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ABSTRACT

Lie group decompositions are useful tools in the analysis and control of quantum systems.
Several decompositions proposed in the literature are based on a recursive procedure that
systematically uses the Cartan decomposition theorem. In this dissertation, we establish a
link between Lie algebra gradings and recursive Lie algebra decompositions, and then we
formulate a general scheme to generate Lie group decompositions. This scheme contains some
procedures previously proposed as special cases and gives a virtually unbounded number of

alternatives to factor elements of a Lie group.



CHAPTER 1. Introduction

Decompositions of a Lie group G serve to factorize every element Xy of G into a product
Xy =X1X2--- X, (1.1)

where X, j =1,...,n, is an elementary factor belonging to a low dimensional subgroup of G.
In recent years, Lie group decompositions have generated a considerable amount of interest for
several reasons. In control theory, such decompositions allow the task of designing a control
to steer a state of the system to a final target state to be reduced into a sequence of subtasks

that are easier to handle. More formally, consider a right invariant bilinear system

X =AX + (i Biui> X, X(0)=1, (1.2)

i=1
on a Lie group G, where A, By, ..., B, are elements of the Lie algebra corresponding to G,
u1,...,Un are the control functions, and 1 is the identity in G. Assume that the task is to

steer the state X of (1.2) to a desired value X¢. If a decomposition of X into simpler factors
as in (1.1) is known, it may be easier to find controls to steer to the factors X;. Then, the
concatenation of these control functions give the full control that drives X to the desired target
state Xy. It is clear that some decompositions may be more convenient than others, depending
on the particular situation at hand. Hence, it is important to have several ways to decompose
the Lie group G and to be able to choose the best one for a specific situation.

Lie group decompositions have been extensively used in quantum control and information
theory in which the relevant Lie group is the Lie group U(n) of n X n unitary matrices. Decom-
positions of U(n) are often used to analyze the dynamics of quantum systems [9]. In particular,
for multipartite quantum systems such decompositions allow the identification of the local and

entangling parts of a given unitary evolution. In this context, one can analyze the entangle-



ment dynamics [4, 5, 11, 28]. In quantum information theory, Lie group decompositions can
be used to design quantum circuits, that is, sequences of gates which perform operations on
the quantum state. In particular, assuming that a certain quantum algorithm corresponds to
a unitary transformation Xy on the state of a quantum system, a decomposition of the type
(1.1) allows to break X into a sequence of simple operations X1, Xo,..., X, [19, 20, 25].

Lie group decompositions also have applications in the control of switching lossless electrical
networks [1]. In this case, the relevant Lie group is the Lie group SO(n) of n x n orthogonal
matrices with determinant equal to 1, and the evolution of the system is naturally of the form
(1.1), where X; = et j =1,...,r, with A; a skew-symmetric matrix, depending on the
current configuration of the network. By changing the configuration we drive the system to a
desired state. The Lie group decomposition determines the type of configuration used and the
time for a network to be in a given configuration.

For these reasons, several Lie group decompositions have been introduced in recent years
[4, 5, 10, 11, 16]. In [4, 5] a decomposition called the concurrence canonical decomposition
(CCD) was studied in the context of entanglement theory. The concurrence is a measure that
quantifies the amount of entanglement [14, 26]. The CCD decomposes every unitary evolution
on N qubits into a part that does not change the concurrence on the N qubits and a part that
does. It is a Cartan decomposition in that it corresponds to a symmetric space of SU(2N )
[13]. In [10] the CCD was further studied and generalized to multipartite systems of arbitrary
dimensions. The resulting decomposition was called an odd-even decomposition (OED). The
OED is a decomposition of unitary evolutions on multipartite systems constructed in terms
of decompositions on the single subsystems. As the CCD is related to the concurrence on N
qubits, the OED has the same meaning for the generalized concurrences studied by Uhlmann
in [24]. Recursive decompositions apply the Cartan decomposition theorem successively in
order to decompose the factors into simpler ones. One of the first works in this direction is
[16], where it was shown how to decompose the unitary operators on a quantum system of
N qubits as a product of evolutions acting on a single qubit and two qubits. In the spirit

of this study, another recursive decomposition was presented in [11] to display the local and



entangling parts of unitary operators on a bipartite system of arbitrary dimensions.

This dissertation is devoted to recursive decompositions. Using the relation between Cartan
decompositions of Lie algebras and Lie algebra gradings, we show that the recursive decom-
positions of [11, 16] are a special case of a general scheme from which several other recursive
decompositions can be obtained. The main results of this dissertation are already published

in [8]. Here, we extend and fill the gaps of the presentation of [8].

1.1 Outline

This dissertation is organized as follows: In Chapter 2, we provide the background material
concerning the basic concepts of Cartan decompositions of a Lie algebra and KAK decompo-
sitions of a Lie group. Then, we describe the recursive decompositions of Khaneja and Glaser
[16], and D’Alessandro and Romano [11].

In Chapter 3, we briefly review some basic concepts of quantum mechanics, and then
we discuss a controllability problem. In particular, we show how the two qubit canonical
decomposition can be used in the solution of this problem. We also review the main ingredients
of the CCD, a generalization of the two qubit canonical decomposition to N qubits [4, 5].

In Chapter 4, we illustrate the dual structures between the Lie algebra u(n) of n x n skew-
Hermitian matrices and the Jordan algebra iu(n) of n x n Hermitian matrices, and then we use
this duality to construct the OED for multipartite quantum systems in arbitrary dimensions
[8, 10]. We also present the linear algebra tools involved in the actual calculation of the factors
of the OED, and we give a numerical example.

In Chapter 5, we describe the Lie algebra gradings and establish a link between gradings
and recursive decompositions. This gives a general method to develop recursive decompositions
of U(n). Then, we show how the recursive decompositions of [11, 16] are special cases of this
general procedure and how new recursive decompositions can be obtained. We also give a
numerical example illustrating the calculation of the recursive decompositions. In particular,
we obtain several decompositions of the generalized SWAP operator acting on three qubits.

In Chapter 6, we summarize our results and present some concluding remarks.



CHAPTER 2. Background on Lie algebras

Lie algebras and their decompositions play an important role in analyzing quantum me-
chanical systems. In this chapter, we recall first the basic facts and definitions about Lie
algebras, and then we review the basic concepts of Cartan decompositions of Lie algebras,
with particular emphasis on decompositions of u(n). Next, we describe the Khaneja Glaser
and D’Alessandro Romano decompositions, which are based on recursive procedures that sys-
tematically apply Cartan decompositions. In order to illustrate the concept, we present several

examples. We mainly follow [9, 12, 13].

2.1 Lie Algebras

Definition 2.1.1. A Lie algebra L is a vector space over a field F with a bilinear map
[+, ]:LXxL— L,
called the commutator or the Lie bracket, satisfying the following conditions:
1. Anticommutativity: [z,y] = [y, ],
2. Jacobi identity: [z,]y,z]]+y,[z,x]]+ [z, [r,y]] =0,
for all x,y,z € L.

In the special case where the groundfield F is of characteristic 2, the anticommutativity con-
dition is replaced by the condition [z,z] = 0, for all € £. In this dissertation, we shall be

concerned with the Lie algebras over the field R of real numbers and C of complex numbers.

Example 2.1.1. Any vector space V can be made into a Lie algebra by setting [z ,y] = 0,
for all z,y € V. Such a Lie algebra is called an Abelian Lie algebra. In particular, any

one-dimensional Lie algebra is necessarily Abelian.



Definition 2.1.2. A subspace K of L is called o Lie subalgebra if I is closed under the

commutator. In other words, [IC,K] C IC, where [K,K] ={[z,y]: x,y € K}.

Definition 2.1.3. A Lie subalgebra I of L is called an ideal if [Z,L] C Z, i.e., if x € T and

y € L, then [x,y] € Z. In particular, Lie algebra ideals are two-sided, that is, [Z,L] = [L,I].

Example 2.1.2. The center Z(L) of a Lie algebra L defined by
Z(L):=span{z € L: [x,y] =0 for ally € L}

is an ideal of L.

2.1.1 Linear Lie algebras

The vector space M, (F) of n x n matrices over a field F forms a Lie algebra under the

matrix commutator defined by

[A,B]:= AB — BA. (2.1)

This Lie algebra is called the general linear Lie algebra over F and is denoted by gl(n,F). The
subalgebras of gl(n,F) are called the linear Lie algebras, which will be reviewed next.

Let us consider the subspace sl(n,F) of trace zero matrices in gl(n,F), that is,
sl(n,F) = span{A € gl(n,F) : tr(4A) =0}.

Let A, B € gl(n,F). Then, it can easily be seen that tr([A, B]) = 0, i.e., sl(n,F) is closed under
the Lie bracket, and, therefore, it is a Lie subalgebra of gl(n,F). This subalgebra is known as
the special linear Lie algebra. The dimension of sl(n,F) is n? — 1.

Another very important linear Lie algebra is the special unitary Lie algebra su(n) of n x n

skew-Hermitian matrices with trace zero, i.e.,
su(n) = {A € gl(n,C): AT = —A and tr(A) = 0}.

The dimension of su(n) is n? — 1. In particular, su(n) is a subalgebra of the unitary Lie algebra

u(n) of n x n skew-Hermitian matrices.



Example 2.1.3. The special unitary Lie algebra su(2) is spanned by the matrices

The commutator relations of 65, 0y and . are given by
60,0, =02, [6y,0.] =0n, (02,04 =0y (2.2)
These relations completely describe su(2).

The skew-symmetric matrices in su(n) form another linear Lie algebra called the special

orthogonal Lie algebra, that is,
so(n) ={A cgl(n,R): AT = —A}. (2.3)
The dimension of so(n) is n(n —1)/2.

Example 2.1.4. The special orthogonal Lie algebra so(3) is spanned by the matrices

0 0 0 0 0 1 0 10
se=0 o0 1], sy=10 0 0f - s:=|-10 0], (2.4)
0 -1 0 -1 0 0 0 00

satisfying the commutation relations
(82, 8y] = 52, [Sy,5:] = Sz, (52, 82) = sy . (2.5)

Another example of a linear Lie algebra is the symplectic Lie algebra sp(n), namely the

subalgebra of 2n x 2n skew-Hermitian matrices A in gl(2n, C), satisfying the condition

AJ+JAT =0,
where J is the 2n x 2n matrix
0 1
J = ". (2.6)
-1, O

Here and in the rest of this dissertation, 1, denotes the n x n identity matrix. The dimension

of sp(n) is n(2n + 1).



2.1.2 Lie algebra homomorphisms

A homomorphism 1) between two Lie algebras £1 and Lo is a linear map compatible with

the commutator, that is, ¢ : £; — Lo such that

Pz, yh) = W), vy,

for all x,y € L. Here, [-,-]; and [, - ]2 denote the commutators in £ and L, respectively. A

bijective homomorphism is called an isomorphism.

Example 2.1.5. The special unitary Lie algebra su(2) and the special orthogonal Lie algebra

s0(3) are isomorphic. Indeed, the isomorphism is given by the map
Oy — Sz, Oy > Sy, O, — S,.
This can be seen by comparing the commutation relations given in (2.2) and (2.5).

