~'A by A;, the above calculations show that A; is skew-symmetric with respect
toe(.,.) and D(A;) = D(A7). Therefore by Stone’s theorem, A; is the infinitesimal generator of
a strongly continuous group of unitary operators with respect to the energy inner product e(., .)

on the finite energy space V, x X. We can summarize the above in the following proposition.

Proposition 4. A is the infinitesimal generator of a strongly continuous group {7 }icr on
V. x X. Hence, given the initial conditions (wo,no,w1,m1) € HY(T'g) x R x L?*(Tg) x R =
Vi x X, the system (3.44)-(5.46), together with initial conditions (3.41)have a unique solution
V = {w,n} with

V € C(]0,00); Vi N C(]0, 00); X).

Furthermore, for each t > 0,

a(V(), V(8)) + b(Vi(t), Vi(t)) = a(V(0), V(0)) + b(V:(0), V:(0)).  OJ
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3.2.2 Weak Solutions

Let the dual space of V, x X, relative to b(.,.), be denoted by X x V. Since A; : V., — X
is bijective, when V, is provided with the graph norm ||{u,v}| = | Ai{u,v}|, A1 becomes
an isomorphism also. We can consider an extension of 4;, denoted by A, from X to

(D(AT)) = (D(A1)) =V, as follows:

n U1 Y1 U1 U1
. Y2 V2 Y2 A V2 V2
Ay , = , — A1 , v €V, xX. (3.57)
Y3 VU3 Y3 VU3 VU3
Ya V4 Ya V4 V4
€ €

The dual (D(A1)) of D(A;) is X x R x H }(T'p), where R x H~! is the dual space to
H?(T'g) N HY(T'g) x R relative to b(.,.). The extended operator can be shown to be the
generator of a strongly continuous semigroup of unitary operators isomorphic to the original

one. Hence we can replace A, by A with impunity.

Corollary 3. The semigroup defined in Proposition 4 extends continuously to a strongly con-
tinuous, unitary group on the space V.. Therefore, given the initial data {y°,v°, y', vt} € V.,

there is uniquely defined solution to (3.44)—(3.46) and initial conditions (3.41) which satisfies
{y,0} € C((=00,00); X) N C*((—00,00); V).

In chapter 5 we study controllability of cochlear model with longitudinal elasticity but with

no coupling with the oval window. So, the system that we will consider reduces to
(mo + pANw — (B(z)wz)z + kow =0 onI'p x R, (3.58)

with boundary conditions

w(0,t) =0, w(Lp,t)=f (3.59)

and initial conditions

w(z,0) = w’,  w(z,0) = w (3.60)
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Here, the semigroup treatment is similar to the one above. However, the relevant space in this
case is H (0, L) x L*(0, Lp). It turns out that there is a strongly continuous group {77 (¢) }ser

on H}(0,Lg) x L?(0,Lg) so that the following results hold:

Proposition 5. Given the initial conditions w°,w' € H}(I'p) x L?(0, Lp), equation (3.58)

with homogeneous boundary conditions has a unique solution
w € C([0,00); HY(T')) N C([0, 00); L*(T'p).

Proposition 6. Given the initial data {w®,w'} € H=1(0,Lg) x L?(0, Lg), there is uniquely
defined solution, to equation (3.58) with homogeneous boundary conditions and initial condi-

tions (3.59), which satisfies

w € C((—00, 00); Lz(O,LB)) N Cl((—oo, o0); H71(0, Lg)). (3.61)
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CHAPTER 4. Controllability of Cochlear Model without longitudinal

elasticity

In this chapter we study the controllability of the cochlear model without longitudinal
elasticity. We will first review the preliminaries approximate controllability. Two cases will
be studied: a case where a control acts on the whole basilar membrane and one where control

acts on a small portion.

4.1 Preliminaries on approximate controllability

We highlight a few definitions from controllability theory. A comprehensive theory can be

found in (42), (1) etc. Consider the system

E=AE+Bv  £0)=& (4.1)

where A is infinitesimal generator of a strongly continuous semigroup 7 (¢) on a Hilbert space
X, B is a bounded operator from a control space U to X. In equation (4.1), X is referred to

as the state space, £(t) is the state of the system and £(0) is the initial condition.
Definition 4. A mild solution in [0, 7] for equation (4.1) is defined as
t
£(t) = T()E(0) + / (T(t— )Bu(s)ds, Vi€ [0,T], and Bv € I2([0,T]: &)  (42)
0

Definition 5. The controllability map of (4.1) on [0, 7] ( for a finite 7 > 0 ) is the bounded

map H; : Ly(0,7;U) — X defined by
H.v= / T(1 — s)Bv(s)ds.
0

Remark 12. In many cases e.g boundary control, H, is unbounded. However, this can often

be controlled by considering weaker solutions and enlarging the definition of X.



