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ABSTRACT

Although coalgebras have primarily been used to model various structures in theoretical
computer science, it has been observed that they may also model mathematical structures.
For example, there is a natural way to turn graphs into coalgebras obtained from the finite
powerset functor. There is also a natural way to turn topological spaces into coalgebras for
the filter functor. We observe that when coalgebras are used to model these mathematical
structures, standard coalgebraic notion of a homomorphism is too strict. In this thesis, we
propose a relaxation of the condition for the definition of a homomorphism and we show that
our weak version induces the proper level homomorphisms between mathematical structures.

Based on this appropriate relaxation of the concept of coalgebra homomorphism, we demon-
strate the finite completeness and non-cocompleteness of the category of locally finite graphs
(including loops) and graph homomorphisms by using existing results from the theory of coal-
gebras. We also prove the equivalence between the usual category of topological spaces and
the category of coalgebras obtained from topological spaces. Because of our relaxation, we
gains and loses some aspects of coalgebras properties. We illustrate it by giving an example of
complete category of all coalgebras for the powerset functor having a simple construction with
our relaxation. We give another example of noncocomplete category of all coalgebras for the

powerset functor with our relaxation.



CHAPTER 1. Introduction

In universal algebra, it sometimes happens that we still get an interesting map even though
we relax the condition of homomorphism. Here is an example. Let I° denote the open unit
interval (0,1). According to [13], an algebra (B, I°) of type I° — {2} is a barycentric algebra

if and only if it satisfies the indentities
1. zxp = z (idempotence)
2. xyp = ya:zi’ (skew-commutativity), and

3. xypzq = xyz(q/(p'q")) (P'q') (skew-associativity),

for p,q in I°, where p is a binary operation and p’ = 1 — p. For example, convex sets (C, I )
as subalgebras of the reduct (E, 1Y) of an affine space (E,R), where zyr = z(1 —r) + yr, are
barycentric algebras. If f : (C,1°) — (R,I°) is a homomorphism between two barycentric
algebras, then

(x(1—7)+yr)f =27 (1 —r) +ylr.

If we replace the equality by the inequality <, then we obtain a convex function. Similarly,
with the inequality >, we obtain a concave function.
Join semilattices (H,I°) = (H,V) with zyp = = V y are other examples of barycentric

algebras. If f: (Hy,V) — (Hg,V) is a homomorphism between two semilattices, then
(zVvy)f =z vyl

If we replace the equality by the inequality >, then we obtain an order-preserving map, which

is still an interesting map.



Now let’s turn to coalgebras. Coalgebras have two aspects: as the dual of algebras; and as
a common framework for many structures in theoretical computer science, including automata,
transition systems, and object oriented systems. As the dual of algebras, it would be natural
to expect the relaxation of the homomorphism concept to give nice behavior as in the case of
barycentric algebras.

Let us be more specific. Although coalgebras have primarily been used to model various
structures in theoretical computer science, it has been observed that they may also model
mathematical structures. The main idea is the following: A certain packet of information is
associated with each state or element. The structure map of the coalgebra then assigns the
packet of information to each state or element of the system being considered. For example,
in a locally finite graph G, the neighborhood of x is associated with each vertex z of G. By
using the finite powerset functor, an undirected graph can be turned into a graphic coalgebra
where the structure map describes the neighborhood for each vertex. In a topological space
X, the set of all open sets containing x is associated with each point z of X. It is known that
a topological space can be modeled as a topological coalgebra using the filter functor [7].

This thesis adopts the coalgebraic point of view for the study of graph theory and topolog-
ical spaces. Chapter 2 reviews basic notions of category theory and the standard background
for coalgebra, including the naive homomorphism concept. The subsequent Chapter 3 intro-
duces coalgebraic view of mathematical structures. In Section 3.1, the powerset functor and
the filter functor are introduced. In Section 3.2, we express locally finite graphs allowing loops
in coalgebraic language. Also, we observe that the standard coalgebraic notion of a homomor-
phism is too strict: coalgebra homomorphisms turn out to be full rather than general graph
homomorphisms. Because of this strictness, we do not have a simple construction for graph
products. In Section 3.3, we express topological spaces as coalgebras for the filter functor. Re-
calling that naive coalgebra homomorphisms are too strict in this context, since they only yield
open continuous maps [7]|, we observe that there can be no equivalence between the category
Top of continuous maps and the category Tp of naive coalgebra homomorphisms between

topological spaces.



Chapter 4 suggests two kinds of relaxations of the condition for the definition of homomor-
phism. One is called a lower morphism which is a map preserving information. The other is
called an upper morphism reflecting the information. The class of all lower (or upper) homo-
morphisms forms a category in which each coproduct exists. To formalize the key properties
of this category, we introduce the concept of a weakly closed class of maps which satisfy what
the class of all lower (or upper) homomorphisms do.

Section 4.2 introduces weak coquasivarieties. A weak coquasivarity is an interesting sub-
class of the category of a weakly closed class since it inherits categorical completeness under
an assumption about the existence of surjective-injective factorizations. The category Setp
of all coalgebras for the powerset functor P, with the lower morphisms, forms the topic of
Section 4.4. It is known (see [6]) that the category Setp of all coalgebras for the powerset
functor, with standard homomorphisms, does not have a terminal coalgebra, and so is not
complete. The category Setp is shown to be bicomplete in which every limit and colimit is
constructed exactly as in the underlying category of sets. Moreover, the category Setp has
the surjective-injective factorization property and its weak coquasivarities are also complete.
Section 4.5 gives an example of noncocomplete category Setp of all coalgebras for the powerset
functor, with upper morphisms.

With the upper morphisms introduced in Section 4.1, we study the category _S_e_‘g ~ of all
coalgebras for the finite powerset functor in Section 5.1. The category is shown to be finitely
complete (Theorem 5.1.5). Moreover, the category _S_e_‘g ~ does have the factorization property
required to guarantee that its finite completeness is inherited by its weak coquasivarieties
(Proposition 5.1.6). It is shown that the category Sety is non-complete (Theorem 5.1.8).

Section 5.2 shows that lower morphism between graphic coalgebras has a proper level of
power, corresponding an edge-preserving map (Theorem 5.2.2). As an example of the merit
of the coalgebraic point of view, we demonstrate the finite completeness (Corollary 5.2.6)
of the category % of locally finite graphs including loops by showing that the class G of
graphic coalgebras forms a weak coquasivariety (Proposition 5.2.5). Subsection 5.2.3 shows

non-cocompleteness of the category Gph.
—



The category Setr of all coalgebras for the filter functor, with the upper morphisms in-
troduced in Section 4.1, forms the topic of Section 6.1. The category is shown to be complete
(Theorem 6.1.5), in contrast to the corresponding category Setr of standard homomorphisms
(Proposition 3.1.6). Moreover, the category (Sit # of upper morphisms does have the factor-
ization property required to guarantee that its completeness is inherited by its weak coquasi-
varieties (Proposition 6.1.7).

Section 6.2 shows that upper morphisms are the correct coalgebra homomorphisms for
topological coalgebras, coinciding with continuous maps (Theorem 6.2.1). Thus the category
'I(l) of upper morphisms between topological coalgebras turns out to be bicomplete, since it
is equivalent to the usual bicomplete category Top of continuous maps between topological
spaces (Proposition 6.2.3). Despite the completeness, it transpires in Section 6.3 that the class
T of topological coalgebras does not have the closure properties over Setr required for weak
coquasivarieties.

For notations used in this thesis, readers are referred to [14]. In particular, mappings are
generally placed on the right of their arguments, either in line zf or as a superfix 2. These
conventions help to minimize the number of brackets and follow the arrows in diagrams since

text is read from left to right.



CHAPTER 2. Coagebra fundamentals

In this chapter we will introduce the concept of a coalgebra and their basic properties.

2.1 Algebras and the concept of a coalgebra

Definition 2.1.1. A type is a function 7 : @ — N. The domain 2 of the type 7 is called its

operator domain, and the elements of 2 are called operators.

Definition 2.1.2. Given a type 7 :  — N, a 7-algebra or an algebra (A, Q) of type T is defined
to be a set A equipped with an operation w : A“™ — A corresponding to each operator w of

the domain Q of 7.

For a given algebra (A,Q) of type 7, the operations of 2 may be combined into a single

map

Zw:ZA“T—uél,

we weN

using the disjoint sum operator. If we write AF' instead of Z A“T | then the algebra (A,Q)
we
can be described by a pair (4, «), where a : AF — A is the map Z w. A coalgebra is the
we

dual notion of an algebra (A, «) of type 7. That is, a coalgebra is a pair (A, a), where A is a

set and a: A — AF is a map. This rather blurred notion of a coalgebra can be formalized by

category theory.

2.2 Categories

This section provides basic notions of category theory needed in the theory of coalgebras.

For more details, readers are referred to [10].



Definition 2.2.1. A category C is a pair (Ob(C), Mor(C)) where Ob(C) is a class of objects
and Mor(C)) is a class of morphisms. There are two functions assigning objects to a morphism:
the domain dy : Mor(C) — Ob(C) and the codomain dy : Mor(C) — Ob(C). The class of all
morphisms with domain = and codomain y is denoted by C(z,y). For each object a € Ob(C),
there is an identity morphism id, € C(a,a). Finally, for any two morphisms f and g with

fdy = gdo, there is a composition fg € C(fdy,gdr). It satisfies the following two laws:

1. Associate law : Vx,y,z,t € Ob(C), Vf € C(z,y), Vg € C(y,2), Vh € C(z,t), (fg)h =
f(gh)

2. Identity law : Yx,y € Ob(C), Vf € C(z,y), idy f = fid, = f.
The following three examples of category will be used in this thesis.

e Set: The category of sets, where Ob(Set) is the class of all sets, and Ob(Set) is the class

of all mappings between sets.

e Graph: The category of graphs, where Ob(Graph) is the class of all undirected locally

finite graphs including loops, and Mor(Graph) is the class of all edge-preserving maps.

e Top: The category of topological spaces, where Ob(Top) is the class of all topological

spaces, and Mor(Top) is the class of all continuous function.
A morphism f is called an isomorphism if it has left and right inverses in Mor(C).
Definition 2.2.2. A category B is said to be a subcategory of the category C if
1. Ob(B) COb(C) and Mor(B) CMor(C);
2. The domain, codomain, and compositions of B are restrictions of C;
3. Every B-identity is a C-identity.

A subcategory B of a category C is said to be a full subcategory if for all z,y € Ob(B),

B(z,y) = C(z,y).



Definition 2.2.3. Let D and C be categories. A functor F': D — C consists of two functions,
an object part F' : Ob(D) — Ob(C) and a morphism part F' : Mor(D) — Mor(C), with the

following properties:
1. If f € D(z,y), then f¥ € C(zF,yF);
2. Vz € Ob(D), idt = id,p;
3. For any composable pair f,g € Mor(D), (f¢9)f = fFg".