Definition 2.1.4. Let L be a Lie algebra and x € L. The map ad, : L — L, defined by

ady(y) = [z,y], (2.7)

1s called the adjoint map. The adjoint map is linear.

Let z,y,z € L. Then, using the Jacobi identity, it can be verified that
adfy 4 = lad, ,ady],

i.e., the adjoint map is a homomorphism; however, it is not an isomorphism in general.

2.1.3 Semisimple Lie algebras

A non-Abelian Lie algebra L is called simple if it has no nontrivial ideals. Furthermore, £

is said to be semisimple if it is a direct sum of simple Lie algebras, i.e.,
L=T1®L® - DIn,

where each subalgebra Z; is simple for all ¢ = 1,...,n. Note that [Z; ,Z;] = 0 for distinct ¢ and

Jj since [Z; ,Z;] is a subalgebra of both Z; and Z;.



The following theorem provides a convenient tool to check whether a Lie algebra L is

semisimple or not. It is based on the Killing form, a symmetric bilinear form defined by
k(z,y) = tr(ad, - ady) , (2.8)
with z,y € L.

Theorem 2.1.1 (Cartan’s semisimplicity criterion). A Lie algebra L is semisimple if and only

if the Killing form k on L is non-degenerate.

2.2 Cartan decomposition of a Lie algebra

Let £ be a finite dimensional semisimple Lie algebra. A vector space decomposition
L=Ka&P (2.9)
is called a Cartan decomposition if the subspaces K and P satisfy the commutation relations
K,k CK, K,PlCP, [P, PICK. (2.10)

The pair (IC,P) of subspaces is called a Cartan pair of L. In particular, K is closed under the
commutator, and, therefore, it is a Lie subalgebra. The subspace P does not have the structure
of a Lie algebra since it is not closed under the commutator. Therefore, any subalgebra
contained in P is necessarily Abelian. A maximal Abelian subalgebra A contained in P is
called a Cartan subalgebra, and the common dimension of all the maximal subalgebras is
called the rank of the decomposition (2.9). The Cartan subalgebra is not unique. However,
it may be shown that two Cartan subalgebras A and A’ are conjugate via an element of the
Lie group associated with the Lie subalgebra K, which we denote by €. In other words, there
exists T' € €~ such that A’ = TTAT.

Associated with every Cartan decomposition is a Cartan involution 6, a Lie algebra homo-
morphism from £ to itself such that #? = 1, but 6 # 1. Here, 1 denotes the identity map on
L. In particular,  has eigenvalues —1 and +1. Accordingly, 6 splits £ into two orthogonal

subspaces K and P that are the +1 and —1 eigenspaces of 6, respectively. In other words,

O(o) =0 and 6(S)=-9,



forall o € K and S € P. Consequently, a Cartan decomposition determines a Cartan involution

and vice versa.

2.2.1 KAK decomposition of a Lie group

The Cartan decomposition (2.9) of a semisimple Lie algebra £ induces a decomposition of

the connected Lie group €. In particular, every element X € e can be written as
X=KP, (2.11)

where K belongs to the connected Lie subgroup e associated with the Lie subalgebra K and
P is the exponential of element of P. The coset space e“ / ek is called a symmetric space. The
decomposition in (2.11) is the right coset decomposition often called the KP decomposition of
eX. Note that e” does not have the structure of a subgroup in general.

Let A be a Cartan subalgebra contained in P. Then, it can be shown that

P= ] TAT

Tecek

and, therefore,

eP = U TeATT.
Teek

It follows that P in (2.11) is of the form TATT, where A belongs to the Abelian group e?.
Hence, (2.11) refines as X = KT AT, in particular KT € e*.

The following theorem summarizes the content of this section.

Theorem 2.2.1 (Cartan decomposition theorem). Let £ be a semisimple Lie algebra with the

Cartan decomposition (2.9). Then, each element X of e admits a decomposition
X =K 1AKy, (2.12)
where K1, Ko € e and A € eA.

This decomposition is known as the KAK decomposition of the connected Lie group €.
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2.2.2 Cartan decompositions of the classical Lie algebras

All the symmetric spaces of the classical Lie groups SU(n), SO(n), and Sp(n), and, there-
fore, the Cartan decompositions of their corresponding Lie algebras su(n), so(n), and sp(n),
were classified by Cartan [6, 7, 13]. In particular, up to a conjugation, the special unitary Lie
algebra su(n) has three types of Cartan decompositions. These are labeled by AI, AII, and
ATII. The special orthogonal Lie algebra so(n) has two types of Cartan decompositions labeled
by BI and BDI, and the symplectic Lie algebra sp(n) has two types of Cartan decompositions
labeled by CI and CII.

Each Cartan decomposition of su(n) is conjugate to one of the types AI, AII, and AIIL
In other words, if

su(n) =Ka®P (2.13)
is a Cartan decomposition, then there exists 7' € SU(n) such that the decomposition su(n) =
TKTT @ TPT' is in one of the forms AI, AII, and AIII, which we shall consider next.

A decomposition of type AI is the Cartan decomposition of su(n) into purely real and

purely imaginary subspaces, that is,

su(n) = so(n) ® so(n)". (2.14)

A maximal Abelian subalgebra contained in so(n)*

is spanned by the diagonal matrices, and,
therefore, the rank of this decomposition is n — 1. In the general case, the Cartan involution

associated with the decomposition in (2.13) is of the form
041(X) = (TTHX(TTT)T. (2.15)

The Cartan involution associated with (2.14) is obtained when 7" = 1,,. In this case, the
subspaces s0(n) and so(n)* are the +1 and —1 eigenspaces of 647, respectively.

A Cartan decomposition of type AII is of the form

n

su(n) = sp( 5

)@ sp(5)", (2.16)

where n is even. The diagonal matrices in 5]3(%)L form a maximal Abelian subalgebra.!

Consequently, the rank of the decomposition is § — 1. In the general case, the associated

L)J_

'The diagonal matrices in sp(%)" are of the form (5 9 ), where D is diagonal.
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Cartan involution of (2.13) is of the form
Oar1(X) = (TJTHX(TITT)T, (2.17)

with J defined in (2.6). The Cartan involution associated with (2.16) is obtained when 7" = 1,,.
A Cartan decomposition of type AIII is defined in terms of two fixed positive integers p

and ¢ with p + ¢ = n. The decomposition is
su(n) =¢t@dp, (2.18)

where £ and p are respectively spanned by block diagonal and block antidiagonal matrices of

forms

A 0 0 C
0= and S = , (2.19)

0 B -Ct 0
where A € u(p), B € u(p) with tr(o) = 0, and C' is an arbitrary p x ¢ complex matrix. Let E;;
denote the n x n matrix with all entries equal to 0 except the entry on the position (7, ) is 1. If
p < g, then the matrices Fj; ;,1; — E1;; span a maximal Abelian subalgebra where i =1,...,p.
On the other hand, if p > ¢, then the space spanned by E; ,; — Epy;; with i =1,...,¢ can

be taken as a Cartan subalgebra. Consequently, the rank of the decomposition is min{p, ¢}.

In the general case, the associated Cartan involution is given by

Oarrr(X) = (TL,,7HX(TL, , TN, (2.20)
where
1, 0
Iy = . (2.21)
0o -1,

A decomposition of type BDI of so(n), n > 2, is constructed essentially the same as the
type AIII decompositions of su(n). In this case, A and B in (2.19) are skew-symmetric, i.e.,
A € so(p), B € so(q), and C is an arbitrary p x ¢ real matrix. The rank of this decomposition
is again min{p, ¢}. We refer to [13] for the decompositions of types BI, CI, and CII.

In the following, we shall find it convenient to extend the decompositions of su(n) to the

decompositions of u(n) = su(n) @spanfi1,}. Since i 1,, commutes with each element of su(n),
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the extension can be done naturally by including the subspace span{i1,} into either K or
P in (2.13). For our goals, we extend the decompositions of type AI and AII by replacing
P with P @ span{i1,}. Accordingly, the ranks of these decompositions become n and n/2,
respectively. For decompositions of type AIIIL, we include span{i1l,} into K rather than P
so as to lift the restriction tr(c) = 0 in (2.19). With the abuse of terminology, we call the

decompositions of u(n) as the Cartan decompositions of types AI, AII, and AIII again.

2.3 Recursive decompositions

Recursive decompositions repeatedly apply the Cartan decomposition theorem in order to
decompose the factors into simpler ones. Informally speaking, this procedure allows one to
write “large” matrices as a product of “small” matrices. The basic outline of such a procedure

L

is as follows. Recall that the Cartan decomposition (2.9) of £ writes each X in e* as

X = K1 AK,,

with K € X, j=1,2 and A € e where A is a Cartan subalgebra in P. Assume that the

Lie subalgebra K is semisimple. Introducing a Cartan decomposition
K=K &P,

one can write each K as

Kj = KlejKjQ R

where K1, Kjs € e’cl, and A; belongs to the connected Lie group corresponding to the Cartan
subalgebra contained in P’. One then repeats the procedure for K’ and so on. The resulting

£ will have several simple factors. Such decompositions are often

decomposition of X € e
useful to analyze and control the dynamics of quantum systems [9]. In this context, recursive
decompositions of su(2") and u(niny) were introduced in [16] and [11], respectively. In the

following, we shall review such decompositions.
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2.3.1 The Khaneja Glaser decomposition

A recursive procedure to decompose any unitary evolutions acting on N qubits into one
qubit and two qubit operations was introduced by N. Khaneja and S. Glaser in [16]. Such

procedure begins with the type AIII decomposition
su2V)=Ka7P, (2.22)

where

K =span{l,®A, 0, ® B: A € su(2V™1), B e u(2¥ "1},

and

P = span{o,, ® C: C cu(2¥" 1)}

The rank of this decomposition is 2¥~!. A Cartan subalgebra contained in P is given by

A = span{o, ® D : D diagonal}. Thus, any X € SU(2") can be decomposed as
X = K1 AK>, (2.23)

where K;, j = 1,2, and A are of the form

K; 0 Dy D
K; = / and A= ! 2

0 K, Dy Dy

Here, Kji, k = 1,2, is a 4 X 4 unitary matrix, and Dy, is a diagonal matrix with D?—-D3 =14.
The subalgebra K is not semisimple. However, it is a direct sum of two copies of the
semisimple Lie algebra su(2V~1) and span{io, ® 1,v—1} commuting with every element of K.

Thus, finer decompositions of each K; can be obtained by applying the Cartan decomposition
K=K &P, (2.24)

where K’ = span{1o®A : A € su(2V"1)} and P’ = span{o. ® B : B € u(2¥~"1)}. A Cartan
subalgebra in this case is given by A" = span{c, ® D : D diagonal}. Accordingly, each Kj;
admits the decomposition

Kj = leAijQ s (2.25)
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su2M)=Ka7P,

{ 1, ®A ’ A€ su(2V-1) } Cartan subalgebra :
K = span -

0.®B | Beu2V™1) A = span{o, ® D : D diagonal}

P = spanf{o,, @ C : C € u(2VN 1)}

N—-1— N

K=Ko®Po,

Cartan subalgebra:

Ko =span{l; ® A: A € su(2"™1)} A = span{c, ® D : D diagonal}

Py = span{o, ® B: B € u(2V"1)}

Figure 2.1 A schematic representation of the Khaneja Glaser decomposi-
tion. The procedure starts with a Cartan decomposition of type
ATIT of su(2") and continues with a Cartan decomposition of
K. In particular, Ko is isomorphic to su(2V=1). Hence, the
procedure repeats for N — 1 and so on.

where Lj;, and A; are of the form

Lj, = Vit 0 and Aj = Pis 0
0 U 0 D
Here, Ujj, is a unitary matrix with determinant equal to 1, and Dj; is a diagonal matrix.