43

Definition 6. The system (4.1) is approximately controllable on [0, 7] ( for a finite 7 > 0) if
for € > 0, it is possible to steer from the origin to a distance € from any element of X in a

finite time 7, say

ranH; = X. (4.3)
To show (4.3) one usually tries to show that H* is one to one i.e

B*T(t)*¢=0 on [0,7]=&=0. (4.4)

4.1.1 Approximate controllability of the cochlear model without longitudinal

elasticity

We now consider the distributed control problem

vy = Awv + By F (4.5)
v(x,0) =2°,  wv(z,0) =o' (4.6)
0 1 Fy 0
Here, A, = S and B, = , where A and B are defined

~B7'A 0 Py B!
as in (3.53)whereas F} is as in (2.10). Hence the controllability map is

T 0
H.F = / exp A« (T — s) ds. (4.7)
0 B71F(s)
By the change of variables ¢t = 7 — s we have
T 0
H.F = / exp (Ast) B dt, (4.8)
0
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where F(t) = F(r — t). We first note that

. T 0
F.2). = ([ ew@n| |z,
0 B7F(t)
= /(exp(A*t) 3 , Z)dt
0 B71F(t)
T 0
= /< . yexp (—Axt)Z)dt
0 B~YF(t)
0 T
= ) ,/ exp (—A.t)Zdt).
B71F(t) 0
0 T 21
= ) ,/ exp (—Axt) dt).
B71F(t) 0 29
. 21
- b(B F(t), | exp(—ALt) )
22
2comp
~ z1
= (F(t), exp(—Axt) )
22
2comp
(4.9)
where 72 comp” means 2nd component( i.e the velocity component). So,
21 z1
H: = | exp(—A.t) (4.10)
29 29

2comp

We now show the following result
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Theorem 3. Given {w® w'} € (L?(0,Lp))?, {n°n'} e RxR Fy € L*(0,7;X) and F| € R

then (2.8), which is equivalent to (4.5)—(4.6), is approximately controllable on [0, 7].

Proof:

We consider the system

Z,=—A.Z, tel0,1]

. : (4.11)

The solution of this system is Z = exp(—A.(t — 7))Z(7). Considered as a backward in time

problem, it becomes
= —A*Z, te [O,T]
21 . (4.12)

It’s solution is Z(t) = exp(—A.t)Z(0). Now, to show approximate controllability we need to

show that the operator H is one to one, i.e
exp(—A.t)Z(0) =0,
implies that

Z(O) = =0, = 21=20=0. (4.13)

For our case

<1
exp(—Axt) =0 on [0,7],

22
2

means the velocity component V; = 0. From the differential
(M + pR)Vy + KV =0,

we have that Vi; = 0 and therefore KV = 0. Since K is invertible, V = 0. Hence

Vi 29
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Hence the system is approximately controllable on [0, 7].
The following theorem examines approximate controllability when a small portion, w, of the

beam and I'y are controlled.

Theorem 4. Given {w’,w'} € (L?(0,Lg))?, {n°,n'} € R xR, Fy € L*0,7;x.) and
F1 € R then (2.8), which is equivalent to (4.5)—(4.6) is approximately controllable on [0, T].
Proof:
Consider the dual ”observed problem”
Zi=AZ, tel0,7]
21

Z(0) =

22

y = Zo(t) |

w

Need to show:

y=0o0n (0,7) = 2z =2 =0.
Now consider observed system in the original form:
mowy + pAwy + pSny +kow = 0 on (0,Lg) x [0,T]
min + pTwy + pHny +kin = 0 on [0,7]
wg = 0 onwx|[0,T]
n = 0 on(0,7T).
since we can freely differentiate in time, also we have wy = 0 a.e. onw x [0,7] and n =0 a.e
on [0, 7]. In particular,
pAwy +kow = 0 on w x[0,T]
pTwy +kinp = 0 on [0,T].
Differentiating these equations with respect to ¢ , we have
pAwy + kow, = 0 ae on wx|[0,T]

Twye +kimye = 0 ae on [0,7].
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Thus,

pAwy, = 0 ae on wx[0,T]

Twy, = 0 a.e on [0,7].