A functor F from C to itself is called an endofunctor. Let C be a category and let D be a
diagram in C, that is D is a collection (D;);er of objects and a collection (fx)rex of morphisms

between the objects of (D;).

Definition 2.2.4. Given a diagram D, a cone over D will be a single object L together with
morphisms m; : L — D; for each ¢ € I, so that for every morphism fj : D; — D;, we have
mify = mj. A cone (L, (m;)) is called the limit of D if for every other cone (L', (})) over D,

(2

there is a unique morphism 7 : L' — L so that 7} = 77; for every ¢ € I.

Colimits are defined dually to limits by reversing arrows. To be precise, a cocone over D
is a single object S together with morphisms ¢; : D; — S for each i € I, so that for every
morphism fi, : D;j — D;, we have fre; = ¢j. A cocone (5, (g;)) is called the colimit of D if for

/

1)) over D, there is a unique morphism 7 : S — S’ so that &} = g;7

every other cocone (5, (&}

for every i € I. Some examples of limits and colimits are presented below:

e Let D be a diagram with a class of objects and no morphisms between them. Then, a
limit of D, if it exists, is called a product of D. Dually, a colimit of D, if it exists, is

called a coproduct of D.

e Let D be a diagram with object set x,y,z and two morphisms f € C(xz,z) and g €
C(y, z). Then, a limit of D, if it exists, is called a pullback of f and g. The dual notion

is called a pushout.



e An object 11is called a terminal object if for every object X, there is exactly one morphism
from X to 1. Note that a terminal object is the limit of the empty set. The dual notion

is called an initial object.

Definition 2.2.5. A category is called complete if every limit exists. Dually, a category is
cocomplete if every colimit exists. If a category is complete and cocomplete, then the category

is said to be bicomplete.

Theorem 2.2.6. [10] A given category C is complete if and only if C has products and

pullbacks. Dually, C is cocomplete if and only if C has coproducts and pushouts.

Definition 2.2.7. If a given diagram D is finite, i.e. D is a collection of finite number of
objects and finite number of morphisms, then the limit of D is called a finite limit. A category

is called finitely complete if every finite limit exists.

Theorem 2.2.8. [10] A given category C is finitely complete if and only if C has finite

products and pullbacks.

2.3 Coalgebras and their properties

Let F' : Set — Set be an endofunctor.

Definition 2.3.1. An F'-coalgebra is a pair (X, «) consisting of a set X and a map o : X —
XF. X is called the base set (or state set) and « is the structure map on X.
X
o

XF
Definition 2.3.2. Let (X, «) and (Y, 3) be F-coalgebras. An F-homomorphism from (X, «)

to (Y,) is amap f: X — Y for which the following diagram commutes:

X —Y



It is known that the class of all F’-homomorphisms forms a category which we shall denote

by SetF.

Definition 2.3.3. An F-coalgebra (S, a,g) is called a subcoalgebra (or substructure) of (X, ax)

if § C X and the canonical inclusion map ¢ : S < X is an F-homomorphism. We write
(S, as) < (X, ax)
if (S, ag) is a subcoalgebra of (X, ax).

The functor U : Setr — Set, defined by (X,a)U = X and fY = f for (X,a) € Ob(Setr)
and f € Mor(Setr), is called the underlying set functor. We say that the limit of a diagram

D is preserved by the underlying set functor if ((L,a)U, (7V)) is a limit of DU in Set, where

(3

D is a diagram in Setp and ((L, @), (7;)) is a limit of D in Setp.

Theorem 2.3.4. [1] Every colimit exists in Setp and is preserved by the underlying set

functor.
An F-coalgebra is called a terminal coalgebra if it is a terminal object in Setp.

Theorem 2.3.5. [6] If (P,7) is a terminal coalgebra, then the structure map = is an isomor-

phism in Setp.

A coalgebra (Y,ay) is called an F-homomorphic image of a coalgebra (X, ax) if there

exists a surjective F-homomorphism f: X — Y.
Definition 2.3.6. Let K be a class of F-coalgebras. We define the following classes:
1. H(K) : the class of all F-homomorphic images of objects from &,

2. S(K) : the class of all F-coalgebras which are isomorphic to subcoalgebras of objects

from IC,

3. 2(K) : the class of all F-coalgebras which are isomorphic to coproducts of objects from

K.

A class K is called closed under H, S, or ¥, provided that H(K) C K, S(K) C K, or %(K) C K.
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Definition 2.3.7. A co-variety is a class K of coalgebras which is closed under H, S, and ¥.

A co-quasivariety is a class closed under H and .
Proposition 2.3.8. [8] If Setr is complete, then so is every co-quasivariety of Setp.

Definition 2.3.9. F'is called bounded if there is a cardinality x so that for each F-coalgebra
(X,a) and any = € X, there exists a subcoalgebra (U, 3) < (X, «) of cardinality at most «

with x € U,.

Theorem 2.3.10. [6], [8] If the functor F' is bounded, then Setr is complete.
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CHAPTER 3. Coalgebraic view of mathematical sturctures

This chapter introduces the coalgebraic point of view for the study of graph theory and
topological spaces. In each case, it will be shown that naive coalgebra homomorphisms are too

strict.

3.1 The powerset functor and the filter functor

3.1.1 The powerset functor

In this thesis, we denote the covariant powerset functor on the category Set by P. It is

defined as follows:
1. For a given set X, the set XP is the set of all subsets of X.

2. For a given map f € Set(X,Y), the map f7 € Set(XP,YP) is given by Uf¥ = Uf for
UeXP.

The finite powerset functor, denoted by IV, is defined in the same manner except that X NV is
the set of all finite subsets of X. The finite powerset functor is very interesting because IV is
bounded and an N-coalgebra is just an image-finite transition system, where from every state
there are only finitely many possible transitions into the next state [8]. Furthermore, for a
given locally finite graph, each vertex determines a finite set whose elements are adjacent to

the vertex. So we can turn a given locally finite graph into an NN-coalgebra.

Proposition 3.1.1. The category Set is bicomplete.
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3.1.2 The filter functor

Definition 3.1.2. [7] Let X be a set. A collection H of subsets of X is called downward
directed if for U, V' € H, there always exists W € H with W C UNV. A nonempty downward

directed collection H is called a filter on X if V O U € H always implies V € H.

Given a nonempty downward directed set H C 2%,
TH={UC X |3U' € H such that U' CU}

is the filter generated by H. We denote the set of all filters on X by X F. The assignment F
may be made into a functor F : Set — Set, called the filter functor, by defining it on a map

f:X —=Yas Hf := 1 (Hf), where H stands for an arbitrary filter on X [6], [7].

Proposition 3.1.3. [7] A map [ : (X,«) — (Y, () is an F-homomorphism if and only if for
alz e X andall V C Y,
Veaffe fU(V) €.

Proposition 3.1.4. [7] A subset S C X is an F-subcoalgebra of (X, «) if and only if S € s«

for each s € S.
Lemma 3.1.5. For a given set X, there is no bijection o : X — XF.

Proof. When X is empty, this is easy to prove. Assume that X is not empty. Then for distinct
A, Be XP,

1 {A} £1 {B).
Therefore, there are at least 21X! filters. By Cantor’s Theorem, there is no bijection o : X —

XF. O
By Lemma 3.1.5 and Theorem 2.3.5, we obtain the following.

Proposition 3.1.6. The category Setr is not complete. In particular, there is no final F-

coalgebra.
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3.2 Graphic coalgebras with homomorphisms

In this section, we will see how to turn undirected locally finite graphs into coalgebras
obtained from the finite powerset functor. We also show that the standard coalgebraic notion

of a homomorphism is too strict.

3.2.1 Graphic coalgebras

Definition 3.2.1. A N-coalgebra (X, «) is called graphic if
Ve,y e X, = € ya iff y € za.

We denote the class of all graphic N-coalgebras by G. We can easily see that a graphic
N-coalgebra (X, a) induces an undirected locally finite graph G (x,q) Including loops such that
V(G (x,a)) = X and for given z € X, the set of neighbors of z is za. Also, an undirected locally
finite graph can be turned into the graphic N-coalgebra where the structure map is defined
by the set of neighborhood for each point. In this sense, we may call a graphic N-coalgebra a

graph.
Lemma 3.2.2. An N-homomorphism preserves loops.

Proof. Let f : (X,a) — (Y,) be an N-homomorphism on G. If x € X has a loop, then

x € za. Since zafN = xfB3, xf € xfB. Therefore zf has a loop. O

From the above Lemma 3.2.2, the preimage of a N-coalgebra with no loops in G under
N-homomorphisms has no loops. Let ¢ : X — Y be a map. Then ¢ = @i, where ¢ : X — X¢p
is the corestriction of ¢ to its image defined by xp = zp for z € X, and ¢ : X¢ — Y is the
natural inclusion. According to [6], every P-homomorphism ¢ : (X, a) — (Y, ) in Setp has a
unique coalgebra structure v on X¢ so that both ¢ and ¢ are P-homomorphisms. Indeed, for

a given zp € X¢, xpy is defined by z¢. The coalgebra (X, ) is called the image of .

Proposition 3.2.3. Let f be an N-homomorphism from (X,«) to (Y,3) on G. Then f is
a full graph homomorphism for induced graphs, i.e. f preserves edges and every edge in the

image is induced by some edge in the preimage.
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Proof. If 2’ € za, then 2'f € zf3. So f preserves edges. Let v/ € zf3 where z € X.
Since zafN = xf3, there is a vertex 2’ € xa such that 2/fY = ¢/. Hence f is a full graph

homomorphism. O

Although N-coalgebras give a natural way to express graphs, the concept of N-homomorphism
is too strict since we usually define graph homomorphisms as edge-preserving maps. Because
of this strictness, we obtain the following property which does not hold within usual edge-

preserving maps.

Proposition 3.2.4. Let (X,a) € G be connected and (Y,3) € G. Let f: X — Y be an
N-homomorphism. Then (X f,B|xy) is a connected component of (Y, (), i.e. f preserves

connected components. In particular, if (Y, ) is connected, then f is surjective.
We denote the graphic N-coalgebra whose graph structure is
0—1

by 2 = ({0,1}, @2). By combining Lemma 3.2.2, Lemma 3.2.3, and Proposition 3.2.4, we obtain

the following result.

Proposition 3.2.5. Let (X,«) € G and let f : (X, ) — 2 be an N-homomorphism. Then

(X, ) is a nontrivial bipartite graph.