At this point, the key observation is that X’ and su(2V~!) are isomorphic. Thus, the
procedure can be repeated by replacing N with N — 1 to decompose each Uj; € SU(2V 1)
and so on. The resulting decomposition of X € SU(2"V) will have several factors. We present,
a schematic representation of the Khaneja Glaser decomposition in Figure 2.3.1.

The Khaneja Glaser decomposition requires two applications of the KAK decompositions.

The following algorithm of [9] can be used to compute the KAK decomposition given in (2.23):
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Algorithm 1

. . . X Xip .
(1) Partition Xg, into four 4 x 4 blocks, i.e. Xg, := . Then, the equation

Xo1 X
(2.23) is equivalent to the four matrix equations:

X1 = K11D1 Ko, X192 = K11 D2 Koo, Xo1 = K12D1 Ko, Xog = K12D9 Koo.

(2) From the first matrix equation of (1), obtain (XHXL)KH = KH(DlDJ{), where DlDJIr

is diagonal. This is an eigenvalue problem that determines K7; and D; up to signs.
(3) Determine Dy up to signs from the condition D? — D3 = 14.

(4) Use K11 and Ds in the second matrix equation of (1) to determine Kao up to signs and

so on. Finally, adjust the signs so that the equations in the previous steps are consistent.

To compute the KAK decomposition given in (2.25), one can use the following algorithm:

Algorithm 2

(1) Set the matrix equation

Kap 0 K 0 P 0
0 K; 0 K 0 Pt

with unitary K and P to obtain two matrix equations Kj; = KP and Kj; = KPt.
(2) Compute P? = KJTQKjl.

(3) Compute P as follows: diagonalize P? with a unitary matrix T to write P? = TATT,

and choose D = A? with det(D) = 1 so that P = TDT".
(4) Compute K = KjoP.
(5) Choose Uj; = KT, Ujz = T', and D;; = D to obtain the desired decomposition in (2.25).

We shall use the above algorithms to compute the Khaneja Glaser decomposition of the

generalized SWAP operator in section 5.3.
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2.3.2 The D’Alessandro Romano decomposition

Another recursive decomposition method was presented by D. D’Alessandro and R. Ro-
mano in [11]. Such a method displays the local and entangling parts of a quantum involution
acting on bipartite quantum system composed of subsystems of dimensions n1 and ns. In this
case, the Lie algebra associated with the dynamics is u(nins). The recursive decomposition
procedure starts with a decomposition of type AI of u(niny) and continues with successive

decompositions of type BDI of so(niny). We shall discuss this next.

Initial step: In this step, we perform a decomposition of type Al for the total system as

follows. First, we apply Cartan decompositions of type AI on each single system, i.e.,

u(ny) = so(ny) @ so(ny)* and u(ng) = so(ny) @ so(ny)t.

Let us denote the generic basis elements of the subspaces so(n;) and so(nj)* by o; and Sj,

j = 1,2, respectively. Then, a Cartan decomposition of u(ninsg) is given by
u(anLQ) =17, ® L., (2.26)

where iZ, = span{io; ® S, iS1 ® o2} and iZ, = span{io; ® o2, iS; ® So}. This decomposi-
tion is called the odd-even decomposition of u(nn2).2 The Lie subalgebra iZ, is conjugate to

s0(ny1n2), and the rank of the decomposition is nins.

Recursive step: In this step, we choose two positive integers p; and ¢; with p; + ¢; = n;,
j =1,2, to separate block diagonal and block antidiagonal elements of the Lie subalgebra iZ,.

In particular, let
K = span{io? @ P, iSP @ o, ic @ 83, iS{ @ 04'},

and

P =span{io? ® 53\, iSt @ oP, io © SP, iSP ® 04'},

2A detailed discussion of the odd-even decomposition will be given in Chapter 4.
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where the superscripts D and A denote the block diagonal and block antidiagonal matrices,
respectively. Therefore, we write

iTo=KaP. (2.27)

Under an appropriate conjugacy transformation, it was shown in [11] that this decomposition
is of type BDI and K is conjugate to the semisimple sum so(p1p2 + q1g2) ® s0(p1g2 + p2q1).

The next step is to apply the Cartan decomposition K = K’ & P’, where
K' = span{iof @ SP,iSP @ oD and P’ = span{ioi © S3', iS7' @ 04 }.
In particular, the subalgebra K’ is conjugate to the semisimple sum

s0(p1p2) @ 50(q192) © s0(p1g2) © s0(p2q1)

each of which is spanned by elements of form ic ® S and ¢S ® o as in the case of the Lie
subalgebra iZ,. One then iterates the procedure.

We have described the D’Alessandro Romano decomposition at the algebraic level. Ac-
cordingly, decompositions of U(ning) can be obtained by applying the Cartan decomposition
theorem repeatedly. Unlike the Khaneja Glaser decomposition, the D’Alessandro Romano
decomposition applies to bipartite systems of arbitrary dimensions, and at the end of the pro-
cedure one obtains a decomposition of unitary evolutions with several simple factors where the
local and nonlocal contributions of each factor is transparent. We refer to [11] for the compu-

tation of the KAK decompositions induced by the D’Alessandro Romano decomposition.
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CHAPTER 3. The concurrence canonical decomposition and entanglement

3.1 Basics of quantum mechanics

In this section, we shall briefly review some of the basic concepts of quantum mechanics
that we use in the rest of this dissertation. A detailed treatment of the material presented here

can be found in [2, 9, 20].

3.1.1 The state of a quantum system

The state of a quantum mechanical system is represented by a unit vector in a Hilbert
space H, a complex inner product space that is complete with respect to the norm defined
by the inner product. The system is identified by its Hilbert space H, and it is assumed that
the state vector completely describes the physical system. The dimension of the system is the
dimension of the associated Hilbert space, which may be finite or infinite.

In what follows, we shall be concerned with finite dimensional systems.

3.1.1.1 Kets

The state vector of a quantum system is called a ket, and denoted by Dirac’s notation [¢).
The space spanned by kets is called the ket space.
Consider a Hilbert space H with an orthonormal basis {|e1),|e2),...,|en)}. Then, every

|1) in H can uniquely be written as
) = ayles) (3.1)
j=1

where «; is a complex number. In the given basis, |¢)) may be represented by its expansion
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coefficients a; as the column vector

= (3.2)

Qp

Thus, the kets may be viewed as column vectors.

The inner product of two kets |11) and [|¢9) is denoted by (1)1 |1)9).

Definition 3.1.1. The kets |¢1) and |12) are orthogonal if (11]12) = 0.

3.1.1.2 Two level quantum systems

The simplest example of quantum systems is the two dimensional quantum system called
a two level system or a qubit which has two degrees of freedom. More formally, the associated
Hilbert H is spanned by two orthonormal state vectors |0) and |1), which are known as the

computational basis states. Then, each state vector can be written as

) = al0) + 8[1), (3-3)

where a and 3 are complex numbers with |a|? + |3]? = 1.

A hydrogen atom and spin—% particles are two common examples for two level systems.
The ground and the excited states of the hydrogen atom and the spin-up and the spin-down
states of spin—% particles form bases for the associated Hilbert spaces.

The state equation (3.3) may be rewritten as
0 ; 0
[1) = cos 2 [0) +e“75sin5 1), (3.4)

(see [20, §1.2]). In this representation, the numbers 0 < 6 < 27, and 0 < ¢ < 7, define a point
on a three-dimensional unit sphere called the Bloch sphere. Indeed, the state |0) is the North

pole, the state |1) is the South pole, and [¢) in (3.4) is the pure state given in Figure 3.1.1.2.
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Pure state

Mixed state

Figure 3.1 Pure and mixed states on the Bloch sphere.
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3.1.2 Linear Operators

A linear operator X between two Hilbert spaces Hi and Hs is a map that preserves the

addition and multiplication by a scalar, i.e.

X(l¥) +19)) = X[¢) + X|¢)  and  X(c|¢h)) = cX|h),

where c is a complex number.
The sum X + Y and the multiplication XY of linear operators X and Y are associative

linear operators. Here XY is defined as (XY)[¢) := X (Y|¢)). Note that the multiplication is

not commutative in general, i.e., XY # Y X.

3.1.2.1 Bras

Associated with each ket |¢) is a linear functional (¢)| : H — C, called a bra. When
applied to a ket |¢) gives the complex number (1|¢). In the matrix formulation, the bra (1|

corresponds to a unique raw vector representation obtained by the complex conjugate transpose

of the ket [¢) in (3.2), i.e.,

(] = !Wz(m Gy - an>. (3.5)

Similar to the equation (3.1), one can write (1| as

W =" ajlel,
j=1

where (e;| = |ej>T. The space spanned by row vectors (e;|, j =1,...,n, is called the bra space.

In particular, the bra space is the dual space of the associated ket space.

3.1.2.2 Outer product

The outer product of a ket |1)) and bra |¢), denoted by |¢) (7|, is a linear operator acting on
both kets and bras. It maps the ket |¢) to another ket |¢)(0]p) = (¥|¢)|@). Note that (i|p)
is a complex number. Similarly, |¢) (| transforms the a bra (¢| to another bra (p|¢)(¢|.

In the matrix representation, the outer product is a rank-one operator obtained by right-

multiplying a column matrix by a row matrix.
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3.1.3 State of a composite quantum system

Consider a bipartite quantum system composed of two subsystems with Hilbert spaces H1
and Hs of dimensions m and n, respectively. Then, a state of the composite system is a vector

in the Hilbert space Hyo: that is the tensor product of Hq and Ha, i.e.,
Hiot :=H1 @ Ha.

Let {|e;)}, 1 <i <m,and {|f;)}, 1 <i < n, be orthonormal bases for H; and Ha, respectively.

Then, the tensor product space Hiy is spanned by the orthonormal basis
{ley @[f) :1<i<m,1<j<nj}.
Consequently, the dimension of Hi,s is equal to mn, and any element of Hi,s is of the form
) = Zaij‘ei> ® |f5)-
1,3

This definition analogously extends to the multipartite quantum systems composed of N

subsystems for a general .

3.1.4 Density operator

A state of a quantum system represented by a ket [¢) is called a pure state. However, in
general quantum systems are in statistical mixtures of pure states. In this case, the density
matrix formalism is used to represent a state of the system. More precisely, consider a quantum
system that is a collection of a large number of non-interacting identical quantum systems.
This type of system is called an ensemble. In the ensemble, let w; be the probability of finding

the system in the state |¢;). Then, the density operator (or density matriz) is defined as
pi= Y wili) (¥l (3.6)
J

where 0 < w; < 1, and Zj w; = 1. It is clear from the definition that if w; = 1 for some j,
then the density matrix p represents a pure ensemble or pure state, i.e., p = |1;)(1;]. Density
matrices that are not pure ensembles are called mized ensembles or mized states.