Recall that Af = y means

AYy=0 1in Q
¢|FE _wyrg =y onlp
f on FE (4.14)

—f on TIj

3n1/1 =

O =0 on TI'HUIDgUI,

For our case, Awy; = 0 means

A =0 inD
Uhors) ~ Yheay) =0 (4.15)

Oy =0 on w
We now consider symmetric subset, D containing w. Define ¢(z,y) = w Then

Ap=0 in D

o(x, %) =0 ieon wx][0,7]

Op(zy) _ Yyl B)+y(z,5)
dy 2

(4.16)

=0 on wx]|0,7]

gbn:O on FO

7
It is easy to show, by separation of variables, that ¢ = 0 in D. By continuation of solution,
¢ = 01in . This implies that (4.16) holds when w is substituted by I'g. Furthermore, Awgyy = 0

on I'p and wy+ = 0 on I'g. Therefore, the original system of equations reduces to
kowe=0 on TIpx]0,7] (4.17)

So, wg = 0 on I'p and 7 = 0 on [0,7]. So from the first theorem, w = 0 in I'g x [0, 7] and

17 =0 in [0, 7]. Hence the system is approximately controllable on [0, 7].
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CHAPTER 5. Controllability of Cochlear Model with longitudinal

elasticity

In this chapter controllability of the cochlear model with longitudinal elasticity is con-
sidered. For simplification purposes, we consider the controllability of the basilar membrane
without coupling with the oval window. First, we change the variables to get an equivalent
system to which the method of multipliers would suitably be used. Let us recall the system in
old variables with a control applied on one end of the basilar membrane.

The non-homogeneous problem in old co-ordinates is given by

(mo + pANwi — (B(z)wz)z + kow =0 onT'p xR (5.1)
w(0,t) =0, w(Lp,t)=f onR (5.2)
w(z,0) =w’, wi(z,0) =w' onTp, (5.3)

whereas homogeneous problem is

(mo + pANwy — (B(z)wz)z + kow =0 onT'p xR (5.4)
w(0,t) =0, w(Lp,t)=0 onR (5.5)
w(z,0) = w’, wi(z,0) =w' onIp. (5.6)

For every (w’, w') € H}(T'g) x L?*(I'g) problem (5.1)—(5.3) has a unique solution whose energy

E .= 5 molw|* + pwehwy + Blwg|? + kolw|*dz, (5.7)
I'p
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is conserved.

Change of variables: We change the variables as follows ( see (41).)

5 = me(T)%ﬁ(T)_%dT
0

Q = (0,Lp), 0=s5(0), L=s(Lp)

) = mof@) oAt

Therefore,

u(z(s),t) = exp(— /05 5 r)u(s,t), let H(s) = exp(— /OS b(;)dr), then

Uy = — H(s)u(s,t) + H(s)us

So

(B(x)tz)z =

and
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Therefore, equation (5.1) becomes

mo(@)H (s) i + ); : (x)AH(s)q]tt iy + g} = 0,
where q = @ + b’gs) + 7%_

The non-homogeneous system in the new variables:

mo(8)H (s)tuy + pAH (8)ty — mo(s)H(8)tss +mo(s)H(s)qu = 0
w(0,t) =0, a(L,t)=f

a(s,0) = a°, (s, 0) = at,

(5.8)
(5.9)

(5.10)

where f is a control applied at the left of the BM (basilar membrane). Let H and V be complex

Hilbert spaces defined as
H:={veL*0,L)}, V:={veH0,L)},
with their respective norms given by
L 2 L L 2 2 1
lolbe= ([ oBda)t, ol = ([ o + alolPda).
5.1 The homogeneous system in new variables:

The homogeneous system in the new variables is given by

mo(s)BH? (5) (e + Loy NH ()i = s + a} = 0

y(ovt) = y(L’t) =0

y(570) = yO’ yt(sa 0) = yl'

Energy in the new variables:

(5.11)
(5.12)

(5.13)

For every (3°,y") € H}(0,L) x L?*(0, L) this problem has a unique solution whose energy

1 (L p
B / VmoBH (jy* + —L HyeNHye + ys|? + qly|*)ds,
0

moH

(5.14)
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is conserved.

Details of calculations

. 1 L b(s) mo ,B(SC(S))
E.—2/0 (moH> [y *+p Hys AH yp+B(w () { (ys ==~ 9) H ﬁ(x(s))}2+k0H2\y|2}\/TOd8
)

Now simplify

L _b(s) Moy | Blx(s))
| sttt = 2t sy R

L S m (s
= [ s - e [P

Blz(s)) | mo
- /L moH?(y — b(s)yys + o) v°) Pats))
0 4 mo

L 2(s
- /0 B H2 (5 — bls)yys + L y?)ds,

4

and consider

L L
| VBT s s = [ o ) oot
~ L
= SV =5 [ (oAl b))y
L
-2 /O moB(a(s)) H?b(s)'yds.