Proof. By Proposition 3.2.4, f is surjective. By Lemmas 3.2.2 and 3.2.3, (X, «) is nontrivial
and has no loop. Now, it is enough to show that (X,«a) has no odd cycles. Suppose that
it has an odd cycle with distinct vertices (v1,...,vo,+1). Without loss of generality, we may
assume that v1f = 1. Since {v2,von41} C vic, {vo, Vo1 }fY C viafN = vifas = {0}. So,
vof = wvopy1f = 0. By continuing this process, we have v,11f = vp+of. However, since
Unt+1 € Uptot, Uni1f # Upyof which is a contradiction. Therefore, (X, «) is a bipartite

graph. O

3.2.2 Completeness

We denote the full subcategory of Set y with the object class G by Gph. In this subsection,

we show the completeness of Gph. Note that Sety is complete by Theorem 2.3.10 since N
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is bounded by w. In order to show that Gph is complete, it is enough to prove that G is a

co-quasivariety by Proposition 2.3.8, without mentioning the existence of limits. This is one

of the advantages of the coalgebraic point of view.

Proposition 3.2.6. G forms a co-variety.

Proof. (i) G is closed under H;

(i)

(iii)

Let f: (X,a) — (Y, () be a surjective N-homomorphism where (X, ) € G. We need
to show that (Y, /) is graphic. For given o/, V' € Y, suppose that o’ € /3. Since f
is surjective, 3b € X such that bf = V. Since f is an N-homomorphism, baf¥ = V/g3.
Since @’ € ¥3 = baf™, Ja € ba such that af = a’. Since af = o, aaf" = d’B. Since

(X,a) € G and a € ba, b € aa. Therefore bf = b € o’3. Hence (Y, ) € G.

G is closed under S;
Let (A, «) be a subcoalgebra of (B, 3) with the natural inclusion map ¢ : A — B and

assume that (B, ) € G. For each a € A,
— N _ —
ac = aar” = alf = af. (3.1)

Now, for given a, b € A, assume that a € ba. By the above (3.1), a € bS. Since

(B,3) € G, b€ apf. Again, by (3.1), b € aa. Therefore (A, a) € G.

G is closed under 3;

Let (X, a) be the sum of {(X;, a;)}ier, where for each i € I, (X;, ;) € G. Note that
X is the disjoint union of {X;};c; with the insertion maps ¢;’s. For given z, y € X, if
T € ya, then 3¢ € I such that y € X;. Since ya = yo;, © € X;. Therefore y € xa. Hence
(X,a) €G.

Corollary 3.2.7. Gph is complete.

Since Sety is complete, every product exists. However, it seems there is no simple con-

struction for the products of N-coalgebras. For example, let Cy be the graphic IN-coalgebra
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whose corresponding graph is the complete graph on {0,1}. Then, the product Cy x Cy in
Sety is infinite [8]. What if we restrict our concern to the subcategory Gph? Since Gph is
complete, every product exists. However, for given graphic N-coalgebras (X, a) and (Y, f3),
the product of them in Gph could be different from the product in Sety. We show that the

product C5 x C5 in Gph is infinite and there is still no simple construction for the products.

Lemma 3.2.8. Let (P,v) denote the product Co x Cy in Gph with homomorphisms 7; :
(P,y) — Cy, i = 1,2. Let (G,[) be a graphic coalgebra. Let f,g : (G,3) — C3 be two
N-homomorphisms. Let (f,g) : (G,3) — (P,7) denote the unique N-homomorphism so that
(f,9)ym = f and (f,g)n2 = g. Then, for given a,b € G, if af # bf or ag # bg, then
alf,g) # b(f.9).

Proof. Suppose a(f,g) = b(f,g). Then, af = a(f,g)m = b(f,g)m = bf. Similarly, ag = bg.

This is a contradiction to our assumption. O
By Lemma 3.2.8, af = bf and ag = bg is necessary for a(f,g) = b(f,g).
Theorem 3.2.9. The product Cs x C5 in Gph is infinite.

Proof. Let (G,3) € G be the graphic coalgebra whose graph structure is the infinite ladder

graph displayed as follows:

Define f: G — {0,1} by

0, fn=1or2 mod4;
nf =

1, otherwise.

Define g : G — {0,1} by

0, ifn=0,1,30or 6 mod 8;
ng =
1, otherwise.

Then it can readily be seen that f and g are N-homomorphisms from (G, 3) to Cy. So there

is a unique N-homomorphism (f,g) : (G, ) — (P,~) such that (f,g)m = f and (f,g)n2 = g.
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We will show that (f,g) is injective. By Lemma 3.2.8, it is possible a priori that 2(f,g) =
5(f.g). Since 3f # 6f, 6f # 7f, and 3¢ # Tg, [58(f,9)"| = |{3,6,7}(f.9)"| = 3. Similarly,
28(f,9)"| = 2. Since 58(f, ) = 5(f,9)y and 28(f, g) = 2(f,9)v, 2(f, 9) # 5(f, g). Similarly,
1(f,9) # 6(f,g). Now assume that n(f,g) = m(f,g) for some n and m with 1 <n < m. We

assume that n is odd. By the definition of f and g,

n(f, 90 = [nB(f,9)" = {n —2,n+1,n+2}(f,.9)"| = 3.

Also, /mB(f,g)V| = 3. Since (n — 2)f = (m —2)f and (n —2)g = (m — 2)g, we must have

(n—=2)(f,9) = (m—2)(f,g). Therefore 1(f,g) = m/(f,g) for some m’ > 1. However,

18(f.9)N| = [L(f, 9)v| =2 # 3 = [m/(f,9)7] = [/ B(f. 9)" .

This is a contradiction to 1(f, g) = m/(f, g). The case where n is even can be treated similarly.

Therefore (f, g) is injective and Cy x Cy in Gph is infinite. O

3.3 Topological coalgebras with homomorphisms

There is a natural way to turn topological spaces into coalgebras for the filter functor.
However, naive coalgebra homomorphisms correspond to open continuous maps. Let (X, 7) be
a topological space. For a given z € X, let U,(x) denote the filter generated by the set of all

open sets containing .

Definition 3.3.1. [7] An F-coalgebra (X, «) is called topological if there exists a topology T

on X so that for all z € X, za = U, (x).

A given topological space (X, 7) yields a topological F-coalgebra (X,U;). We denote the
class of all topological F-coalgebras by 7, and write Tp for the full subcategory of Setr with
object class 7. Let Top denote the (usual) category of topological spaces, where the object
class is the class of all topological spaces, and the morphism class is the class of all continuous
maps.

By Proposition 3.1.3 and 3.1.4, we obtain the following proposition.
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Proposition 3.3.2. [7] Let (X,7x) and (Y,7y) be topological spaces. Then a map f :
(X,Ur;y) — (Y,Un ) is an F-homomorphism if and only if f is continuous and open. A

subset S of X is a subcoalgebra if and only if it is open.

Proposition 3.3.3. [7] An F-coalgebra (X, «) is topological if and only if for every x € X
and U C X we have

Uczxza=35< X suchthatz €S CU.
Proposition 3.3.4. [7] 7 forms a co-variety over Setr.

Although F-coalgebras give a natural way to express topological spaces, the concept of
F-homomorphism is too strict, since we usually define homomorphisms of topological spaces

as continuous maps. Indeed, we have the following non-equivalence between Tp and Top.
Proposition 3.3.5. There is no equivalence G : Tp — Top.

Proof. Let (X = {x},7x) be a topological space with 7x = {&, X}, and let (Y, 7y) be a topo-
logical space with |Y'| > 2 and v = {@,Y}. Proposition 3.3.2 gives Tp((X, U, ), (Y, U, )) =
&. Now suppose that there is an equivalence G : Tp — Top. Then G is full, faithful,
and dense. If |Top((A,74),(B,75))] = 0 for some topological spaces (A,74) and (B,7p),
then A # @ and B = @. Therefore (Y,U,, )G = (&,{@}) for any topological space (Y, 7y)
with |Y] > 2 and v = {&,Y}. Now let (Y7 = {1,2},7y;) be a topological space with
Ty, = {2,Y1}, and let (Y2 = {a,b,c,d}, Ty,) be a topological space with 7y, = {&,Y2}. Then
ITp((Y1,Uny, ), (Y2,Uxy, )| = 0 but [Top((Y1,Un, )G, (Y2,Ux, )G)| = 1, which is a contradic-

tion. Therefore there is no equivalence G : Tp — Top. O
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CHAPTER 4. Weak homomorphisms

4.1 'Weak homomorphisms of coalgebras

Let T : Set — Set be an endofunctor on the category of sets, such that for a given set
X, the image XT is a set of sets. Suppose further that for a given map f : X — Y and for
given A,B € XT, the containment A C B implies AfT C BfT. Then the endofunctor T is
described as monotonic. For example, T' could be the covariant powerset functor or the filter
functor. Note that monotonic endofunctors are examples of “functors with order” as described

in [12).

Definition 4.1.1. Let (X, «) and (Y, 3) be T-coalgebras for a monotonic endofunctor 7. Then
a lower T-morphism from (X, «a) to (Y,3) is a map f: X — Y such that for each z € X, we
have the inclusion zaf? C xf3. Similarly, an upper T-morphism from (X,a) to (Y,5) is a

map f : X — Y such that for each z € X, the inclusion zaf? D zf3 holds.

In transition systems, if one wants maps only preserve transitions, then we need a lower
T-morphism concept. Indeed, the idea of lower T-morphisms between transition systems was
introduced in [5]. If we recall that a structure map of a coalgebra assigns the packet of informa-
tion to each state of the system being considered, then we may regard a lower T-morphism as a
map preserving the information. Likewise, an upper T-morphism could be considered as a map
reflecting the information. This way of interpretation makes us to expect that edge-preserving
maps might be described as lower morphisms and continuous maps between topological spaces
might be described as upper morphisms. Indeed, it is shown that lower morphisms between
graphic coalgebras agree with the edge-preserving maps of graphs in Chapter 5. Likewise,

upper morphisms between topological coalgebras agree with the correct homomorphisms of
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topological spaces, namely continuous maps, see Chapter 6.

Since T is a functor, the identity map is always a lower and upper T-morphism.

Lemma 4.1.2. The composition of two lower (resp. upper) T-morphisms is again a lower

(resp. upper) T-morphism.

Proof. Let (X,ax), (Y,ay), and (Z,az) be T-coalgebras. Let f: X — Y and g:Y — Z be
lower T-morphisms. For given 2 € X, since f is a lower T-morphism, zay f C xfay. Since

g is a lower T-morphism, zfayg? C zfgaz. So
zax(fg)" =zaxfTg" Cafoayg" Cafgoy.

Therefore fg is a lower T-morphism.

x T .y 9 .4
ax ay Qy
XT fT YT gT ZT

For the case of upper morphisms, we may just change the direction of the inclusions in the

above proof. O

From the previous observation and the above Lemma 4.1.2, the class of all T-coalgebras

forms a category denoted by %T (resp. §e_tT) with lower (resp. upper) morphisms.