The density matrix p has the following properties:
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1. pis a positive semi-definite Hermitian operator acting on the Hilbert space of the system.
2. tr(p) = 1.
3. For pure ensembles, p? = p.

4. For mixed ensembles, tr(p?) < 1.

Example 3.1.1. Let us compute the density matriz representation p of a qubit. Let

S1 Og
5= | s and =10, |,
S3 Oz

Then, any Hermitian 2 X 2 matriz p with trace equal to 1 can be written as

1
p:§[12+§~55].

Note that det(p) = (1 — ||s||?) /4. Since p is positive semi-definite, a necessary and sufficient
condition for p to have nonnegative eigenvalues is that ||s||?> < 1. Therefore, there is a one-
to-one correspondence between the density matrices of the qubit and the Bloch sphere given
in Figure 3.1.1.2. The vectors of length one represent the pure ensembles, while the others
represent mized ensembles. This representation of qubits is also known as the coherence vector

representation.

3.1.5 Entanglement

Recall that a state of a bipartite quantum system is a vector in the Hilbert space Hio,
the tensor product of the Hilbert spaces Hi and Ho of the subsystems. Suppose that the first
system is in the state |1;) and the second system is in the state |i)3). Then, the total state of

both systems is in the state

1) @ [¢)2). (3.7)
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These type of states are called product states or separable states. However, there are states in
Hior that cannot be written in the product form (3.7). Such states are called entangled states.
Example 3.1.2. The generalized Bell states

1
V2

1

|9%) = 7

(10) ®10) £1]1) @ [1)) and |o*) = (10) ® |1) £ (1) @ [0)) (3.8)

are the most standard examples for entangled pure states of two qubits. To show that they are

entangled, we consider the computational basis states

1 0
|0) := and 1) == (3.9)
0 1

for the Hilbert space of a qubit. Then, it can be easily verified that the equation
[¥) = (1]0) + az[1)) @ (51]0) + F2]1))
has no solution for [¢b) = |®F) and [1) = |WF). Therefore, the Bell states are entangled states.

The formal definition of entanglement for pure and mixed states is as follows. Consider
a multipartite system composed of N quantum systems with Hilbert spaces H1,Ho,...,HnN.

Then, the Hilbert space of the total system is Hypr := H1 @ Ho ® -+ - @ Hp.
Definition 3.1.2. A pure state 1)) of Hior is called separable if and only if
V) = |11) @ [the) ® -+ - @ [¥hN),
where |1;) € H; with j =1,...,N. A pure state that is not separable is called entangled.

Definition 3.1.3. A mized state p of Hior is called separable if p can be written as

N N
pzzwjpﬂ@pﬂ@@pj]v? w]>07 ij:l’
j=1 J=1
where each pj,, k = 1,..., N, is itself a state in Hy. A mizved state that is not separable is

called entangled.
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3.1.6 Evolution of a quantum system

The state [1(t)) of a quantum system that does not interact with the outside world evolves

according to the time dependent Schrddinger’s equation

S (e) = H (), (3.10)

where £ is the Plank’s constant and H(t) is an Hermitian operator called the Hamiltonian

operator of the system. The solution of the Schrodinger’s equation is

¥ () = X (#)]1(0)),
where X (t) is an operator that satisfies the differential equation

ih%X(t) CHOX(E),  X(0)=1.

Since H(t) is an Hermitian operator for all ¢, it follows that X (¢) is a unitary operator called
the evolution operator or the propagator of the quantum system. In the finite dimensional case,
the operators X (t) and H(t) are represented by a unitary matrix in U(n) and a Hermitian
matrix in iu(n), respectively.

For a multipartite quantum system of N systems of dimensions ni,...,ny, every Hamil-

tonian can be written as the linear span of the tensor products of the form
Hi®@Hy®---®Hp,

where H; € iu(n;), j = 1,...,N. In particular, the linear span of the tensor products where

all the factors equal to identity except one generates the subgroup
U(n) @ U(n1) @ --- @ U(ny),

called the local unitary Lie group. Elements of the local unitary group are called the local
evolutions, and they correspond to operations on the single subsystems. The evolutions that
are not local are called the nonlocal evolutions.

Decompositions of unitary operators into local and nonlocal parts are useful tools in quan-

tum control theory, as we shall see in the next section.
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3.2 Incoherent control of two entangling qubits

In this section, we investigate the controllability of a two level quantum system S by means
of a quantum probe P. The total system varies according to a given Hamiltonian Hyy,. The
assumption is that only the initial state of P is controllable and the controllability problem is
to give conditions on H;, so that, by modifying the initial state of the probe P it is possible to
drive the state of .S to any value. Our goal is to show how the Cartan decomposition theorem
can be used in the solution of this controllability problem. This problem was studied in [21].

Consider two initially uncorrelated two level quantum systems S and P. We assume that
the initial state pp of the quantum probe P can be modified at will by the control u € U. We
study the controllability of S using the interactions between the system and the probe. The
controls do not enter the dynamics of S directly; therefore, this scheme is called incoherent

control. In this setting, the time evolution of a state pg of S is given by
ps(t,u) = trs [X(t)ps © pp(u) X ()], (3.11)

where X (t) = e~#Hiwot is the unitary propagator of the composite system 7' = S + P, acting
on Hs ® Hp. Here, trg is the partial trace operator over the degrees of freedom of the probe.

In other words, it is a linear operator trg : Hg ® Hp — Hg, defined by
trs(A® B) =tr(B)A.

The system is controllable if, by varying pp, it is possible to achieve every possible density
matrix pg with (3.11). The problem is to give necessary and sufficient conditions on Hyy so
that this is the case.

Observe that any ¢Hy, is contained in

su(4) = spanf{ic® ® 15, i1y @0’ ic® @ 6T}, (3.12)

S,P

where 02" = ai’j » are the Pauli matrices acting on the Hilbert spaces Hg and Hp, respec-

tively. The special unitary Lie algebra su(4) has the type AI Cartan decomposition

su(d) =K P, (3.13)
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where K = span{ic® @ 15,i1o®0"} and P = span{ic® ® ¢”}.! Applying the Cartan

decomposition theorem, we can write the unitary propagator X (¢) in (3.11) as
X(t) = [L{1(t) ® Lis()] [ [L31 (1) ® Lip(1)] (3.14)

where L7, (t), LE,(t) € SU(2) with k = 1,2, and

P

z

P P
a:cxaf® Oy +cy05® oy —|—czaf® o

where ¢, ¢, and ¢, are real constants. The decomposition given in (3.14) is known as the two

qubit canonical decomposition and allows to reduce the time evolution in (3.11) to
ps(t,u) = L{ trp (e ps ® pp(u) e“”]LlST , (3.15)
where pg = LgnggT and pp(u) = Lgpp(u)LgT. Then, we have the following theorem of [21].

Theorem 3.2.1. The system evolving under (3.11) is controllable for any Hermitian Hyo if

and only if it is controllable for LY = Lg = 1o, that is, under the time evolution
ps(t,u) = trp [e¥ ps ® pp(u) eatt]. (3.16)

In summary, the unitary evolution X (¢) in (3.11) is characterized by 15 parameters. An
application of the Cartan decomposition theorem along with Theorem 3.2.1 reduces 15 param-
eters to 3 parameters, which significantly simplifies the task in the control procedure. In order
to compute the reachable set under the time evolution (3.16), we use the coherence vector
representation for the states of the systems S and P, i.e.,

ps(tu) = 5 [1a+5(t,u) -0%]  and  ppu) = 5 [1o4p(u) -67]
where 5(t,u) and p(u) are real vectors and &° and #° are the vectors of the Pauli matrices.

In this representation, the sets Pg and Pp are given by two Bloch spheres

Ss={FeR3: |5 <1}  and Sp={peR3: || <1}

! Associated with this decomposition is the Cartan involution s : su(4) — su(4), defined by 0s(F) := SFST,
where S = (—ioy) @ (—ioy).
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(see Figure 3.1.1.2) and the time evolution (3.16) of pg is given by

S(t,u) = A(t, 50)p(u) + da(t, 5p) , (3.17)
where
sin(2¢yt) sin(2c;t) —s,sin(2¢yt) cos(2c,t) s, cos(2¢yt) sin(2c;t)
A(t,80) = | s, sin(2c,t) cos(2c.t) sin(2¢,t) sin(2c,t) — 8y c08(2¢,t) sin(2¢,t) | »
—5y sin(2¢,t) cos(2eyt) sz cos(2¢,t) sin(2¢yt) sin(2c,t) sin(2¢yt)
and

Sg cos(2¢yt) cos(2¢,t)
a(t, o) = | s, cos(2¢c,t) cos(2¢,t)
s, €os(2¢,t) cos(2¢yt)
Using the dynamics (3.17), the controllability conditions under the time evolution (3.11) can

be characterized in the following theorem of [21].

Theorem 3.2.2. The system evolving under (3.11) is controllable if and only if there exists

integers ki, ko, and ks such that

cz_2k1+1 C$_2k1+1 Cy_2k2+1

ey 2ka+1° c: 2ks+1° c: 2k3+1°

In conclusion, we initially let the system and probe interact to create entanglement in the
incoherent control scheme of the quantum system discussed above. In particular, Theorem 3.2.1
states that the local evolutions do not create entanglement. Using nonlocal evolutions under
the conditions of Theorem 3.2.2, we are able to create the necessary amount of entanglement

to drive the initial state of the system S to a final state.

3.3 Concurrence

Entanglement is the crucial resource in the control procedure discussed in the previous
section. Not all the unitary evolutions can create the necessary amount of entanglement. This
is only one of the important properties of entanglement. Therefore, using mathematical tools, it

is important to quantify the amount of entanglement and study how much entanglement a given
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unitary operator can create. The latter is referred as the entanglement capacity of a unitary
operator [4]. In this context, we focus on a measure of the entanglement, the concurrence.
The concurrence was introduced in [14] to provide a measure of the entanglement for pure and
mixed states of two qubits and was generalized to the systems of N qubits in [26]. Different
generalizations can also be found in [22, 24]. We shall discuss this next.

Consider an N —qubit multipartite quantum system with Hilbert space Hy. Then, the

concurrence is a map Cy : Hy — [0, 1], defined by

On([9) = | (Wl(—ioy) ® -+ & (—ioy) 1)) |-

It is possible to prove that the concurrence is identically 0 when N is odd. Moreover, it gives

0 on separable states and does not increase under the local operations.