L _@ mo 2 ﬁ(:L'(S))
|| et =S on, 5 \/Tods

L 2(s /(s
=3 [ Vs + (L HE s
0

Hence rewriting equation (5.15), we get equation (5.14).

Remark 13. In equation (5.11), denote

Ay = —Yss +qy,y €V N HQ(O,i).

(5.15

Then A, is compact and self-adjoint. Hence by spectral theorem, there exists a sequence

A1, A2, A3, Ay, - -+ of distinct eigenvalues of A, and a sequence Vi, Vo, V3, - -

of subspaces of V
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such that

P‘k| — 00,
Ao =X v, YweV,, ViE>1
dimVy < o0 Vk > 1,

Vi LV, imVifk=#£]
and the vector space V generated by UV} is dense in V.

Remark 14. From the regularity theory, given ¢ € L>°(0, L) and any g € L?(0, L) the solution

v € V of the problem

—Vss + QU =g in (0,L) xR

v(0,t) =v(L,t) =0 in R
belongs to H2(0, L) and that we have the estimate

HUHH2(0,E) < CH9HL2(07L)

with a constant ¢ independent of the choice of g. It therefore follows that the eigenfunctions

of the operator A, belong to H?(0, L).

5.2 The Hidden Regularity:

Theorem 5. Let T > 0 and y be the solution to the homogeneous system (5.11)-(5.13) with

{4, y'} € V x H. Then there is a constant ¢ = ¢(T) > 0 such that

/T y2(L,t)dt < cE(0). (5.16)
0

Proof:

Multiply equation (5.11) by Hsys and integrate by parts:

T L
0= / / VmoBH?sys(y + pmg "H Y AHyy — yss + q(s)y)dsdt. (5.17)
0 0
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Term 1:

T oL
/ / VmoBH?sys(ye )dsdt
0o Jo
L T L d
:/ \/mOﬂH2sysyt|gds—/ ﬁ(\/mOBHQSyS)ytdsdt. (5.18)
0 0o Jo
Let Xo = foi VmoBH?sysy|t ds. Then equation (5.18) becomes
T oL 1 T /L d
Xo — / / VmoBH?syqyidsdt = Xo — / / \/moﬂH23£(yt)2dsdt
= Xo—/ VmoBH? Syt’(]dt—l- / / (v/moBH?s)y?dsdt
= Xo+ 2 / / (v/moBH?s)y?dsdt
= X0+2/ / (v/moBb(s)H?s — \/moBb(s)H?s + \/moSH?)yldsdt
0o Jo
1 T L
- X0+5 / / VmoBH?ykdsdt.
0o Jo

Next we consider

Term 2: fOT foi moﬂHQSys(pm(le_lAHytt)\/%dsdt.

Which, on formally integrating by parts, becomes

S
X1 —/ / p— \/7Hys AHypdsdt
0 dt
T
=X — / / p(sy/ —Hyst)AHytdsdt
0 Jo mo

where X; = fOL pSy/ %HySAHytds|g.

1d
/ / \/>Hyst YAHy;dsdt = / / \/ H (yeAHy;) + 2E(yt)AHyt

1 d
—— AH
5V, (AHy;)|dsdt

where

/ / 1/ H ytAHyt dsdt = ps\/ HytAHyt|0 dt
_/ / ,/ H ytAHyy)dsdt
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and

1 T L ﬁ d d T L
- / / p(sy) —(H—y AHydsdt — Hy,— (AHy;))dsdt = / / pyr Mydsdt.
2 0 0 mo ds ds 0 0

Here MV is defined as
/ d d
MU =35 ﬁH(AH—‘I’ — —AHVY).
mo ds ds

Therefore Term 2 reduces to

X+ = / / (pS\/>H)ytAHytdsdt + / / pyrMyidsdt.
2 /o Jo ds mo 2Jo Jo

Next we consider

Term 3: = fOT fois/moﬂHQSys(_yss + qy)dsdt, where
T L 1 (T L d
—/ / \/mOBHQSysySS = —/ / \/moﬁst—ygdsdt
o Jo 2Jo Jo ds
e 22,0 , 1 Trtd 2\, 2
=3 sv/moBHysdt|y + 5 d—(sx/mgﬁH )ysdsdt
0 o Jo as
e 2900 1 Tt 2 2 2
=-3 sv/moBHy5dt|y + B (vVmoBH?* + s\/moBb(s)H" — sy/moBb(s)H*)dsdt
0 o Jo
i /T -1 (T L
=—3 / \/moﬁszzdtlg—i-i / / VmoBH?y dsdt
0 o Jo
By putting together all these expressions, equation (5.17) then becomes
o 1 [T L 22, 1d p 1 1 2.2
0=X"+ 2/ / (vVmoBH y; + §d*(P5 — H)yAHys + 5 pye My + 5+/moBHy;
0 0 S mo 2 2
1 1 [T S -
+5 (VmoBH?qysysdsdt — - / L(VmoB) - H* (L)y; (L, t)dt,
0