Proposition 4.1.3. For every family (X, o;);cr of T-coalgebras, there exists a sum ), (X, o)
in Setr (resp. <SitT). The sum is preserved by the underlying set functor and its structure

map ay is given by z;ay = xiaiLZT for z; € X;, where ¢; : X; — > X is the insertion map.

Proof. Let (Y, ay) be a T-coalgebra and let ¢; : X; — Y be a lower T-morphism. Then there
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is a unique map ¥ : > X; — Y in Set with ;9 = ¢;.
X i 3 X

\ , i€l
Q. e
‘ »” 'Q

o Y ax

X,T 2 S x)T
el
2 %
yr ¥

Since ¢! = IyT,

T T, T T
ip; = iy Pt = as'.
Since ¢; is a lower morphism, for given z € X,
A . —
royp; C Ty = xupoy.

So, for given i € I and = € X;, zt;ax’ C xi;0pay. Therefore 4 is a lower T-morphism. For
the case of upper morphisms, we may just change the direction of the inclusions in the above

proof. O

Note that each insertion map ¢; is a T-homomorphism. To formalize the key properties
of the categories Setr and Setr (and other, similar categories), we introduce the following

concept.

Definition 4.1.4. Let F' be an endofunctor on the category of sets. A class W of maps between
the underlying sets of F-coalgebras is said to be weakly closed if the following conditions are

satisfied:
(a) W contains the class of all F-homomorphisms;
(b) W forms a category in which each coproduct exists;

(¢) Each coproduct in W is preserved by the underlying set functor.

If W is weakly closed, then a member of W is called a weak F-homomorphism. The corre-

sponding category is called a weak category of F-coalgebras, and denoted by W.
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Assume that we have a weak category W. Then subcoalgebras, covarieties and coqua-
sivarieties under weak F-homomorphisms are defined as in Section 2.3 simply replacing F-

homomorphisms with weak F-homomorphisms. We write
(S, as) <w (X, ax)
if (S,ag) is a subcoalgebra of (X, ax) over W.

Theorem 4.1.5. For a monotonic endofunctor 7" on the category of sets, the class of all lower

(resp. upper) T-morphisms is weakly closed.

4.2 Weak coquasivarieties

Let W be a weak category of F-coalgebras and let IC be a subclass of F-coalgebras. We
denote the full subcategory of W with the object class K by K. In particualr, we denote the

full subcategory of Setr (resp. Setr) with the object class K by K (resp. K).

Definition 4.2.1. Let W be a weak category of F-coalgebras and let K be a subclass of
F-coalgebras. A weak coquasivariety of K is a subclass £ of K closed under £ over K, and
such that for a given surjective morphism f : (X,ax) — (Y,ay) over K with (X,ax) € L,

there is a structure map « on Y with the following properties:
(a) (Y,a) € L ;
(b) (Y, 0) <uw (Y,ay) ;
(¢) f:(X,ax) — (Y,«a) is a morphism over K.
Note that a coquasivariety is a weak coquasivariety. In Section 5.2.2, it is shown that G is

not closed under lower P-morphic images but G forms a weak coquasivariety in the category
Setp.

Let ¢ : X — Y be a map. We say that ¢ SI-factors through Z if there is a surjective map
f: X — Z and an injective map ¢ : Z — Y such that ¢ = fg. If p SI-factors through Z,
then ¢ is also said to be SI-factorizable by Z. One natural way to SI-factorize ¢ is to take

© = @, where @ is the corestriction of ¢ to its image, and ¢ is the natural inclusion.
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Definition 4.2.2. Let W be a weak category of F-coalgebras and let K be a subclass of F-
coalgebras. Let ¢ : (X, ax) — (Y, ay) be a weak F-homomorphism over K. Then ¢ is said to
be weakly SI-factorizable over K if for any set Z, and for a given SI-factorization f: X — Z
and g : Z — Y with fg = ¢, there is a structure map « on Z such that (Z,«a) € K and
both f: (X,ax) — (Z,a) and g : (Z,a) — (Y, ay) are weak F-homomorphisms over K. The
full subcategory K is called weakly SI-factorizable if every weak F-homomorphism over K is

weakly SI-factorizable over K.

Suppose that W is a weakly SI-factorizable weak category. Then W is a weak coquasiva-

riety of itself.

Lemma 4.2.3. Let W be a weak category of F-coalgebras and let I be a subclass of F-
coalgebras such that K is weakly S/-factorizable. Let £ be a weak coquasivariety of K. Let
f:(X,ax) — (Y,ay) be a weak homomorphism over K with (X, ax) € £. Then there is a
structure map o on X f such that f : (X,ax) — (Xf,a) is a weak homomorphism over K,

(Xf,a) e L, and (X f,a) <, (Y, ay).

Proof. Since K is weakly ST-factorizable, there is a structure map o on X f such that (X f, ') €
K, f:(X,ax)— (Xf, o) is a weak homomorphism over K, and (X f,o/) <,, (Y, ay). Since
L is a weak coquasivariety of K, there is a structure map « on X f such that f: (X,ax) —
(X f,) is a weak homomorphism over K, (X f,a) € L, and (X f,a) <, (Xf,a) <y (Y, ay).

O

Proposition 4.2.4. Let W be a weak category of F-coalgebras and let IC be a subclass of
F-coalgebras such that K is weakly SI-factorizable. Let £ be a weak coquasivariety of K.
Then the union of a family of subcoalgebras in £ of (X,ax) € K is a subcoalgebra in £ of

(X, ax).

Proof. Since L is a weak coquasivariety, for a given family (S;, a;)ier in £ of subcoalgebras
of (X,ax) € K, there exists a sum ), ;(S;, ;) in £, which is preserved by the underlying
set functor with the insertion map e; : S; — Zie 1 Si. Since for each i € I, the inclusion

map ¢; : S; — X is a weak F-homomorphism, there exists a unique weak F-homomorphism
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Y1) e Si — X such that e;t) = ;. Since K is weakly SI-factorizable, there is a structure map
a on (D ;S such that (30, 8)¢, o) € L and ((3,c; Si)v,a) <w (X,ax) by Lemma
4.2.3. Since (3, S)v =US:, (USi, ) € £ and (|J S, o) <y (X, ax). O

From the proof of Proposition 4.2.4, we obtain the following.

Corollary 4.2.5. Let W be a weak category of F-coalgebras and let K be a subclass of F-
coalgebras such that K is weakly SI-factorizable. Let (S;, «;)ics be a family of subcoalgebras
in £ of (X,ax) € K. Then (S;,a;) <, (UUSi, @) where « is the structure map on |JS; as in

the proof of Proposition 4.2.4.

Theorem 4.2.6. Let W be a weak category of F-coalgebras and let K be a subclass of F-
coalgebras such that K is weakly SI-factorizable. If K is complete, then so is every weak
coquasivariety of K. Similarly, if K is finitely complete, then so is every weak coquasivariety

of K.

Proof. Let L be a weak co-quasivariety of K. Let I be a small category and let D : I — L be a
functor. Then since K is complete, we have the limit ((L, ), (1 )ier) in K. Let ((L', &), ())ier)
be a cone of D in £. Then there is a unique weak homomorphism 7 : (L',o/) — (L,«)
such that there is a structure map 3 on L't such that 7 : (L/,a/) — (L'7,() is a weak
homomorphism, (L'r,3") € £, and (L't, 5") <, (L,a) by Lemma 4.2.3. By Proposition 4.2.4,
we have (S,3) € L, the union of all subcoalgebras in £ of (L,a). So, the inclusion map
v: (L'r,3) — (S, 3) is a weak homomorphism. Therefore 7 : (L', a’) — (S, ) is the unique

weak homomorphism such that (5, 3) is the limit in L. O

4.3 Weak congruences

Definition 4.3.1. A weak congruence on an F-coalgebra (X, ax) is defined as the kernel of a

weak F-homomorphism ¢ : (X, ax) — (Y, ay) for some F-coalgebra (Y, ay).

Lemma 4.3.2. Assume that a weak category W is weakly SI-factorizable. For an equivalence
relation 6 on an F-coalgebra (X, ax), 6 is a weak congruence if and only if there is a structure

map ag on X? for which the natural projection (natf): X — X ¥ is a weak F-homomorphism.
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Proof. The ‘if’ part is clear. Suppose 6 is a weak congruence. Then there is a weak F-
homomorphism ¢ : (X,ax) — (Y,ay) for some F-coalgebra (Y, ay) with kerp = 6. Since
W is weakly SI-factorizable, there is a structure map on X¢ such that ¢ : X — Xp is a
weak F-homomorphism. Note that ker o = 6. Since ¢ is surjective, ¢ can be SI-factorized
as (nat 0)® where @ : X? — X is the bijection defined by 2% = a@ for 2% € X?. Since W
is weakly SI-factorizable, there is a structure map oy on X? for which the natural projection

(nat @ : X — X?) is a weak F-homomorphism. O
The set of all weak congruences on a F-coalgebra (X, ax) is ordered by set inclusion.

Proposition 4.3.3. Assume that a weak category W is weakly SI-factorizable and cocom-
plete, with every colimit is preserved by the underlying set functor. Let (6;);c; be a nonempty
family of weak congruences on (X, ax). Then the supremum of the (;);c; exists, and is given

as the transitive closure of their union.

Proof. Let ® denote the transitive closure of |J;c;6;. Then @ is the smallest equivalence
relation containing all the ;. For each i € I, since 6; is a weak congruence, there is a structure
map on X% such that (nat6;) : X — X% is a weak F-homomorphism by Lemma 4.3.2. Since

W is cocomplete, we can form the pushout ((P, «), ;) of all nat 6;.

X

Q&

XY
P
%« 4
2 X@j

Since (nat 0;)1); is a weak F-homomorphism, it suffices to show that
ker ((nat 0;)¢;) = ®.

Since the pushout is preserved by the underlying set functor, P = (Z;c;X%)? where 6 is
the smallest equivalence relation including (azei,az‘gi) for any i,j € I, and ; is the natural
projection. For any j € I, if (z,y) € 6;, then (2%)? = (2%)% = (y%)? = (y%)?. So U,c;6; C

ker ((nat 0;)1;) and hence ® C ker ((nat 6;)1;). Now let (z,y) € ker ((nat 6;)1;). Then there
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exists a finite sequence {z1,...,2,} on X such that (z,z1) € 0;, (zx,x54+1) € 6;, for some

0i, € (0;)icr where k=1,...,n—1, and (z,,y) € §;. Therefore (z,y) € .

4.4 Lower P-morphisms

In this section, it will be shown that the category of lower P-morphisms is bicomplete.

Lemma 4.4.1. If a colimit exists in Setp, then it is preserved by the underlying set functor.

Similarly, if a limit exists in Setp, then it is preserved by the underlying set functor.