Example 3.3.1. Let [¢p) = |1)1) ® |1)2) be a separable state of two qubits. In the computational

basis {|0), 1)}, each |v;), 7 = 1,2, can be represented by the column vectors

¢
[vj) = )
d;

where ¢; and d; are complex numbers. Note that

\@wu—wwww!=»<q %) =0,

-1 0 d;
and, therefore,

Ca([v)) = [ (Wl(—ioy) @ (—ioy)[W) | = | {Yrl(—ioy)lih1) @ (al(—ioy)lw2) | = 0.
Example 3.3.2. The generalized Bell states (3.8) have mazximal concurrence. For example,

0 0 0 1Y ([O

0 0 -1 0
)
0 -1 0 O

vy =1 (o & & -1 =1,

S
> o ok

1 0 0 O
The concurrence can be used to determine the entanglement capability of unitary evolu-

tions. In this context, the concurrence canonical decomposition was introduced in [4, 5].
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3.4 The concurrence canonical decomposition

The concurrence canonical decomposition (CCD) was introduced as a generalization of two
qubit canonical decomposition to N qubits. It is the Cartan decomposition associated with

the Cartan involution g : u(2") — u(2"V), defined by
fs(X):= SXST, (3.18)

where S := (—ioy) ® (—ioy) ® --- ® (—ioy), N factors. To describe the CCD, we consider the
orthogonal basis of u(2") given by the tensor products of the form F :=iF} ® [, ® - -- ® Fl,
where I} = 04, or Fj =19, for all j =1,...,N. We can write

0s(F) = —i[ (—ioy)Fi(—ioy)' ] ®@ - @ [ (—ioy) Fn(—iay)'] . (3.19)

Let us denote by iZ¥ and iZ2Y the corresponding subspaces of u(2") that are the linear span
of tensor products with an odd or even number of factors of 0, ., and the remaining factors
are equal to 15. Here, the superscript IV denotes the number of qubits. It can be easily seen
that

(—ioy)1a(—io,)T = 15 and (—ioy)a(—ioy)l = —0,
for 0 = 04,4,.. Therefore, the involution 0g leaves the elements of TN unchanged and negates

the elements of ZV. Then, the CCD is the decomposition,
u(2™) =iz @izl (3.20)
In conclusion, we have the following theorem of [4].

Theorem 3.4.1. The CCD is a Cartan decomposition associated with the Cartan involution

Os defined in (3.18), that is,
I iz iz, T iz C iz, I i) C izl

Remark 3.4.1. As the CCD is a Cartan decomposition, it has to be up to conjugacy one of
the types AI, AII, or AIIIL It turns out that the type of the CCD depends on the number N
of qubits. If N is even, the CCD is of type AI and iIY is conjugate to so(2V). Otherwise, the

CCD is of type AII and iT) is conjugate to sp(2VN71).
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The subalgebra iIéV contains all the tensor products of type 1o ® -+ - R12 QR 10Q12® - - -R 19,
and, therefore, the corresponding Lie subgroup eilo of U(2") contains all the local transfor-

mations. This means that
SU(2) ®SU(2) ®--- © SU(2) C ',

where the inclusion is strict for N > 2. For any X € U(2"), the KP decomposition (2.11)
holds with K = e* and P = eP, where k € iZY and p € iZ¥. In particular, the factor K does

not modify the concurrence, that is,

Cn(K[p)) = Cn(l4),

for all |¢) € Hy [4]. In conclusion, X and P have the same entanglement capability.

The CCD concerns decompositions of N—qubit quantum systems. In the next chapter,
we shall be concerned with decompositions for multipartite quantum systems in arbitrary
dimensions. In particular, we construct a decomposition that contains the CCD as a special

case.
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CHAPTER 4. The odd-even decomposition

Consider a multipartite quantum system composed of N subsystems with Hilbert spaces

Hi,...,Hy of dimensions ny,...,ny, respectively. The Hilbert space of the total system is
Hiot :=H1 @H2® - @ Hn -

The set of Hermitian operators acting on the Hilbert space H; of the jth system is the Jor-
dan algebra iu(n;) where j = 1,..., N. Furthermore, the set of possible Hamiltonian opera-
tors acting on the Hilbert space Hyot of total system is the Jordan algebra iu(ning---ny) of
ning -+ Ny X Ning - --ny Hermitian matrices. The Lie algebra associated with the dynamics
of the composite system is u(ning---ny), and the corresponding group of evolutions is the
unitary Lie group U(niny---ny). Recall that three possible types of Cartan decompositions
of u(ning -+ -ny) exist and result in decompositions of U(nins---ny). However, when deal-
ing with multipartite systems, it is useful to have decompositions constructed in terms of the
decompositions on the single subsystems. In this context, the odd-even decomposition (OED)
was introduced in [10] as a generalization of the concurrence canonical decomposition. The
main idea of [10] is to construct a decomposition for the Lie algebra u(ning - --ny) associated
with the overall system starting from decompositions of type AI and AII performed on u(n;),
the Lie algebra associated with the jth system. In [8], similar ideas of OED were used to
construct a decomposition for u(nins - - - ny) starting from decompositions of AIII applied on
u(n;).

The present chapter is devoted to the construction of the odd-even decompositions and is
organized as follows. In section 4.1, we recall the definition of a Jordan algebra and a Cartan
symmetry, and we introduce the Cartan type decomposition of a Jordan algebra. Then, we

illustrate the dual structures between the unitary Lie algebra u(n) of skew-Hermitian matrices
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and the Jordan algebra iu(n) of Hermitian matrices, and we discuss the correspondence between
the Cartan involutions and the Cartan symmetries. In section 4.2, we use this duality to
construct decompositions for multipartite systems by combining Cartan decompositions of
types AI and AII performed on subsystems, and we show that the CCD is a special case
of this construction. We also show how similar constructions can be obtained starting from
decompositions of type AIII applied to subsystems. In section 4.3, we give the outline of the

computation of the KAK decompositions and present a numerical example.

4.1 Quantum symmetries and Cartan symmetries: duality

Definition 4.1.1. A real vector space J with a binary product e : J x J — J is called a

Jordan algebra if the following conditions hold:
1. Commutativity: xey =yex,
2. Jordan identity: (x> ey)ex =z’ e (yezx),

forallxz,y € J.

Perhaps the simplest nontrivial example of a Jordan algebra is the vector space iu(n) of

n X n Hermitian matrices under the binary product

AeB:=-(AB+ BA), (4.1)

| =

called the anticommutator. It is customary to denote the anticommutator by the curly bracket,

that is, {A, B} := Ae B.

Definition 4.1.2. A homomorphism ¢ between two Jordan algebras J1 and Js is a linear map

compatible with the anticommutator, that is, ¥ : JB — Jo

Q;Z)({$a y}l) = {d}(m)a ¢(y)}2 )

for all x,y € Jy. Here, {-,-}1 and {-,-}2 denote the anticommutators on Ji and Ja, respec-

tively.
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A detailed presentation of Jordan algebras can be found in [18]. In the rest of this dis-
sertation, we shall be concerned with the Jordan algebra iu(n). Recall that the Hermitian
matrices in iu(n) represent the observables of n—dimensional quantum systems. On the space

of observables, quantum symmetries are defined as Jordan algebra homomorphisms
© :iu(n) — u(n).
A particular type of quantum symmetry of interest is a Cartan symmetry.

Definition 4.1.3. A quantum symmetry © on iu(n) is called a Cartan symmetry if applied

twice is the identity on iu(n), that is, ©% = 1.

In the following, we shall illustrate the correspondence between Cartan involutions and

Cartan symmetries. For this purpose, we begin with a Cartan decomposition
un)=KaeP. (4.2)

Let us denote the corresponding Cartan involution by 6. Associated with this decomposition

is a decomposition of the Jordan algebra iu(n;),
iu(n) =iIK®iP, (4.3)

called a Cartan type decomposition of iu(n). Suppose that the decomposition in (4.2) is of

type either AT or AIIL Then, it can be verified that the map © defined by
O(A) = —if(A),

is a Cartan symmetry on iu(n) where A € u(n). In particular, the subspaces P and iK in

(4.3) are, respectively, the +1 and —1 eigenspaces of ©. Therefore, it follows that
{ik,iK} CiP, {ik,iP} C ik, {iP,iP} CiP. (4.4)

Note that the subspace iP; has the structure of a Jordan algebra. On the other hand, if (4.2)

is of type AIII, then a Cartan symmetry © can be constructed by defining

O(iA) = if(A).



35

In this case, the subspaces ik and iP in (4.3) become the +1 and —1 eigenspaces of O,

respectively. Equivalently, iKC and P have the anticommutator relations
{iK,iK} CilC, {ik,iP} CiP, {iP,iP} CiK. (4.5)

In conclusion, there is a duality between the decompositions of the unitary Lie algebra u(n)
and the Jordan algebra iu(n) and a correspondence between the Cartan involutions on u(n) and
Cartan symmetries on iu(n). This duality was studied in [10] and is of fundamental importance

in the remainder of this chapter for the construction of the odd-even type decompositions.

4.2 0Odd-even type decompositions

4.2.1 The OED of type AI and AII

The purpose of this section is to construct a Cartan decomposition for the Lie algebra
u(ning - --ny) associated with a multipartite system composed of a number N of subsystems
by performing decompositions on Lie algebras u(n;), j = 1,..., N, associated with the single

subsystems. To this purpose, we begin with the Cartan decomposition
u(n) =K, ®P;, (4.6)
of type either AI or AIIL The corresponding decomposition of the Jordan algebra iu(n;) is
iu(n;) =ilC; & iP;j. (4.7)

Let us denote by #; and ©; the associated Cartan involution on u(n;) and the correspond-
ing Cartan symmetry on iu(n;), respectively. Let o; and S; denote the generic elements
of orthonormal bases of the subspaces iK; and iP;, respectively. An orthonormal basis of

iu(ning - - -ny) can be obtained by the tensor products of the form
F=Fh  -Fy, (4.8)

where F; = o, or F; = S; for all possible combinations of o; and S; in the N places. Define

7, and Z, to be the respective vector spaces spanned by tensor products of form (4.8) with an
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odd or even number of elements of ;. Thus, we write the direct sum decomposition
w(ning---ny) =2, ® L . (4.9)
This decomposition, together with the dual decomposition
w(ning - --ny) =iz, ®iZ,, (4.10)

is called the odd-even decomposition (OED) of u(niny...ny). We are now ready to state the

following theorem of [10].

Theorem 4.2.1. The decomposition given in (4.9) is a Cartan type decomposition of the

Jordan algebra iu(ning - --ny) that has the anticommutator relations
{Zo, L.} C e, {Zo,2c} € 1o, {Ze I} C I,

Therefore, the corresponding decomposition (4.10) of the unitary Lie algebra u(ning---ny) is

a Cartan decomposition, that is,
[iZ,,iZ,] CiZ,, [iZ,,iZ.] C iZ., [iZe,iT.] CiZ,.
Proof. Let us define Oy, to be the tensor product of Cartan symmetries ©;, j =1,..., N, i.e,
Ot =01 002 ®---RON. (4.11)

Let F = F1 ® I, ® --- ® Fiy be a generic basis element of iu(ning ---ny) where F; = o or
Fj = Sj. Then,

Ot (F) = O1(F1) ® O2(F2) @ --- @ On(FN) -

Since we apply a decomposition of type either AI or AII on iu(n;), we have 0;(c;) = —o;
and ©;(S5;) = Sj. Let k be the number of the elements of o; in F. Then, it can be verified
that

Ouot(F) = (—1)FF .