where X? = X+ X1 = foi(WH2sysyt + ps\/szHysAHyt)ds\g.
Therefore,
/Ti(mn -H?(L)y2(L t)dt:2X0+/T/i(\/7H2 2+i( WH) AH
; 0P )s=F, Ys\ Loy A mo Yt ds ps mo Yt Yt
) +pye My + /moBH?y; + 2(v/moSH?qysysdsdt
= 2X0+/0T/0L VmoBH(y? + y + s Hy AHy,) +8Pi(\/m70ff)ytl\ﬂyt

m0H2

+py My + 27/ moBH?qysysdsdt (5.19)
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We now estimate X© by first considering
L [ 3
Xo(t) = / (\/moﬂH2sysyt + ps m—HsysAHyt)ds
0 0
so that
L [
|X0(t)| = | / (\/moﬁHQSysyt + ps m—OHsysAHyt)ds|
0
L [ 5
/ \\/moﬁHQSysyt\ + pls m—OHsySAHyt)\ds
0
_ L [ B
L/ \/ m05H2|y5ytl +p %\HysAHyt\dS
0

IN

IN

For p small enough, p(y2 + y?) dominates pHysAHy; so that

i
- p

X)) < L / VmoBHA (52 + v + —L (2 + 42))ds

0 mOH

i
< L/ VmoBH?(y3 + yi + peo(y2 + 7))
0

~ i/ ~

< L/ VmoBH?(y7 + yi + peo(ys + y7))ds < 2L + 2peo E(0).
0

Next we estimate y,My;. We note that for y, € L2(0, L),

L i e J
/ yeMyids = s —Hyt(AHyst — d—AHyt)ds
0
B 5
= ( — Hy;AHys; — s HythHyt
mo
= \/ HystAHyt_S\/ Hyt AHyt
= 54/ ﬁHytAHyst]g — yt \/ HytAHyt 1/ Hyt AHyt s
0
\/ Hyt AHyt—s\/ Hyt AHyt ytd—(s“—H)AHyt
0 S mo
d B
s —Hyt—AHytds — yt—(s — H)AHyds.
mo ds 0 ds mo

(5.20)

Since A is continuous from L?(0, L) to H'(0,L), s,/ %H%Aﬂyt is continuous from L?(0, L)

to L%(0, f}) There exist, therefore, a constant,say co, such that

T L
/ / pytMyr < pesTE(0).
0 0

(5.21)
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Next, for p small enough

T L g4 3 _ T (L _
/ / sp—(/ —H)y:AHy; < pLCg/ / 2y2dsdt < 4pcsTLE(0).
0 Jo ds "V mq 0 Jo

Here
mazg g (G H))
c3 = TITE )
Finally,
i i P
/0 VmoBH?(2qysys)ds S/o \/moﬁHQ(QQf/(/O y2d5)2(/0 Ysds)2
~ 1 L 1 L 1
S\/moﬂHz(QQL()\l/o (qy2+y§)d8)2(/0 ysds)?)
< 2QL(5-(2E())(EM))
4QL
ﬁE(t%
Hence
T
/ W2(E,)dt < cE(0)
where

P~ ¥ 4QLT
. AL + 2T + peoT + 4pesTL + ey

E\/MOB‘S:EHQ(L)

Corollary 4. If

(1°,y") e VX H  then d,y(L,t) € L? (R).

loc

This is 7 a hidden regularity 7 result.

5.3 Definition of the solution to non-homogenous problem

Consider the non-homogenous problem

moHuy + pH ' AHuy — moHugs + moHqu = 0

u(0,t) =0, w(L)=f

u(s,0) = u’,  wu(s,0) = ul.