Proof. Let I be a small category and let D : I — Setp be a functor. Let U : Setp — Set
denote the underlying set functor and for each i € I, let (D;, ;) denote ¢D. Assume that a
colimit ((S, ), (€i)ier) of D exists in Setp. Let (S, (€})icr) be a cocone of DU. We define a
structure map 3’ on S’ by x3' = S’ for each x € S’. Then, for any i € I, since for any d € D;,
daiegp C 8" =deif, €} is alower P-morphism. So, ((S’,3'), (€})ier) is a cocone of D and there
exists a unique lower P-morphism 7 : S — S’ such that ¢, = ;7. Therefore (5, (g;)iecr) is the
colimit of DU in Set.

Now assume that a limit ((L, @), (1:)icr) of D exists in Setp. Let (L', (1;)ier) be a cone of
DU. We define a structure map o’ on L' by za/ = @ for each x € L’. Then, for any i € I,
since for any =z € L/, :L"o/ngp = @ C znia;, 1, is a lower P-morphism. So, ((L, ), (n})ier)
is a cone of D and there exists a unique lower P-morphism 7 : L’ — L such that 7, = ;.

Therefore (L, (1;)ier) is the limit of DU in Set. O

4.4.1 Completeness

By Theorem 2.3.5, the terminal coalgebra does not exist in Setp. However, the terminal
coalgebra exists in Setp. In this subsection, we show that Setp is complete, and that the
limits are preserved by the underlying set functor.

For a given family (X;)es of sets, let [[,c; Xi denote the set

(f: T = Uj; Xi | Vielif € X;}.
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A choice function f € [[;c; X; is written by [[,c;@; if for each @ € I, if = ;. It is well-
known that (J],c; Xi, (m)icr) is the product of (X;)ier in Set, where each projection map

i [[Xi — X, is given by fm; =if.

Proposition 4.4.2. For every family (X, «;)icr of P-coalgebras, there exists a product of
(X, a)ier in Setp, which is preserved by the underlying set functor. If I = &, then the
product is the terminal coalgebra ({*}, ) with xa = {*}. If I # &, then its structure map «

is given by ([[;c; zi)o = [[;c;(wic), ie. each projection map 7; is a P-homomorphism.

Proof. Tt is easy to check that ({*}, ) is the terminal coalgebra. Suppose I # &. Let (Y, ay)
be a P-coalgebra. For each i € I, let ¢; : Y — X; be a lower P-morphism. Then there is a

unique map ¢ : Y — [[ X; in Set with ¢¥m; = ¢;.

i
HXz‘ Xi
72N A(
(07 Y Q;
ay

P
I x0P 2—| — x,P

‘% 53\.

YPpP
For given y € Y, since ¥m; = ¢4, y¢ = [[(ypi). So, yva = [[(ypics). Let [[b; € yayy”

be given. Then it is enough to show that Vi € I, b; € yp;a;. Note that b; € yayszwlp =
yay (Ym;)F. Since
yay (vm)T = yay el (P is a functor and ¥m; = ;)
C ypay (p; is a lower P-morphism),

b; € yp;ay. Therefore 1 is a lower P-morphism. O

Proposition 4.4.3. Let f : (X,ax) — (Z,az) and g : (Y,ay) — (Z,az) be two lower P-
morphisms. Then there exists a pullback ((P,ap), (7x,7y)) in Setp which is preserved by the
underlying set functor, i.e. P = {(x,y) € X xY | zf = yg}, and wx and 7y are the projection

maps. Its structure map ap is given by (z,y)ap = P([(zax) X (yay)]
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Proof. Let (L,ar) be a P-coalgebra and ¢x : L — X and gy : L — Y be lower P-morphisms
such that ¢gxf = qvg. Let P = {(z,y) € X xY | f = yg}. Then there is a unique map

7:L — P in Set with 7wx = ¢x and 77y = gy.

For given | € L, since 7rx = qx and 77y = qy, IT = (lgx,lgy). So,

lTOép = Pm[(quax) X (quay)] .

P P

Let (a,b) € lap7” be given. Then a € lagT 77)?} and b € lagT 71373. Since

lapgmPny = laggy (P is a functor and 7wy = gx)

C lgxax (gx is a lower P-morphism),

a € lgxax. Similarly, b € lgyay. Therefore 7 is a lower P-morphism. O
By Proposition 4.4.2 and 4.4.3, we obtain the following.

Theorem 4.4.4. Setp is complete.

Proposition 4.4.5. Setp (resp. Setp) is weakly SI-factorizable.

Proof. Let ¢ : (X,ax) — (Y,ay) be a lower P-morphism. For a given set Z, let f: X — Z

and g : Z — Y be a SI-factorization with fg = . For a given z € Z, we define a structure
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map « on Z by
zo = U zaxfr.

rf=z

Then it is easy to see that both f : (X,ax) — (Z,«a) and g : (Z,«a) — (Y,ay) are lower
P-morphisms. The case of upper P-morphisms can be done by defining a structure map a on
Z by

o= ﬂ zax fF.

rf=z

By Theorem 4.2.6 and Proposition 4.4.5, we obtain the following.

Corollary 4.4.6. Every weak coquasivariety of Setp is complete.

4.4.2 Cocompleteness

In this subsection, we show that S_e_t)p is cocomplete. By Proposition 4.1.3, every sum

exists in Setp. So, for the cocompleteness, it suffices to show the existence of every pushout.

Lemma 4.4.7. Let f : (X,ax) — (Y,ay) and g : (X,ax) — (Z,az) be two lower P-
morphisms. Assume that a pushout ((P,(3),(py,pz)) exists. Then the natural projection
natf : (Y4 Z,ax) — (Y +2)?,3) is a lower P-morphism, where @ is the smallest equivalence

relation on Y + Z containing all pairs (zf, zg) with z € X.

Proof. Since the pushout is preserved by the underlying set functor according to Lemma 4.4.1,
P = (Y + Z)?, where 6 is the smallest equivalence relation on Y + Z containing all pairs
(xf,zg) with z € X. Furthermore, py = ty(nat#) and pz = tz(nat ), where 1y and vz are
the insertion maps into the coproduct, and nat 6 is the natural projection. Note that py and

pz are lower P-morphisms. By Proposition 4.1.3, 1y and ¢z are P-homomorphisms. For given

yey,
y_ W v 4z nat 6 v +2)
ay as, B
YP —s (Y + 2)P Y +2)°P

Ly (nat 6)%
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yax(nat 0)7 = yyas(nat )’
= yay L (nat9)” (ty is a P-homomorphism)
C yiy(nat9)g (py = ty(nat ) is a lower P-morphism)

= y(nat0)p.

Similarly, for given z € Z, zax(nat )7 C z(nat §)3. Therefore nat 6 is a lower P-morphism.

O

By Lemma 4.4.7, it is natural to study the structure maps on A? such that nat @ is a lower
P-morphism. Indeed, for an arbitrary equivalence relation 8 on A, we can give a structure on

A? so that nat 6 is a lower P-morphism as follows.

Definition 4.4.8. Let (A, a) be a P-coalgebra and let 6 be an equivalence relation on A. We
define a P-coalgebra (A%, ay) by

oy = U ba(nat 9).
(a,b)eb

It is easy to see that oy is well-defined.

Proposition 4.4.9. Let (A,«) be a P-coalgebra and let 6 be an equivalence relation on A.

Then, for each a’ € A%, a’ay is the smallest subset of A% so that nat 6 is a lower P-morphism.

Proof.
A nat 6 .40
a{ {049
AP TG A'p

Let a € A be given. Note that
a(nat 0)ay = a’ay = U ba(nat 0).
(a,b)eb
Since aa(nat )7 C Ua,p)co bar(nat 6), nat 6 is a lower P-morphism. Now suppose that nat 6
is a lower P-morphism with a structure map 3 on A?. Then, for given a’ € A? and for any
bea,

ba(nat §)F C b(nat 0)3 = a(nat 8)3 = a?3.
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Thus a’ag C a?5. O
Corollary 4.4.10. In Setp, every equivalence relation on (4, ) is a weak congruence.

Proposition 4.4.11. Let f : (X,ax) — (Y,ay) and g : (X,ax) — (Z,az) be two lower
P-morphisms. Then the pushout ((P,ap), (py,pz)) of f and g exists in Setp and is preserved
by the underlying set functor, i.e. P = (Y + Z)?, py = 1y (nat6), and py = tz(nat ), where
6 is the smallest equivalence relation on Y + Z containing all pairs (zf,zg) with z € X. The

structure map ap is ay.

Proof. Let qy : Y — L and qz : Z — L be lower P-morphisms such that fqy = gqz. Then
there is a unique map 7 : (Y + Z)? — L such that pyT = ¢y and pz7 = qz. Let ax be the
structure map of the sum of (Y, ay) and (Z, az) as in Proposition 4.1.3. Then ay is the sum
of ay and az. Let a® € (Y + Z2)?. W.lo.g., we may assume that a € Y. Let bc a?. Ifbec Y,
then

bax,(nat 0)77 = basphr’

= bayqy

C bgyar (gqy is a lower P-morphism)
_ _ 0

= aqyar =a’Tay,.

f
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If b € Z, then
bax;(nat 0)77 = baspyr’
= bazqy
C bgzay, (g7 is a lower P-morphism)
= agqyay = d’ray.
Since a’ay = Ua,p)eo b (nat 6), 7 is a lower P-morphism. O

By Proposition 4.1.3 and 4.4.11, we obtain the following.

Theorem 4.4.12. Setp is cocomplete.
—

4.5 Upper P-morphisms

In Section 4.4, we have observed that Setp is bicomplete although Setp is not complete.
This is an example of the advantage obtained by weak homomorphisms. When it comes to
upper P-morphisms, the situation is reversed. By Theorem 2.3.4, Setp is cocomplete. In this

section, we show that §e_tp is not cocomplete.
Lemma 4.5.1. If a colimit exists in Setp, then it is preserved by the underlying set functor.

Proof. Let I be a small category and let D : I — Setp be a functor. Let (D;, «;) denote iD.
Assume that a colimit ((S, ), (€;)ier) of D exists in Setp. Let (S, (¢})icr) be a cocone of DU.
We define a structure map 3’ on S’ by z/3' = & for each x € S’. Then, for any ¢ € I, since for
any d € D, daiagp D @ =delf, €, is an upper P-morphism. So, ((S’,3'), (€})ier) is a cocone
of D and there exists a unique upper P-morphism 7 : S — S’ such that ¢, = ;7. Therefore

(S, (€4)ier) is the colimit of DU in Set. O

Lemma 4.5.2. Let f : (X,ax) — (Y,ay) and g : (X,ax) — (Z,az) be two upper P-
morphisms. Assume that a pushout ((P, (), (py,pz)) exists. Then the natural projection
natf: (Y+2Z,as) — (Y+2)?, ) is an upper P-morphism, where 6 is the smallest equivalence

relation on Y + Z containing all pairs (zf, zg) with z € X.