The foregoing argument shows that ©2, = 1, i.e., Oy is a Cartan symmetry which negates

the elements of Z, and leaves the elements of Z. unchanged as the subspaces Z, and Z. are
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the linear span of tensor products with an odd or even number of elements of o}, respectively.
In other words, Z, and Z. are the —1 and +1 eigenspaces of the Oy, respectively. This
means that the decomposition given in (4.9) is a Cartan type decomposition of the Jordan
algebra u(niny...ny). Consequently, the corresponding decomposition (4.10) is a Cartan

decomposition of u(ning---ny). O

Remark 4.2.1. Since the unitary Lie algebra u(nins - - -ny) has three possible types of Cartan
decompositions, the OED (4.10) must fall in one of the types AI, AII, or AIIL. It turns
out that the type of the OED depends on the number r of the decompositions of type AII
performed on subsystems. If r is even, then the OED is of type AI and the Lie subalgebra iZ,
is conjugate to so(ning...ny). Otherwise, the OED is of type AII and iZ, is conjugate to

5]3(711712 ce nN/Q).

We give schematic representation of the construction of the OED in Figure 4.2.1. In view
of the previous theorem, we shall construct several odd-even decompositions and identify their
types for the Lie algebra u(4) associated with a quantum system composed of two qubits using

one or both of the Cartan decompositions

u(2) = span{io, } @ span{ioy ,io,,i1la} and u(2) = span{io, ,io, ,ic,} @ span{ils},
(4.12)

which are of types AI and AII respectively.

Example 4.2.1. Consider an OED u(4) = iZ, ® iZ.. If this decomposition is constructed by

applying decompositions of type AII on both qubits, then the subspaces I, and I, are given by
Ty =span{oyy. @ 12, 10 ®0yy .} and I, =span{o,y. @ 0zy., 1o ® 12}

Indeed, this OED is the same as the decomposition given in (3.13) which is associated with
the two qubit canonical decomposition. Due to the even number of type AII decompositions
performed on subsystems, iZ, is conjugate to so(4).

Suppose now that the OED is constructed by applying the decomposition of type AI on the

first qubit and the decomposition of type AII on the second qubit. Then we obtain

To =span{o, @ 12,0y . R 0gy ., 12 R0z .} and Z.=span{o; ®0gy,0.R 12,15 ® 15}
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iu(ny) =K1 &Py

hlﬁ
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AN

Figure 4.1 A scheme of the odd-even decomposition of type either AI or
AII. The procedure starts by performing decompositions of
type either AI or AII on each single subsystem. Then, we
form a basis of the overall system by taking the tensor products
of the generic basis elements o; and S;, 7 = 1,..., N. Finally,
we split the basis elements of u(ning - --ny) into even and odd

AI/AII
iu(n;) = K; ®P;
0j Sj
. /
N

N

AI/AII

ww(ny) =Ky ® Py

ON SN

Construct a basis for iu(ning - -ny) :
F:F1®F2®®FN,
WhereFj =0j or FjZS]‘,j:L...7N

i

Split the basis into odd and even parts

depending on the number of elements of o;

!

u(ning - --ny) =iz, ® i,

parts depending on the number of elements of ;.
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Consequently, the OED is of type AII and the subalgebra iZ, is conjugate to sp(2) as the number
of the decompositions of type AII performed on the single subsystems is odd. Similarly, if the

OED is constructed by performing decompositions of type AI on both qubits, we obtain
T, =span{oy . ® 03,0, @0y ., 1o ®0y,0, @ 12} and I, =span{oy . oy, 12 ® 12},
with the Lie subalgebra iZ, conjugate to s0(4).

Remark 4.2.2. The CCD is a special case of the OED when all the subsystems are two
dimensional, i.e., nj =2 forallj =1,2,... N, and (4.2) is of type AII, that is, K; is conjugate
to sp(1). More precisely, the construction of the CCD is as follows. The Pauli matrices o4y, -
with 15 form a basis of the Jordan algebra iu(2). An orthogonal basis of iu(2V) is given by
the tensor products of the form (4.8) where Fj = 04, . or Fj = 13 for all j =1,...,N. Since
sp(1) = su(2), the first decomposition in (4.12) can be seen as a Cartan decomposition of type

AIT of w(2). Then, the CCD of u(2N) is the decomposition
u2N) =iz @IV (4.13)

where T (TN ) is the span of the tensor products, which contains an odd (even) number of
elements 0y .. Here, the superscript N stands for the number of qubits. The type of the CCD
depends on the number N of qubits. If N is even, then the CCD (4.13) is of type AI and iZ,

is conjugate to s0(2N). Otherwise, it is of type AII and iZ, is conjugate to sp(2N 1),

4.2.2 The OED of type AIII

The OED discussed in the previous section is a generalization of the CCD and is constructed
by performing decompositions of type AI and AII on each single subsystem. We observe here
that the procedure followed to construct the OED can be applied with few changes to construct
an overall decomposition of type AIII starting from decompositions of type AIII performed
on subsystems. We start with a motivating example for the case of a bipartite system of two

qubits, and then we generalize this idea to multipartite systems.
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Example 4.2.2. Consider a quantum system composed of two qubits. On each qubit, let us

apply the type AIII decomposition
u(2) = span{i 13,0, } @ span{io,, ioy}

and collect in the respective subspaces J. and J, the linear combinations of the tensor products

with an even or odd number of factors in the subspace span{io, ,icy} (modulo i), that is,
Je =span{1la® 15,1 R0, ,0, ® 12,0’Z®UZ,O'$®UI,U$®O'y,O'y®O'$,O'y®O'y},
and
Jo =span{ly R0y, 1o ®0y,0, ® 12,0y @ 15,0, R 04,0, R0y ,0, R0, ,0, D0, }.

A straightforward calculation shows that the decomposition u(4) = iJ. ® iJ, is a Cartan de-

composition of type AIII where iJ. is the Lie subalgebra.

Unlike the construction of the OED discussed in the previous section, we performed decom-
positions of type AIII on both subsystems and obtained a decomposition of type AIII for the
total system. In particular, we collected the tensor products with an even number of elements
of 0, and oy in the subspace [J.. This example motivates the search of similar constructions
for multipartite systems of arbitrary dimensions. We shall consider this next.

Consider again a multipartite quantum system composed of N quantum systems of dimen-
sions nq,...,ny. Suppose that the Cartan decomposition given in (4.6) is of type AIII for all
j=1,...,N. Recall that 0; and S; denote the generic elements of orthonormal bases of ikC;
and P}, respectively. Define 7, and 7, to be the subspaces that are the linear combinations of

the tensor products with an even and odd number of factors S, respectively. Thus, we write
iw(ning...ny) =T ® Jo . (4.14)
The corresponding decomposition of u(nins...ny) is given by

u(n1n2 .. .’I’LN) = ije % ijo . (4.15)
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Theorem 4.2.2. The decomposition given in (4.14) is a Cartan type decomposition of the

Jordan algebra iu(ning ...ny) with the anticommutator relations

{TJe T} CTes {TesTo} CTor {To,To}t C Te.

Therefore, the dual decomposition (4.15) is a Cartan decomposition of u(nins...ny), that is,
[iTe,ide] Cide, [1Te,ido] Cido, [iTo,iT0) CiTe.

We shall give a proof by transforming the subspaces i 7. and 7, into the standard block
diagonal and block anti diagonal form of the Cartan decomposition of type AIIL. In doing

this, we will make use of the following corollary whose proof can be found in [15, §4.3].

Corollary 4.2.1. Given square matrices A and B of respective sizes p X p and q X q, there

P g
exists a permutation similarity matriz P(p,q) := Z Z E; ® EZT such that

77
=1 j=1

B® A= P(p, q)T(A ® B) P(p,q).

Proof of Theorem 4.2.2. We give a proof by induction on the number N of the subsystems.
For simplicity, we assume that all the initial decompositions are in the standard form of type
AITIII decompositions. If N = 1 the statement is obvious. Assume the statement is true for
N — 1. We denote by JENA and jON*1 the respective spaces of matrices in iu(ning---ny_1)
that are linear combinations of the tensor products of an even or odd number of matrices in
the subspace iP;, j = 1,..., N, where P; is the orthogonal complement of the Lie subalgebra

ICj in the Cartan decomposition of type AIII of u(n;). Therefore, we have
Jo= (TN teiky) e (TN TeiPy) and T, = (TN 'eiPy) @ (TN T eiky).

By the inductive assumption, there exists a unitary matrix R in U(ning---ny—_1) such that
iK' = RITJN"'R and iP’ = RTJN~1R, where the subspaces K’ and P’ are in the standard

block diagonal and block antidiagonal forms, respectively, i.e.,

A0 ‘ A€u(p), Beulq) }’

K = span{
0 B

pP1+q=ning---NN-1
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and

P { 0 F ‘ F arbitrary p; X q1 }
= span .

—Ft 0 complex matrix

Suppose that the subspaces Ky and Py are spanned, respectively, by elements of form

c 0 0 G
and

0 D -Gt o

with C' € u(p2), D € u(q2) and G an arbitrary ps X ga complex matrix where ps + g2 = ny.

Let Ry = R®1,, . Then, the subspace RIJEN R, is spanned by all the Hermitian matrices of

A 0 cC 0 0 F 0 G
® and &
0 B 0 D —FT 0 -Gt 0
Using the Corollary 4.2.1, a permutation similarity matrix Ry = diag (P(p1,nn), P(q1,nn))

can be constructed so that the subspace R;RJ{‘ZZN Ry Ry is spanned by all the matrices of the

form
C®A 0 0 GQF
0 DA -G'oF 0
0 ~-G®F' C®B 0
Gt ® Ft 0 0 D®B

Finally, the subspace R;’R;RJ{JEN R1RyR3, where R3 has the form

0 11]1112 0 0

is spanned by all Hermitian matrices of the form

CRA GoF 0 0
GieFt DeB 0 0
0 0 C®B -GgFT

0 0 -Gt F D®A
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where the upper block is of size p := p1p2 + q1¢2, and the lower block is of size ¢ := gi1p2 + p2q1.
Similarly, it can be verified that the subspace R;R;RIJON Ry Ry R3 is spanned by all Hermitian

matrices of the form

0 0 CoF GoA
0 0 -G'®B -D®F!

-C®Ff GoB 0 0

-Gt®A DeF 0 0

In other words,

iu(mng e ~nN,1nN) = TTJGNT ) TTj()JVT

is a Cartan decomposition of type AIII of the Jordan algebra iu(ning---ny_1ny), where

T := R1RoR3. Hence, the corresponding decomposition
u(ming - ny_ny) =TT INT @ Tt INT
is a Cartan decomposition of type AIII. O

Remark 4.2.3. The procedure followed to prove Theorem 4.2.1 can also be used with few
changes to prove Theorem 4.2.2 as follows. Consider again the tensor product of Cartan sym-
metries in (4.11) where each ©;, j =1,..., N, is associated with a type AIII decomposition,
i.e., ©j(0j) = 05 and ©;(S;) = =S; for all 0j € Kj and S; € Pj. Let k be the number of the

elements S; in F'=F, @ Fo ® --- ® F, where Fj = o or F; = S;. Then, it can be seen that
Ouot(F) = (—1)FF .