(5.22)
(5.23)

(5.24)
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Multiply equation (5.11) by Hu and formally integrate by parts i.e

T L
0:/ / mOHQu(ytt+pmalH_1AHytt—yss+qy)1/£dsdt
o Jo mo
T L
— / / VmoBH>*u(yy + pmg " H Y AHys — yss + qy)dsdt
o Jo
First consider
/ / v/ moBH uytt—l—pm01H Y"AHyy)dsdt = / v/ moBH uyt+pm01H AHy,) |t ds
/ / dt (v/m BH? w)(ye + pmy ‘= 1AHyt)dsdt / v/ moBH u(yt+pmalH*1AHyt)]0ds
0
L
—/ / \/moﬁqut(yt+pm01H_1AHyt)dsdt:/ \/moﬁHZU(yt+pm61H_1AHyt)]0Tds
o Jo 0
L T L
—/ \/mgﬁHQUt(y+pmalH_1AHy) 0Td3+/ / \/moﬁqutt(y—I—pmalH_lAHy)dsdt
0 o Jo
T L
-y / / VmoBH?uy(y + pmy P H*AHy)dsdt,
o Jo

(5.25)

where Y0 = fo VmoBH?((uy; — wy) + (pmg "H™ V) (uAHy, — wAHy))|3 ds.

Next consider

T L
/ / VmoBH*u(—yss + qy)dsdt = / \/m Huy5|0 / / VmoSH?ysusdsdt
0
T _
+/ / \/moﬁHquudsdt:—/ \/moﬁH2fys(L,t)dt+/ VmoBH?ugy|bdt
0o Jo 0 0
T L T L
—/ / \/moﬁH2ussydsdt))—|—/ / VmoBH?*qyudsdt
0o Jo 0o Jo
T (L T ~ T L
——/ / \/m[)ﬁHQussydsdt—/ \/moﬂHnys(L,t)dt—i—/ / VmoSH?qyudsdt.
0o Jo 0 o Jo

(5.26)
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We now put equations (5.25) and (5.26) together, so that

T (L
0=Y"+ / / \/m()ﬁH2(utt + pmalH_lAHutt — ugs + qu)ydsdt
o Jo

/ vV ’3 L ys L t)fdt

which reduces to

L
0= /0 WHQ(U(T)%(T) — Ut(T)y(T) + ulyo _ uoyl)

+pmg H ™ (w(T)AHy(T) — uy(T)AHy(T)

+utAHy? — uPAHyY) / vVmoB|,_; H L)ys(L,t) fdt.
Therefore
/ vmoB|,_; H L)ys(L,t) fdt+/ VmoBH?( u' O+mLH(uOAHy1—u1AHyO))dS
0

= /0 V mO/BHQ(u<"T)yt('7T) - ut('? T)y(., T) + mﬁH (u(.,T)AHyt(.,T) - ut('a T)AHy(., T)))ds'

Putting

/ vV m ‘5 L ys L ) fdt+ < (—u O)a (yo,y1) >V H,VXH (5.27)

(where

H(uAHy +vAHz))ds,)

< (u,v), ( / VmoBH? (uy + vz +
identity (5.27) can be rewritten as
Lr(y’,y") =< (~u(T),u(T)), Y(T), ye(T)) >vrscnt vt - (5.28)

Definition 7. We say that (u,u;) is a solution of (5.22)—(5.24) if (u,u;) € C(R;H x V') and

if (5.28) is satisfied for every 7' € R and for every (y°,y') € V x H.

Theorem 6. Suppose (u°,u!) € V' x H and f € L?(0,T), then the problem (5.22)-(5.24) has
a unique solution (u,ur) € C((0,t); V' x H).

Furthermore, the linear map (u®,u', f) — (u,us) is continuous with respect to these topologies.
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Proof:

As a consequence of the hidden regularity estimate, there is a unique continuous linear map
Ly : H(0,L) x L*(0,L) — L?(0,T)

such that

Li(y°,y") = ys(L,t) ¥V (y°y") € Hj(0,L) x L*(0, L).

It follows that for every given T' € R the linear form Ly is bounded in HJ (0, L) x L(0, L). Tt is
also true that the linear map (y(T), y:(T)) — (3°,%") is an isomorphism of H}(0, L) x L?(0, L)

onto itself. Hence the linear form

W(T), y(T)) = Lr(y°,y")

is also bounded on H{ (0, L) x L?(0, L).
It, therefore, implies that there exists a unique (u(T),u(T)) € H}(0, L) x L?(0, L)) satisfying
(5.28).

Now, we want to show that
forT eR, T ||u(T),u(T)|hyxn

is bounded in every bounded interval. This is to say that, for every bounded interval ( say, I)

and for all T € I the estimate

(T, ye (TNl < el fll 20,y + 1@, ul) ). (5.29)

Here c(I) is a constant independent of T', f,u" and u'.

Now choose (y°,y!) € V x H arbitrarily and write
U= (—Ut,U), UO = (_ulauo)a Y = (yayt)a YO = (y(]’yl)'
Applying the Hidden regularity theorem (5), we get the following estimate

T

| <U(T),Y(T) >vrsxnyxn | = / ys(t, L) fdt+ < U, YO >y ven
0

< |lys(& D)1+ U s 1Yl oo

< (@)1l + T [rsenl [V fvsere).
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Hence (5.29) follows.