33

Proof. Reverse the direction of inclusions in Lemma 4.4.7. O

Definition 4.5.3. Let (A, «) be a P-coalgebra and let § be an equivalence relation on A. We
define a P-coalgebra (A?, v, ¢) by
g = m ba(nat 9).
(a,b)eb

It is easy to see that ay, g is well-defined.

Proposition 4.5.4. Let (A, «) be a P-coalgebra and let 6 be an equivalence relation on A.

Then, for each a? € A, a’ay, 4 is the largest subset of A% so that nat 6 is an upper P-morphism.
, g

Proof.
A nat 6 A
I e
AP A'p
(nat 6)”

Let a € A be given. Note that
a(nat 0)oy, g = agozuﬂ = ﬂ ba(nat 0).
(a,b)eb
Since ac(nat ) D m(a,b)EG ba(nat 0), nat 6 is an upper P-morphism. Now suppose that nat ¢
is an upper P-morphism with a structure map 5 on A?. Then, for given o’ € A? and for any
bead,

ba(nat 0)” D b(nat 0)3 = a(nat )3 = a?3.
Therefore aeauﬂ D alp. O
Theorem 4.5.5. Setp is not cocomplete.

Proof. One counterexample is enough. Let (X = {z1, 22}, ax) be coalgebra such that z1ax =
{z2} and zoax = X. Let (Y = {y1,y2},ay) and (Z = {21, 22}, az) be coalgebras such that

vy = {y2}, yoay = {1}, z1az = {22}, and z0az = {22}. Let f: X — Y be a map defined
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by x; = y; for i = 1,2 and let g : X — Z be a map defined by x; = z; for ¢ = 1,2. Then f and
g are upper P-morphisms.

g
21 g +— 1 Ty — Y1 Y2

o x|

{zat {22} \ {z2} A{z1,22} / {w2H{wi}

Gz |z ay

= §
o] v
] o
{v3} 2

Now assume that the pushout ((P, ), (py,pz)) of f and g exists in Setp. Then by Lemma
4.5.1, P = (Y 4 Z)?, where 6 is the smallest equivalence relation on Y + Z containing all pairs
(xf,zg) with x € X. Furthermore, py = ty(natf) and pz = tz(natf). It can be readily
seen that (Y + 2)? = {y{, 48}, where y{ = {y1,21} and 3§ = {y2,22}. Let (L = {0},ay)
be a P-coalgebra such that Oaz, = {0}. Let gy : Y — L and gz : Z — L be the constant
functions. Then ¢y and ¢z are upper P-morphisms such that fqy = ggz. There is a unique
upper P-morphism 7 : (Y 4+ Z)? — L such that py7 = ¢y and pz7 = qz. By Lemma 4.5.2 and
Proposition 4.5.4, 7 should be an upper P-morphism with structure map ay 9 on (Y + Z )9.
However,

Yoo or” =@ 2 {0} = yirar,

which is a contradiction. Therefore there is no pushout of f and g in Setp. O
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CHAPTER 5. Graphic coalgebras with lower morphisms

In Chapter 3, we have observed that N-homomorphisms between graphic coalgebras are
too strict, and that there is no simple construction for products. There is another aspect of the
strictness of N-homomorphisms. Let (X,a) € G be connected, and let S be a proper subset
of X. Then by Proposition 3.2.4, there is no structure map ag so that (S, ag) < (X,«a). This
implies that an induced subgraph may not be a subcoalgebra. These situations can be avoided
by relaxing the condition for the definition of N-homomorphism. In this chapter, we suggest

to use lower morphisms as a relaxation of N-homomorphisms.

5.1 Lower N-morphisms

5.1.1 Finite completeness

In this subsection, we discuss the finite completeness of Sety. With the same proof of

Lemma 4.4.1, we obtain the following.
Lemma 5.1.1. If a limit exists in Set, then it is preserved by the underlying set functor.
Theorem 5.1.2. Sety is not complete.

-

Proof. One counterexample is enough. For each natural number n € N, let (X,, = {an, by, cn}, o)
be an N-coalgebra such that a,a,, = {b,, ¢, } and by, = ¢, = {a,}. Assume that the prod-
uct ((P, ), (mn)nen) exists in Sety. Then by Lemma 5.1.1, P =[], .y X»n- Let ({0,1},8) be

a graphic N-coalgebra whose graph structure is the following;
0—1

For each n, we define a map f, : {0,1} — X,, by 0f, = a, and 1f, = b,. A function

gn : {0,1} — X,, is defined by Og, = a, and lg, = ¢,. Then both f, and g, are lower
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N-morphisms. Since (P, «) is the product, for each class of functions (hy, )pen with A, = f, or
gn, there is a unique lower N-morphism from {0,1} to P. Therefore |([],cn @n)a| is infinite,

which is a contradiction. O

Proposition 5.1.3. For every family (X;, o;);er of finite number of N-coalgebras, there exists
a product of (X;,a;)ier in Sety, which is preserved by the underlying set functor. If I = &,
then the product is the terminal coalgebra ({*}, ) with xa = {x}. If I # &, then its structure

map « is given by ([[,c; zi)a = [[;c;(ziqs). ie., each projection map m; is a N-homomorphism.

Proposition 5.1.4. Let f: (X,ax) — (Z,az) and g : (Y,ay) — (Z,az) be two lower N-
morphisms. Then there exists a pullback (P, ap) in &c} ~ which is preserved by the underlying
set functor. Its structure map ap is given by (z,y)ap = P[\[(zax)x (yay)], i.e. the projection

maps wx and 7wy are N-homomorphisms.

By Proposition 5.1.3 and 5.1.4, we obtain the following.
Theorem 5.1.5. Sety is finitely complete.
Proposition 5.1.6. Sety is weakly SI-factorizable.

Proof. Let ¢ : (X,ax) — (Y,ay) be a lower N-morphism. For a given set Z, let f: X — Z
and g : Z — Y be a SI-factorization with fg = . For a given z € Z, we define a structure

map « on Z by
zo = U zax fN.

rf=z

Since ¢ is a lower N-morphism, for each z € X with of = 2z, zaxe”™ C zpay. So

zagN = ( U a:aXfN)gN = U (a:aXngN) = U ancpN C zpay.

rf=z rf=z rf=z
Since g is injective, za is finite. Now it is easy to see that both f : (X,ax) — (Z,«) and

g:(Z,a) — (Y,ay) are lower N-morphisms. O
By Proposition 5.1.6 and Theorem 4.2.6, we obtain the following.

Corollary 5.1.7. Every weak co-quasivariety of Sety is finitely complete.
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5.1.2 Non-cocompleteness

By Proposition 4.1.3, every sum exists in Sety. So for the cocompleteness, we need to

study the existence of every pushout.
Theorem 5.1.8. Sety is not cocomplete.

Proof. One counterexample is enough. Let (X = {z, | n € N},ax), (Y = {an,b, | n €
N}, ay), and (Z = {z}, az) be N-coalgebras such that z,ax = &, apay = {b,}, bhay = {a,},
and zay = @. Let f: X — Y be a map defined by x, f = a,. Let g be the map from X to Z.
Then f and g are lower N-morphisms. Now assume that the pushout ((P, «), (py,pz)) of f and

g exists in Sety. Then since fpy = gpz, there is an element p € P such that zpz = p = anpy

for any n € N.
{a ,Vaz a; ,
/
=Y
b, b, by -
X={x, 1, by, by )
X,
X3,
g Py
!
> \
Z:{Z} »{p}...}:P
Pz
v
po
Since pa is finite, we may let pa = {c1,¢o,...,cr} for some k € N. Since py is a lower

N-morphism, b,py C pa for any n. Since {b, | n € N} is infinite, there is some i between
1 and k such that |{b, € Y | bypy = ¢ }| > 2. Without loss of generality, we may assume
that bipy = bapy = ¢;. Now let (Q = {q,c1,¢2,...,cxr1},3) be an N-coalgebra such that
g8 ={c1,...,ck41}, and ¢;8 = {q} for any j. We define a map gz : Z — @Q by zqz = q. Let
gy : Y — @ be a map defined by a,qy = ¢ for any n, b1gy = cx+1, and b,qy = b,py for any

n > 1. Then qz and gy are lower N-morphisms with fqy = ggz. However there is no map
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7: P — Q with pyT = ¢qy, which is a contradiction. O

Let f: (X,ax) — (Y,ay) and g : (X,ax) — (Z,az) be two lower N-morphisms. When
does the pushout of f and ¢ exist? Let # be the smallest equivalence relation on Y + Z
containing all pairs (zf, zg) with € X. Assume that there is a structure map 3 on (Y + Z)°
with

natf: (Y + Z ax) — (Y + 2)%, 3)
is a lower N-morphism, i.e. f is a weak congruence. We define an N-coalgebra ((Y + Z)%, ay)
by

2oy = U yas (nat ), (5.1)
(z,y)€0

where nat @ is the natural projection. It is easy to see that ay is well-defined and
nat6: (Y + Z,ax) — (Y + 2), ag)
is a lower N-morphism.

Proposition 5.1.9. Let f: (X,ax) — (Y,ay) and g : (X,ax) — (Z,az) be two lower N-
morphisms. Assume that 6 is a weak congruence, where 6 is the smallest equivalence relation
on Y + Z containing all pairs (zf,zg) with x € X. Then the pushout ((P,ap), (py,pz)) of
[ and g exists in Sety and it is preserved by the underlying set functor, i.e. P = (Y + Z )Y,

py = ty(nat#), and pz = tz(nat 0). The structure map ap is «ayg.

5.2 Graphic coalgebras with lower morphisms

We denote the full subcategory of Sety with the object set G by Gph.
= —

5.2.1 Lower N-morphisms on G
By Definition 4.1.1, we obtain the following.
Lemma 5.2.1. A lower N-morphism preserves loops.

Proof. Let f: (X,a) — (Y, 3) be a lower N-morphism on G. If z € X has a loop, then x € za.

Since zafN C zfB, xf € xfB. Therefore xf has a loop. O
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From the above Lemma 5.2.1, the preimage of a N-coalgebra with no loops in G under a

lower N-morphism has no loops.

Theorem 5.2.2. Let f be a lower N-morphism from (X,«a) to (Y,3) on G. Then f is a
graph homomorphism between corresponding graphs, i.e. f preserves edges. Conversely, if
f is a graph homomorphism, then f is a lower N-morphism between corresponding graphic

N-coalgebras.

Proof. If 2’ € za, then z'f € zff since zafN C zfB. So f preserves edges. The other

direction is clear. O

By Lemma 5.2.2, it is apparent that we have relaxed the homomorphism concept to a

proper level. As a result, Proposition 3.2.4 might not hold in Gph. Also, the inverse image of
—_

2 could be trivial. Indeed, bipartite graphs can be characterized as inverse images of 2. This

is a nice example of the use of the coalgebraic language.