Due to the number of factors S; contained in F', O leaves the elements of J. unchanged and
negates the elements of J,. Therefore, the subspaces J. and J, are the +1 and —1 eigenspaces
of O, Tespectively. In other words, the decomposition (4.14) is a Cartan type decomposition
of the Jordan algebra iu(ning...ny), and, therefore, the associated decomposition given in
(4.15) is a Cartan decomposition of u(ning...ny). Moreover, the Cartan symmetry O is
unitary since it is constructed by unitary symmetries. Hence, the decomposition (4.15) is of

type AIIL.
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AIII

iu(nl) = ICl S 731 . iu(nj) — Kj ® Pj
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Figure 4.2 A scheme of the odd-even decomposition of type AIII. We start
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the procedure by performing type AIII decompositions on each
single subsystem. Then, we form a basis of the overall system
by taking the tensor products of the generic basis elements o
and S, j = 1,...,N. Finally, we split the basis elements of
u(ning -+ -ny) into even and odd parts depending on the num-

ber of elements of 5.
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In conclusion, using a method similar to the one presented in [10], we have constructed a
Cartan decomposition of type AIII for the Lie algebra u(ning - - - ny) starting from type AIIT
decompositions of Lie algebras u(n;). We also call this decomposition an odd-even decomposi-
tion. At this point, the question arises whether the OED decomposition can be constructed by
mixing type AI or AII decompositions with type AIII decompositions in the odd-even sense.

The following remark answers this question.

Remark 4.2.4. The decompositions constructed by mizing type AI or AII decompositions
with type AIIT decompositions do not give rise to Cartan decompositions in the odd-even sense

in general.
In order to see this, we give the following example.
Example 4.2.3. Let u(4) =iZ ®iJ be obtained by performing the decompositions
u(2) = span{io,, ioy, i0,} @ span{i 1o} and u(2) = span{i 1z, io.} @ span{io,, ioy},
of types AII and AIII on the fist system and the second system, respectively, that is,
T = span{o, ® 04, 04 @ 0y, Oy @ Oy, Oy @ Oy, 0. Q 04, 0, @ 0y, 1o R0, 1o ® 1},
and
J =span{o, ® 13, 0, ® 0, 0y ® 13, 0y @ 04, 0, ® 1, 0, R 0, 1o R0y, 1o R0y} .
Consider the elements io,; @ 04, 10y ® 05 €11 and i 13 ®0y, 1 1o @0y € 1.7, then
[i0; @ 0,10y ® 04] = =210, @ 1o ¢ (T and [i 19 @04 ,1 1o @0y = —2i 1y ®o, & 1T,
i.e, none of iZ and iJ is closed under the commutator. Thus, the above remark holds.

Remark 4.2.5. The procedures described in Theorems 4.2.1 and 4.2.2 allow great flexibility
in the construction of various Cartan decompositions. Not only are we free to choose de-
compositions of appropriate types for each subsystem, but we can also choose the conjugate
decompositions of the same type. This gives a method for the construction of an unbounded
number of decompositions in terms of tensor product matrices, even for the case of N qubits.
This flexibility is crucial in the construction of gradings and of recursive decompositions, as

we shall see in the following chapter.
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4.3 Computation of the OED

Numerical algorithms exist for the computation of the KAK decompositions of U(n) in-
duced by the Cartan decompositions given in the standard forms [4, 5, 9, 23]. Using such
algorithms along with a change of basis matrix, we can compute the OED of U(n). In this
section, we give the outline of how to find such change of basis matrices. This discussion was
given in [9] for the odd-even decompositions of types AI and AII. Here, we extend this to the
odd-even decompositions of type AIIIL. For simplicity of our calculations, in the following we
assume that all the initial decompositions for the construction of the OED are performed in
the standard forms as given in equations (2.14), (2.16), and (2.18).

Let us start with the OED
u(ning - -ny) =iZ, il . (4.16)
It follows from the construction of the OED that the associated Cartan involution is given by
Ot (F) = (Uh @U@ @UN)F (U7 @ U @ @ Uy, (4.17)

where U; = 1,,; if a decomposition of type AI performed on the jth subsystem and U; = J,,, (cf.
equation (2.6)) if a decomposition of type AII performed on the jth subsystem for j = 1,..., N.
First, we suppose that the OED given in (4.16) is of type Al i.e., the number of type AII
decompositions performed on subsystems is even. There exists a change of basis matrix 7" in

U(ning---ny) such that
iZ, = Tso(ning---ny) Tt and iZe = Tso(ning - - - nN)L Tt
Comparing the involutions (2.15) and (4.17), the unitary matrix 7" must be chosen to satisfy
TT" = @Us® -+ @ Uy.
Analogously, for OED of type AII, comparing (2.17) and (4.17), we choose T such that
TIT" = @Us ® -+ ® U.

On the other hand, for the case of OED of type AIII, the matrix T' constructed in the

proof of the Theorem 4.2.2 provides the desired change of basis matrix. Furthermore, other
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change of basis matrices can be found by comparing the Cartan involutions as similar to the

previous cases. More specifically, a change of base matrix 7" must be chosen to satisfy
TIP:QTT = Ipi,gr @ Ipyg, ® - @ Ipy gy

where p and ¢ are the indices of the total decomposition and p; and ¢;, j = 1,..., N, are the
indices of the decomposition performed on the jth subsystem.

Once a change of base matrix 7' is found, the OED of X € U(ningy---ny) can be computed
as follows. Using the algorithms given in the standard coordinates, one first computes the KAK

the decomposition of TTXT, that is, TTXT = K| A'K}. Then, the OED of X is given by
X = K1 AK, ,

where K; = TKJ’-TT, j=1,2, and A =TA'T'. In order to illustrate the concept, we give the

following example.

Example 4.3.1. We compute the decomposition of the unitary matriz

010000
000100
000001

X = :
100000
001000
000010

induced by the OED u(6) = iJ.®iJ, , for indicesny = 2,n9 =3, withpy =pa=q1 =1,q2 =2

so that p1 + q1 = n1 and p2 + g2 = ny. Note that the conjugation by

o o o o O
(e
o
—

o o o O
o
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maps the subspaces iJ. and i, into the standard block diagonal and block antidiagonal forms,
respectively. Using the tools presented in [9], it can be shown that the KAK decomposition of

TTXT induced by the standard type AIII decomposition is given by TTXT = K| A'K}, where

¢+ 00 0 0 O 00 0 ¢« 0 O 1000 0 O

00« 0 0O 01 0 00 O 0100 O O

010 0 0O 00 0 00 —2 0010 0 O
K} = A= . K=

000 — 00 ¢t 0 0 00 O 0000 -120

000 O 10 00 0 01 O 0001 0 O

000 0 0 00 -2 00 O 0000 0 1

Therefore, the OED of X is given by X = K1 AK»>, where K; = TK;-TT, j=1,2 and A =

TA'Tt. Finally, we write each factor in the above decomposition as exponentials of matrices

to obtain
X = eMetel?
where
1 00 1 0 0
im (1 0 ir [0 O
k1= — @10 0 05 ®@lo L ==t
210 o 2101 12+, \f
—1+3
0 01 0 7 5
0 7 0 010
ir [0 1 it | 0 ¢
kQZZ ®1—=i 00|~ @1 0 0f,
1 0 —1 0
0O 0 O 000
and
1 0 0
ir (0 1
GZE @10 0 O
1 0
00 -1

It is clear that ko, ko € iJ. and a is in a Cartan subalgebra contained in iJ,.
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CHAPTER 5. A general framework for recursive decompositions

Cartan decomposition theorem can be applied successively to obtain finer decompositions of
Lie groups, especially the unitary group U(n), as pointed out in section 2.3. In this context, the
Khaneja Glaser and D’Alessandro Romano decompositions recursively factors unitary trans-
formations on quantum systems of appropriate dimensions. Such decompositions are a very
useful tool in quantum control theory to analyze the dynamics and design control algorithms
for quantum systems. In particular, since they keep the tensor product basis structure, such
decompositions allow the identification of the local and entangling character of each factor.
This fact makes such decompositions appealing.

In this chapter, we study the recursive decompositions of the unitary Lie group U(n). Based
on the observation that an appropriate grading of a Lie algebra induces a recursive decompo-
sition, we develop a general framework that contains the Khaneja Glaser and D’Alessandro
Romano decompositions as a special case. This chapter is organized as follows: In section
5.1, we recall the definition of the grading of a Lie algebra, and then we relate a recursive
decomposition to a grading. Using this connection, in section 5.2, we provide a general scheme

for recursive decompositions for U(n). In section 5.3, we present a numerical example.

5.1 Grading of a Lie algebra and recursive decompositions

5.1.1 Grading of a Lie algebra

Definition 5.1.1. Let £ be a Lie algebra, and let M be an additive semigroup, that is, a set

M with an associative binary operation + : M x M — M. Any direct sum decomposition

L=@EpcL,

€M
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is called an M —grading of L if the subspaces L; and L; satisfy the commutation relation
[Li, L] € Lityj, (5.1)

for all i,j € M. In other words, if the commutator of x € L; with y € L; is nonzero, then

there exists a nonzero z € Ly such that z = [z ,y].

According to (5.1), if M is a monoid, that is, a semigroup with an identity element 0, then

the subspace Lg is a Lie subalgebra, since it naturally satisfies the commutation relation
[Lo, Lo] € Lo

Example 5.1.1. Consider the special linear Lie algebra s(2,R) spanned by the matrices

These basis elements have the commutation relations
[h,x] =2z, [z,y] =h, [h,yl = —2y.

Let M = {—1,0,1}. Then, M becomes a monoid with the binary addition given by the following

table:
(M, +) 0 -1 1
0 0 -1 1
-1 -1 0 0
1 1 0 0

Therefore, the choice of one dimensional subspaces
£ =span{z},  Lo=span{h}, L1 =span{y}
makes sl(2,R) into an M —graded Lie algebra.

Definition 5.1.2. A grading L = EBjeN R; is called a refinement of the grading L = @, Li,

if for any j € N there exists i € M such that R; C L;.
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It is clear that any Lie algebra £ with a Cartan decomposition (2.9) is endowed with the

structure of a Zo—grading with I := Ly and P := Ly, that is,
(Lo, Lo] € Lo, (Lo, L1] C Ly, [L1,L1] C Lo

Example 5.1.2. The CCD u(4) = Lo® L1 defines a Zo—grading of u(4). A refinement of this

grading s the Zo X Zo—grading
u(4) = Loo ® Lo1 & L10 D L1,

where Loy = span{ioc ® 13,11y ®o,}, Lo1 = span{i 1o R0, 4}, L11 = span{ioc @ 0, 1o ® 12},

and Lo = span{ioc @ o,y }.

As discussed in the previous chapters, for a Lie algebra L, there are many Cartan decom-
positions. These decompositions can be used to obtain refined gradings. More specifically, p

number of Cartan decompositions of a Lie algebra £ give a Z5—grading of £ for a general p.