It is well known ( see Lions and Magenes (35)) that if (u’,u!) € V x H and f € C®(R),
such that f(0) = 0, then (5.22)—(5.24) has a regular solution u € C(R;V) N C(R;H). So in
particular (y,y;) € C(R,V' x 'H). From (5.29) the data (y°,y', f) is dense in V' x H x L?(0,T).
Hence we conclude that (y,y:) € C(R;V' x H) in the general case also.

The continuous dependence of the solution on (y°, 4, f) follows from (5.29).

5.4 Observability Estimate:

The goal for this section is to establish the inverse inequality

L
/0 ys( t)dt > ¢ E(0).

Set Q := Sup g, 1) 4 and

L_MQ L Q)
Q =t (5.30)

where A1 is the biggest constant such that
L i )
/ |vs|* + qlv[dz > )\1/ lv|?ds, Yve Hj(0,L).
0 0

Theorem 7. Let

Q<1 (5.31)
and T be an interval of length
A(L + p*e)
T> . 5.32
20 Q) - prles t B) :32)
There exists a p*, where 0 < p* < p and a constant ¢ > 0 such that
T ~
/ y2(L,t)dt > ¢ E(0). (5.33)
0

Proof

Rewrite equation (5.19) as

T~
/ E(v/moB)|_p H ()2 (. t)dt = 2X0 + / / (VimoBH (42 + 4 + av?

HytAHyt}dsdt—i—/ / {p {ds \/ HytAHyt 1/ HytAHyt+

ye My} + /moBH?(—qy? +2qy8ys }dsdt
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The terms p{%(s %H)ytAHyt — 1/%HytAHyt} simplify to
(5b(s) — 5224 /) (py/ 2= Hyy AHyy ), so

T
/ L(v/moB)_; HA(E)y2 (L, t)dt = 2X° 1 2|T|E
0

T L S m6 ,8 /3
[0 ] Gue = T o[ e ) + o

+v/moBH?(—qy* + 2qysys)dsdt.

We first consider the estimate for fOL VmoBH?(—qy? + 2qysys)ds. We proceed as follows

S moBH?(—qy® + 2qysys)ds > [ /moBH?(—Qy? + 2qysys)ds

1 1

> fo ngdszQL fL 2ds)2 ( fo y2ds)2
-2 JEy2 + qyPds — 2QL(5- JE g2+ qyds)s ([ y2)s
~39B(t) - 2QL(-1-(2B(t))? (2B(t))?)

1
~2(2 + L)1 (0)
= —2Q*E(0). (5.34)
From equation (5.21)

T L
/ / py: My, > —pcoTE(0). (5.35)
0 0

Let R = maa:(07i)|(§b(s) — %/g\ / %)| This implies that

T s b [ [
/0/0(25(3)—m0 %)(P %HytAHyt)dsdtZ—pRTE(O).

Finally, from equation (5.20)

ol 2 (2L ~ 2pa) 5(0). (5.36)
Hence
T
/ vo(Lt)dt 2 ¢5(0), (5.37)
0
where ¢ = (2T —peca T—pRT —4pco—4L)—2TQ*

L(vmoP)|,_; H?(L)
There exists px > 0 small enough, 27" — p*(coT + RT + 4co) — 4L — 2TQ* > 0, implies that

A(L + peo)

200 (et R
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Remark 15. While (5.31) is restrictive, it is easy to find non trivial examples that satisfy this

hypothesis. For instance, if ¢ is constant we have that A; in equation (5.31) is

and the corresponding eigenfunction is

Then equation (5.31) becomes

g(2L\/(5)2 +q+1)

A IR

Therefore the condition @* < 1 implies that
AL + 4053 < 7t (5.38)
On solving equation (5.38), we get the estimate
—1.73 < L%q < 1.47.

Hence the estimate (5.32) is admissible.

5.5 The HUM Principle

Here we use the Hilbert Uniqueness method, due to Lions (36), to establish an exact
controllability result.
We begin by first looking at (5.39)—(5.41) with terminal state conditions and with control given
by f(t) i.e
moHuy + pH 'AHuy — moHugs + moHqu = 0, (5.39)

with the boundary conditions

w(0,t) =0 wu(L,t)=f (5.40)

and initial conditions

u(s,0) = u®,  wuy(s,0) = ul. (5.41)
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By theorem (6), given (u’,u') € V' x H and f € L?(0,T), the problem (5.39)(5.41) has a
unique solution
ue C((0,7);V)NCY((0,T); H).