Proposition 5.2.3. Let (X,«) € G. Then (X, «) is a bipartite graph if and only if there is a

lower N-morphism f: X — 2.

Proof. Suppose that (X, «) is a bipartite graph. Then there exists a partition Xy and X; on
X such that Xy and X; are independent. We define a function f : X — 2 by xf = 0 for
any z € Xo, and zf = 1 for any z € X;. Then for any € Xg, zaf¥ = @ or {1}. So
rafV Caxfay = 0as = {1}. Similarly, if z € X;, then zaf" C zfas. Therefore f is a lower
N-morphism. Now suppose that f: X — 2 is a lower N-morphism. By Lemma 5.2.1, (X, «)
has no loop. If for any = € X, xa = &, then we are done. If (X,«) is not trivial, then the

proof is same as the proof of Proposition 3.2.5. O

5.2.2 Finite completeness

In this subsection, we show the completeness of Gph by use of the coalgebraic language.
—_
Note that Sety is finitely complete by Theorem 5.1.5. In order to show that Gph is finitely
et “~ph

complete, it is enough to prove that G is a weak co-quasivariety by Corollary 5.1.7.
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Let ({0,1,2},a) € G with O = {1}, 1o = {0, 2}, and 2a = {1}. The graph structure of
({0,1,2}, a) is the following:

Let ({0,1}, ) be the N-coalgebra with 08 = {1} and 18 = (). Now, we consider the canonical
inclusion map ¢ : {0,1} — {0,1,2}. Then, ¢ becomes a lower morphism and ({0,1},3) <

({0,1,2}, ). However, ({0,1},3) € G. As a result, we have the following lemma.
Lemma 5.2.4. G is not closed under subcoalgebras.

Let (X ={0,1,2},a) € G such that 0a = {1}, la = {0}, and 2a = . Let (X, 3) € Sety
such that 08 = {1}, 18 = {0,2}, and 28 = &. Then the identity map id : X — X is a
surjective lower N-morphism. However, (X, ) € G. So G is not a co-quasivariety. Note that

every coproduct exists in Sety by Proposition 4.1.3.
Proposition 5.2.5. G forms a weak coquasivariety over _S_e_‘g N-

Proof. (i) G is closed under ;

The proof is same as the proof of Proposition 3.2.6.

(ii) Let f: (X,ax) — (Y,ay) be a surjective lower N-morphism where (X, ax) € G. We

define a structure map a on Y by ya = (J zax fN for y € Y. For any z € X,

zf=y
rax fN C Ux,f:xfw’aXfN =zfa. So, f: (X,ax) — (Y,«) is a lower N-morphism.
For any y € Y, you™ C yray since Vo € X with 2f = y, zax fY C yay. So (Y, ) <,
(Y,ay). Now suppose that y; € yoar where 31,52 € Y. Then y; € aax fV for some
a € X with af = y2. So, 3b € aax such that bf = y;. Since (X,ax) € G, a € bax. So

yo = af € bax fV. Hence ys € y1cv.

By Corollary 5.1.7, we obtain the following.

Corollary 5.2.6. Gph is finitely complete.
—_
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Recall that although Gph is complete, there is still no simple construction for the products.
However, _S_e_‘g ~ is finitely complete and we have simple constructions for the finite products and
pullbacks by Proposition 5.1.3 and 5.1.4. Products and pullbacks of graphs were considered
in [9], and they have simple constructions. We obtain an alternative proof using Proposition

5.1.3 and 5.1.4.

Proposition 5.2.7. For every family (X;, ;);es of finite number of graphic N-coalgebras, the

product ([ X;, ) in Proposition 5.1.3 is also graphic.

Proof. The case I = @ is trivial. Suppose that [ # @. Let [[x; € [[X; and [[y; € [[ X be
given. We may assume that [[x; € ([[vi)e. Since ([Jvi)a = {[]ai € [[ Xi|Vi € I,a; € yia;},
for all ¢ € I, x; € y;a;. Since each (X;, ;) € G, y; € zja;. So, [[yi € ([[=i)a. Hence

(HXZ',CY) eq. |

By Proposition 5.2.7, the finite product of graphic N-coalgebras is constructed as in Propo-

sition 5.1.3.

Proposition 5.2.8. Let f : (X,ax) — (Z,az) and g : (Y,ay) — (Z,az) be two lower

N-morphisms in G. Then the pullback (P, ap) in Proposition 5.1.4 is also graphic.

Proof. Suppose that (2/,y') € (z,y)ap, where (z,y), (2/,y') € P. Then 2’ € zax and y' €
yay. Since (X,ax), Y,ay) € G, © € 2/ € ax and y € ¢y € ay. Therefore (z,y) €

(@', y")ap. O
By Proposition 5.2.8, the pullback of graphic N-coalgebras is constructed as in Proposition

5.1.4.

5.2.3 Non-cocompleteness

It is easy to see that every coproduct exists in Gph from Proposition 4.1.3. Gph is not
— —

cocomplete since the counterexample of Theorem 5.1.8 is considered in the category Gph.
—_—
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Lemma 5.2.9. Let (X, «) be a graphic coalgebra and let 6 be a weak congruence on X. Then
(X 0 ap) is a graphic coalgebra, where ay is the structure map defined by

oy = U ya(nat 0) .
(z,y)€0

9y where 27,y € X? Then there is a € ¥ such that y¥ €

Proof. Suppose that 3% € x
ac(nat @) by the definition of ag. So b € y? for some b € ac. Since (X,a) € G, a € ba. So
a’ € ba(nat #). Hence,

' =d e U ba(nat 0) = %0y .
(byy)eo

By Lemma 5.2.9, we obtain the following.

Proposition 5.2.10. Let f : (X,ax) — (Y,ay) and g : (X,ax) — (Z,az) be two lower
N-morphisms in G. Assume that 6 is a weak congruence, where 6 is the smallest equivalence
relation on Y + Z containing all pairs (zf,xg) with € X. Then the pushout of f and ¢ in

Proposition 5.1.9 is also graphic.
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CHAPTER 6. Topological coalgebras with upper morphisms

In this chapter, we will work within the category Setr of all coalgebras for the monotonic

filter functor F, with the upper morphisms as morphisms.

6.1 Upper F-morphisms

Lemma 6.1.1. Amap f: (X,a) — (Y, () is an upper F-morphism if and only if for all x € X
and all V C Y,
Vexff= f1(V)e€za.

Proof. f is an upper F-morphism
iff Vo € X, za(fF) D xfp
ifftVvee XYVWCVY, [Vexff=FUCX.U€cza Uf CV]

iffVe e XYV CY, [Veaff=3UCX.Ucaa, UC f (V)]

iff Vo € X,YV CY, [V €xff= fHV) € zal.

By using the proof of Proposition 3.1.4, we obtain the following.
Lemma 6.1.2. A subset S C X is an F-subcoalgebra of (X, «a) if S € sa for each s € S.

The following example shows that the converse of Lemma 6.1.2 may not hold. Let ({0, 1}, &)
be the F-coalgebra where 0o = la = {{0,1}}. Let ({0}, 3) be the F-coalgebra with 08 =

{{0}}. Now we consider the canonical inclusion map ¢ : {0} < {0,1}. Then ¢ becomes an

upper morphism and ({0}, 3) <,, ({0,1}, ). However, ({0}, 3) £ ({0,1}, «).
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Note that for given families (X;);cs of sets and (H;);cr, where each H; is a filter on Xj,

[ = {IIv:

is a filter on [] X;.

U; € H;, U; = X; for all but finitely many z}

Proposition 6.1.3. For a family (X, a;)ic of F-coalgebras, there exists a product [ [, (X;, o)
in §e_t # which is preserved by the underlying set functor. If I = &, then the product is the
terminal coalgebra ({*}, «) with xa = {{x}}. If I # &, then the structure map « is given by

~

(ITzi))a = [[(zia).

Proof. Tt is easy to check that ({*},a) is the terminal coalgebra. Suppose that I # &. Let

(Y, ay) be an F-coalgebra and ¢; : Y — X; be an upper F-morphism. Then there is a unique
map ¢ : Y — [[X; in Set with ¢m; = ¢;.

-
[Mx ——
72N %
« Y o
ay

I x)F Z—| — xi7

‘% \g"\.

YF

Let y € Y be given. We want to show that yay” O yia. Let U € ypa. Then U = [[U;,
where U; € yp;a; and U; # X; for all but finitely many indices i. Clearly [[ X; € yay”.

Assume that U # [[ X;. Then there is a positive integer n such that:
I, c1I;
I, =n;
VjEIn, Uj;ﬁX]‘;

V’iE(I\In), U, =X;.
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For each j € I,

yOéYT/JFWjF = yaycp]f (F is a functor and ¢7; = ¢;)

2 ypja;  (p; is an upper F-morphism).

Thus for each j € I,,, we have U; € yawaﬂjf. Note that if H is a filter on [[ X;, then Hm; is a
filter on X;. So U; € yawﬁfwjf = yayqﬁ}—wj. Then for each j € I, there exists a V; € yayp”
such that U; = Vjm;. Since U 2 ﬂjeln V; € yay )’ , we have U € yayt”. Therefore v is an

upper F-morphism. O

Proposition 6.1.4. Consider two upper F-morphisms f : (X,ax) — (Z,az)and g : (Y,ay) —
(Z,az). Then there exists a pullback (P,ap) in Setr which is preserved by the underlying

set functor. Its structure map ap is given by
(x,y)ap =1{(UxV)NP|U€zxzax,V € yay}. (6.1)

Proof. Let P = {(z,y) € X xY | zf = yg}. We define a structure map ap on P by (6.1).

First, we show that apis well-defined. Put
S(x,y) ={({UxV)NP|Ue€zax,V €yay}.

Since P € S(;,), the set S ) is nonempty. For given Wi, Wy € S, ), there exist Uy,
U; € zax and Vi, Vo € yay such that Wy = (Uy x Vi) N P and Wy = (Us x Vo) N P. Since
WinNWy = [(UiNUz) x (ViNVe)]N P € Sy, the set S, 4 is downward directed. Therefore
ap is well-defined. Now let (L, ) be an F-coalgebra and gx : L — X and gy : L — Y be

upper F-morphisms such that ¢x f = qyg. Then there is a unique map 7 : L — P in Set with
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T —(4x and Ty = (qy.

YF—ZF
g5

For given | € L, since 7rx = qx and 77y = qy, we have It = (lgx,lgy). So
lrap =1{(UxV)NP|Ue€lgxax,V €lgyvay}.