0

Definition 8. The problem (5.39)—(5.41) is exactly controllable if for any given (u®, u'), (u}., u}) €

V' x H there exists a control f € L?(0,7T) such that the solution of (5.39)-(5.41) satisfies

u(s,T) =ud, w(s,T)=uk.
Theorem 8. Assume that (5.31) and (5.32) hold. Then for any pair (u®,ul), (u%, ut) € V' xH
there exists f € L*(0,T) such that the solution of (5.39)-(5.41) satisfies

u(s,T) = u and  u(s, T) = u. (5.42)
Remark 16. Let us consider the solution of the problem

moHday + pH ™ "AHiy — moHtiss + moHqi = 0,

0(s,0) = ud,  dy(s,0) = uk,
and assume that there exists a control f € L%(0,T) such that the solution of the problem

moH 1ty + pH ™ NH 1y — moHtss + moHqi = 0, (5.43)

@(0,t) =0, a(L,t) = f,

12(8’0) :uo_a(svo)) ﬂt(S,O) :ul —th(S,O)

satisfies 4(T) = 4 (T) = 0. Then by linearity u = @ + @ is a solution to (5.39)—(5.41) and
it satisfies (5.42). Therefore, it is sufficient to prove Theorem 8 in the special case where
u) = uk = 0.

The HUM principle involves seeking a control f in the special form f = 0,y where y is the

solution of the homogeneous problem

moHyy + pH " AHyy — moHyss + moHqy = 0

y(0,t) =0, y(L,t)=0

y(s,0) =1%  w(s,0) =y
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for a suitable choice of (y°,y"') € H(0,L) x L*(0,L). From theorem (6), given any (y°,y") €
HL(0,L) x L*(0, L) problem (5.39)~(5.41) has a unique solution and that ys(L,t) € L*(0,T).
Also the linear map (y°,y') — ys(L,t) is continuous from HA(0, L) x L*(0, L) into L?(0,T) x
H-Y0,L).

If (4°,%") is such that (y(0),7:(0)) = (u°,u') then the control f := ys(L,t) drives the system

(5.39)—(5.41) to rest. Thus Theorem 8 will be proved if we show surjective
H§(0,L) x L*(0, L) > (3% y") = (u(0),u(0)) € H1(0,L) x L*(0, L).
It is, however, convenient to study the surjectivity of the map
©: H}(0,L) x L*(0,L) — H~Y(0,L) x L*(0, L),
defined by O(y°, y') := (us(0), —u(0)).

Lemma 1. Assume (5.31 and (5.32) are satisfied. Then © is an isomorphism of HA(0, L) x
L%(0, L) onto H-'(0,L) x L?(0, L).

Proof
It is clear that © is bounded.

We now compute
<0y, (1 y") >virvxn -

Multiply equation (5.39) by Hy and integrate by parts i.e
T L P
0= / / \/moﬁH2y(utt + ——AHuy — uss + qu)dsdt
o Jo moH
L
= / VmoBH? (yus — yru + pH (wAHy — uAHy,))[§
/ / VGBH e + LNy~ o+ anhdst — [ B (L)
/ \/7H (yur — yru +
_ 2/ .0 1 P 1 0
= \/moﬂH (—=y w(0) + y u(0) (w(0)AHy" — u (0)AHy"))ds
0 moH

T
- /0 moBH? g (L, 1) 2dt

Lk Hy — A ) - / VmoBH2y(L, 1) Pt
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Now apply the observability estimate to get the estimate

< 0% yh), (1°, ") >vixnyxn > cE.

Thus © is an isomorphism of H{ (0, L) x L?(0, L) onto H~'(0, L) x L*(0, L).
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CHAPTER 6. Conclusion

In this thesis, we have studied two cochlear models:
1. The cochlear model without longitudinal elasticity.
2. The cochlear model with longitudinal elasticity.

We saw that, for the first case, we have approximate controllability if a distributed control
acts on a portion of the cochlear and exact controllability if the control is applied on the whole
basilar membrane. For the second model, exact controllability is achieved if the control (with

some restrictions on parameters) is applied at the boundary, the apex of the cochlear.

6.1 Future Research

e While studying controllability of the cochlear model with longitudinal elasticity, we ig-
nored the dynamics of the oval and round windows. It would be interesting to see the results
we get if these dynamics are incorporated.

e Also, for the case of the cochlear model with longitudinal elasticity, we only considered the
boundary control. It remains to be seen how controllability results would be if we considered
distributed control.

e Several other methodologies might be applied to the problem with longitudinal elasticity, for

example Carleman estimate and methods based on differential geometry.
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