Let W € lrap. Then there exists U € lgyax and V € lgyay with (U x V)N P C W. It
suffices to show that (U x V)N P € la 77 . Since gy is an upper F-morphism,
Uelgxax C lan)T; = laLTFW§.

Since laym” is a filter on P, there exists Wi € lap7” such that Wimx C U. Similarly, there

exists Wa € lar 77 such that Wamy C V. Since
WlﬁWQQ(UXV)ﬂP,
we have (U x V)N P € lar”. Therefore 7 is an upper F-morphism. O

By Propositions 6.1.3 and 6.1.4, we obtain the following.
Theorem 6.1.5. Setr is complete.
pet

Lemma 6.1.6. Let g : X — Y be an injective map and let (G;);cr be a class of filters on X.
Then

1 (Gig) < T(ﬂGM)

el i€l
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Proof. Since g is injective, G;g is a filter on Xg for each i € I. For a given element U of
Nier T(Gig), there is V; € G;g such that V; C U N Xg for each ¢ € I. Since G;g is a filter on

Xg, we have UN Xg € ;e; Gig- Thus U € T (N;e; Gi9)- d
Proposition 6.1.7. Setr is weakly SI-factorizable.

Proof. Let ¢ : (X,ax) — (Y,ay) be an upper F-morphism. For a given set Z, let f: X — Z
and g : Z — Y be an SI-factorization with fg = ¢. For a given z € Z, we define a structure

map « on Z by
za = ﬂ zaxfr.

rf=z

Then Vz € X, zfa C zax f”. Thus f is an upper F-morphism. Now let z € Z. Since ¢ is an

upper F-morphism, for every z € X with zf = z,
zgay = zfgay C zaxe’ =zaxfrg” ..
So zgay C ﬂxfzz(a:axf]:gf) =Najes 1 (raxf”g). By Lemma 6.1.6,

N 1(@axfrg) < 1] ) @axf7g)

=1 [( () waxs” )g] (g is injective)
.CBf:z
- ( N ﬂUOéXff>9]E = zag” .
J?f:z
Therefore g is an upper F-morphism. -

By Theorem 4.2.6, Theorem 6.1.5, and Proposition 6.1.7, we obtain the following.

Corollary 6.1.8. Each weak coquasivariety of §e_t F is complete.

6.2 Topological coalgebras with upper morphisms

Denote the full subcategory of Setz with the object class 7 by Tp. We show that weak
k.
coalgebra homomorphisms coincide with continuous maps. Based on this, we derive the equiv-

alence between Top and Tp. Here is the main theorem.
k.
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Theorem 6.2.1. Suppose that (X, 7x) and (Y, 7y) are topological spaces. Consider a function
f:X =Y. Then f: (X,U;,) — (Y,U, ) is an upper F-morphism if and only if f : (X,7x) —

(Y, 7y) is continuous.

Proof. Suppose that f : (X,7x) — (Y,7y) is continuous. Let z € X and let V C Y. If
V € xfU,,, then there exists an open set U € 7y such that zf € U C V. Since f is
continuous, z € f~1(U) € 7x. Since f~1(U) C f~1(V), we have f~1(V) € 2U,,. Therefore f
is an upper F-morphism by Lemma 6.1.1. Now suppose that f is an upper F-morphism. Let
V € 1y. For any z € f~1(V), there exists U, € 7x such that x € U, C f~1(V) by Lemma

6.1.1. Since f~4(V) = Uzes-1(vy Uz, we have f~YV) € 7x. Hence f is continuous. O

Corollary 6.2.2. Let (X, 7x) be a topological space, with corresponding coalgebra (X, Ur ).

If S is a subset of X, then it is a subcoalgebra.

Proof. Let 79 = {SNU | U € 7x} be the subspace topology. Then by Theorem 6.2.1,

(S,Urg) <w (X, Ury). O

Theorem 6.2.1 indicates that we have appropriately relaxed the homomorphism concept.

The bicompleteness of Tp will follow. It is easy to check that
~F
G : Top — Tp, (6.2)
~r

defined by (X,7)G = (X,U,) for (X,7) € Ob(Top) and f& = f for f € Mor(Top), is a

functor. Indeed G is an equivalence.

Proposition 6.2.3. The functor G : Top — Tp of (6.2) provides an equivalence between the
—F

category of continuous maps and the category of upper F-morphisms for topological coalgebras.

Proof. Clearly, G is faithful and dense. By Theorem 6.2.1, G is full. Therefore G is an

equivalence. O
Note that Top is bicomplete. By Proposition 6.2.3, we obtain the following.

Corollary 6.2.4. Tp is bicomplete.
bt
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6.3 Closure properties

Recall that a weak coquasivariety of a complete weak category is again complete. Since
Setr is complete, it is natural to ask whether 7 forms a weak coquasivariety. First we
consider the closure property under subcoalgebras. Let ({0,1},7) be the topological space

with 7 = {&,{0,1}}. Then we obtain the F-coalgebra ({0,1},U;) € 7, with
0U- = 1U,; = {{0,1}}.

Let ({0,1},3) be the F-coalgebra with 06 = {{1},{0,1}} and 15 = {{0},{0,1}}. Then
({0,1},8) < ({0,1},U;). However, ({0,1},3) & 7. As a result, we obtain the following

proposition.

Proposition 6.3.1. The class 7 is not closed under subcoalgebras. Hence it does not form a

covariety over Setr.

Consider (X = {1,2,3,4},U,;) € T with the topology

r={2,{1},{1,3},{1,2,4}, X} .

Let (Y = {a,b,c},3) € Setr such that a8 = {{a,c},Y}, b8 = {{a,b},Y}, and ¢4 = {V}.
Then the function f: X — Y defined by 1f = 2f = a, 3f = b, and 4f = ¢ is a surjective upper
F-morphism. However, (Y, 3) & 7. Thus 7 is not closed under H, and is not a coquasivariety.

Now we define a topology 7y on Y by
{(vey | Vitert={o{a,c},Y}.

Then it is easy to see that the topology 7y is the finest topology so that f becomes a continuous

function. However, (Y, U, ) £ (Y, 3). As a result, we obtain the following proposition.

Proposition 6.3.2. 7 does not form a weak coquasivariety over Setr.
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CHAPTER 7. Future research problems

7.1 Almost homomorphisms

For given sets A and B, if A C B and |B\ A| < oo, then we denote this containment by

A Ceopin B. Denote the symmetric difference between A and B by AAB, i.e.
AAB=(AUB)\ (ANB).

Let T : Set — Set be a monotonic endofunctor. Then T is said to be a strictly monotonic
endofunctor if for a given map f : X — Y and for given sets A, B € XT, the containment

A gcofin B imphes AfT gcofin BfT

Definition 7.1.1. Let (X, a) and (Y, 3) be T-coalgebras for a strictly monotonic endofunctor
T : Set — Set. Then an almost T'-homomorphism from (X, «) to (Y,3) isamap f: X - Y

such that for each x € X, we have
lzafTAzfp < co.

It can be readily seen that the class of all T-coalgebras forms a category denoted by Setr

with almost T-homomorphisms. Furthermore, we have the following result.

Theorem 7.1.2. For a strictly monotonic endofunctor 7" on the category of sets, the class of

all almost T-homomorphisms is weakly closed.

In Chapter 5 and 6, we have seen how lower and upper morphisms work nicely in math-
ematical structures. It would be interesting and worth to find some mathematical structures
in which almost homomorphisms give a nice relationship between the corresponding coalge-
bras. Another interesting question would be an interpretation of almost homomorphisms into

transition systems or automata.
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7.2 Generalization of graph minors

A quasi-order (Q,<) is a class @ together with a transitive and reflexive relation <.

Definition 7.2.1. Let (@, <) be a quasi-order and let H be a subclass of ). Then H is called
hereditary if y < x implies y € H for every x € H. If x < y implies y € H for every z € H,

then H is said to be monotone.
For a given subclass H of a quasi-order (Q, <), H*:=Q \ H .

Proposition 7.2.2. Let H be a subclass of a quasi-order (@, <). Then H is hereditary if and

only if H¢ is monotone.

Proof. If H = @, then H® = & is monotone and H is hereditary. So assume that H is a proper
subclass of (). Suppose that H is hereditary. Let x € H and let x < y. If y ¢ H¢ theny € H.
Since H is hereditary, x € H, which is a contradiction. Therefore y € H¢ and H€ is monotone.
Now assume that H¢ is monotone. Let x € H and let y < z. If y ¢ H, then y € H°. Since H¢

is monotone, x € H¢, which is a contradiction. Therefore H is hereditary. O

Let H be a subclass of a quasi-order (Q, <). We define

TH:={¢qeQ|IxeH. z<q}.

Definition 7.2.3. Let H be a subclass of a quasi-order (@, <). A basis for H is a subclass B

of H satisfying T B= H.
It is natural to ask when a given subclass of a quasi-order has a basis.

Proposition 7.2.4. Let H be a subclass of a quasi-order (@, <). Then H is monotone if and

only if H has a basis.

Proof. Suppose that H is monotone. Then T H = H. Now suppose that H has a basis B. Let
x € H and let x < y. Then there exists b € B such that b < x < y. By the definition of basis,

y € H. Therefore H is monotone. O
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Let H be a subclass of a quasi-order (@, <). If H is hereditary, then H can be characterized
by excluding some members of (Q by Proposition 7.2.2 and 7.2.4. H is called an antichain if
for any distinct a, b € H, a £ b and a £ b. If H has a basis, then we are interested in finding a
basis as small as possible. In particular, if we have a finite basis B, then B can be reduced to
an antichain basis for H. In 1952, G. Higman gave a necessary and sufficient condition when
a basis can be reduced to a finite basis [11]. We state this result in the rest of this section.

A quasi-order (Q, <) is a well-quasi-order if for every countable sequence ¢y, g2, . . . of mem-

bers of @, there exist 1 <4 < j such that ¢; < g;.

Definition 7.2.5. A quasi-order (Q, <) is well-founded if and only if there is no infinitely

descending chain.

Theorem 7.2.6. [11] Let (Q, <) be a quasi-order. Then the following are equivalent.
1. @ is well-quasi-ordered.
2. @ is well-founded and has no infinite antichains.
3. For any subclass H of @), T H has a finite basis.

In Mathematics, to find a well-quasi-order having nice structure relationship or to determine
if a given quasi-order is well-quasi-ordered have been important but not easy problems. The
minor order on the finite undirected graphs is a good example. It was known that the minor
order is a qusi-order. The statement that the minor order is a well-quasi-order was formulated
as a conjecture by Klaus Wagner in 1937, and was called Wagner’s conjecture until it was
proved by Neil Robertson and Paul D. Seymour, who published its proof in a series of twenty
papers from 1983 to 2004.

As the class of all lower morphisms contains the class of the finite undirected graphs, it
would be an important future research problem to find a generalization of graph minor order

and its purely categorical description.
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