Proposition 5.1.1. We consider p number of distinct (possibly conjugate, but not necessarily
different types) Cartan decompositions L = Eg) &) E{, where j =1,...,p. We define
Lhiky.. ey = ﬂ Uj , ki € Zs. (5.2)
j:1727"'7p

Then, the vector space decomposition

L= B Lirr (5.3)

k:1k’2...k’pEZg

forms a Z—grading of L.

Proof. We give a proof by induction on the number p of the decompositions. If p = 1, then
the statement is obvious. Assume the statement is true for p — 1. Let A € Ly, x, and

B € Ly,..1, With ki, l; € Zg for i = 1,...,p. Then it follows that A € Lg k,..x A€ Ly,,

p—1)

B € Ly,..1,_, , and B € £;,. Since L is both ngl—graded and Zs—graded, we have

[A, B] € Likytt)(kotlo) o (hpr+1p,—)  and  [A, Bl € L, 44, -
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This means that

[A, B] € Lk 411) (katio) o (kpor+1p—1) O Llkptly) = Llkr+11) (kato)...(kp+ly) »

and, therefore,
[Lhykgbins Liatadp] © Lky10) (hatla)... (kp+ly) -

Hence, the vector space decomposition (5.3) is a Z5—grading of L. ]

Summarizing the content of this section, a Cartan decomposition of a Lie algebra defines

a Zs—grading. A combination of p Cartan decompositions gives a Z5—grading.

5.1.2 Recursive decompositions induced by Lie algebra gradings

In this section, we establish a link between a recursive decomposition and a Lie algebra
grading. This connection is crucial for the general framework for the recursive decompositions.

To put a recursive decomposition in this framework, we give the following definition.

Definition 5.1.3. A recursive decomposition of a Lie algebra L consists of two sequences of

subspaces of L,
So :={Lo,Loo,Lo00,---,Lor} and S1:={L1,Lo1,Lo01,---,Lop-11},
both of length p, such that the decomposition
Lo = Loj+1 D Loy,
is a Cartan decomposition of Lqy; for each j =0,1,...,p— 1, that is,
[Loi+1, Loi+1] € Lyi+r , [Loi+1, Loi1) € Loiy » [Loi1, Loi1] € Loi+r -
Here, we have set Lqo := L and Lgoy := L.

The following proposition states that a Z5—grading of a Lie algebra £ induces a recursive

decomposition of £ of length p, in the sense of the above definition.
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Proposition 5.1.2. Consider a Z5—grading

L= D Rijpi

J1j2.--Jp€ZY

of L. Then, the sequences Sp := {Lor} and S1 := {Lyr-1,} defined by

Eok = @Rok,jk+1w-7jp (md ﬁok—ll = @Rokfll,jk+1,...,jp (54)
for k=1,...p, yield a recursive decomposition of L of length p.

A recursive decomposition of a Lie algebra £ induces a recursive decomposition of the con-
nected Lie group e associated with £ by a repeated application of the Cartan decomposition
theorem using the Cartan pair (Lgj+1,Lyiq) of Lgj, j = 1,...,p — 1, as discussed in section

2.3. In order to apply the Cartan decomposition theorem, we make the following remark.

Remark 5.1.1. The construction of recursive decompositions from a Z5—grading does not
guarantee the semisimplicity of the subalgebras Ly;, j = 1,...,p. Therefore, the semisimplicity
of each Ly; has to be verified independently to apply the Cartan decomposition theorem. For
example, the combination of type AI and AII decompositions of su(4) in the standard basis
gives the subalgebra Log = sp(2). This is not semisimple, since it has an element commuting
with the whole Lie algebra sp(2). However, if the Lie subalgebra Ly; is a direct sum of a
semisimple Lie algebra and an Abelian ideal, the Cartan decomposition theorem can be extended
in the same fashion as we extended decompositions of su(n) to decompositions of u(n) in section
2.2.2. In the general case, one can always apply the Levi decomposition theorem to write any

Lie algebra as the sum of a semisimple subalgebra and a solvable ideal, as described in [9, §5.4].

5.2 A scheme for recursive decompositions of U(n)

We now show that the recursive decompositions of Khaneja and Glaser [16], D’Alessandro
and Romano [11], and the new recursive decompositions can be obtained from an appropriate

grading of u(n). We begin with the special cases.
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5.2.1 The Khaneja Glaser decomposition

In the following, we shall construct a Z5—grading of u(2") from p = 2N — 1 number of
Cartan decompositions using the method presented in Proposition 5.1.1. Then we show that

this grading induces the Khaneja Glaser decomposition. To start with, we consider the OED
u2M) =iJ. ®iJ,,

constructed by performing decompositions of type AIII on each qubit. Note that the Lie

subalgebra i, is of dimension 22V 1. Therefore, there exists a unitary 7" in U(2") such that

u2M=KaePr, (5.5)
where
K:=iT'J. T =span{l,®A, 0. ® B: A, Bcu(2¥ 1},
and
P=iTIJ,T = span{o,, ® C: C € u(2N-hH}.
Next, we consider the decompositions su(2V) = Eé @ E{, j=1,...,2N — 1, given as follows:

(1) The subspaces £} and L} are given by L} := K — span{i 1,~} and £] := P.

(2) The subspaces £2 and L7 are defined in the same way as £} and £1, except for the fact

that o, and o, are interchanged,! that is,
L2 =span{l,®A, 0, ® B: Acsu(2VY), Beu@2V 1},

and

L3 =span{o, ., ® C: C cu2""1}.

Indeed, this decomposition is conjugate to the standard type AIII decomposition. Such
a conjugation has the form A —— (ST® 1ov-1)A(S ® 19nv-1), where S is the 2 x 2 matrix

diagonalizing 0.

!There is nothing special about ¢, here. One could have chosen oy instead.
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(3) The subspaces £3 and L3 are defined analogously to £ and £}, using the second position

in place of the first, that is,
L3 =span{A®1,®C, BRo.®D: A, Beu?2),C,Dcu@2¥ 2, tr(Ae C) =0},

and

L3 =span{E®@0,, @ F: Ecu(2), Fcul2V?)}.

This decomposition is again conjugate to the standard type AIII decomposition under

the permutation exchanging the first and second positions.

(4) The subspaces E% and L] are defined in the same way as E% and L3, except for the fact

that o, and o, are interchanged.

(5) — (2N — 1) Moving towards the last position, alternating decompositions as in (1) and

decompositions as in (2).

2

In this fashion, we obtain p = 2N — 1 number of Cartan decompositions.© These decom-

positions define a Z5—grading, which induces a recursive decomposition of su(2V) according
to Proposition 5.1.2. The associated subspaces of the pair of sequences giving the recursive
decomposition are

Lo =span{1o®A, 0, ® B: A csu(2V™1), Becu@¥ 1},

Loo =span{la ®A: A€ 5u(2N*1)} ,

Looo = span{la ® 19 ®A, 1o®R0o, ® B: A € 5u(2N*2), B e u(2N*2)} ,

Lyan-3 =span{lon-1 ® A, Iyn 2 ®0, @ B: A € su(2), B € u(2)},
Loen—2 = span{lon—1 @ A: A € su(2)},

Loen—1 = span{lon-1 R 0},

*We stop at p = 2N — 1 because Lo» is {0}.
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and
Ly =span{o,, ®C:C cu2¥ "},
Lo1 = span{o, ® B: B e u(2V"1},

Lol = span{lg Rz & C:Ce u(2N_2)} ,

Lozn-11 = span{lon-—2 ® 0., @ C : C € u(2)},

Ly2n-31 = span{lon—2 ® 0, ® B: B € u(2)},

Ly2n—21 = span{lon-1 ® 054} .
This sequence of subspaces corresponds to the Khaneja Glaser decomposition. In particular,
each Lie subalgebra Ly, for all £ = 1,...,2N — 1, is either semisimple or a direct sum of
two copies of a semisimple Lie algebra and a one-dimensional Abelian subalgebra of elements

commuting with the whole Lie algebra. Thus, the Cartan decomposition theorem applies in

each case.

5.2.2 The D’Alessandro Romano decomposition

We now construct a Lie algebra grading of u(ning), and, therefore, a recursive decomposi-
tion corresponding to the D’Alessandro Romano decomposition [11]. In particular, we consider

three types of Cartan decompositions as follows:
(1) An OED with a type AI decomposition on each system so that
Ly=1iT, and L} =1iT,,
where the subspaces iZ, and iZ. are defined in (2.26).

(2) An OED constructed using type AIII decompositions on each factor with indices {p1, q1 }

and {p2, 2} as in Theorem 4.2.2 so that
£:=i7, and L2=iJ,,

where the subspaces 17, and i7, are defined in (4.15).
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(3) A type AIII decompositions in the standard form given in (2.18) separating block diag-

onal and block antidiagonal matrices, that is,

where K and P are constructed with indices p and g, where p =: p1p2 + p1¢g2 and g :=
q1p2 + q1q2. Here, {p1,q1} and {p2, g2} are the indices for the type AIII decompositions

used for £% and £3.

(4) The subspaces £§ and L] are constructed analogously to £2 and £2, respectively, with

different indices {p1,q1} and {p2, ¢2}.
e subspaces £J an are constructed analogously to £5 an , Tespectively.
5) The sub L5 and L3 tructed anal ly to £ and L3 tivel

The same construction holds for the Cartan pairs (£§,£$) and (£, L7), and so on. Each
time, the indices {p1,q1} and {p2, g2} are changed, differing from the previous ones in order to
avoid repetition of decompositions. With these decompositions, one can define a grading and,
therefore, a recursive decomposition. This decomposition corresponds to the D’Alessandro

Romano decomposition.

5.2.3 Construction of new recursive decompositions

It is now clear that many recursive decompositions of u(n) and, therefore, U(n) can be
obtained. As an example, we construct a recursive decomposition of U(2N ) that allows the
identification of the local and entangling parts in every unitary evolution on N qubits [8]. For
this purpose, we begin with the CCD and take various conjugation of an OED of u(2V) to
construct a grading and, therefore, a recursive decomposition. More specifically, we consider

the following 2N decompositions on u(2V):

(1) A CCD so that

Ly =4z and £} =TV

e

(5.6)

where the subspaces TV and T2 are defined in (3.20).
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(2N)
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An OED obtained by performing decompositions of type AII on all qubits except the

one on the Nth qubit, which is of type AI and of the form
u(2) = span{io,} ® span{io, ,io,,ila}.
Then, the subspaces [,% and L2 are given by
[,3 = span{iIéV*1 R 0, iIf,Vil ® {0z, 0y,12}},

and

L3 =span{iZ) ' @ o,, iZTV ' @ {04, 04, 12}} .

The subspaces £3 and £3 are defined in the same way as in (2) but o, and o, are

interchanged,? that is,
L} = span{iZ ' @ 0y, TVt @ {0y, 0., 12}},

and

£3 = span{iZV ' @ 0, TN @ {0y, 0., 12}}.

The subspaces £ and L] are defined in the same way as in (2) but with the Nth position

replaced by the (N — 1)th position.
Same as in (4) with o, and o, interchanged.

— (2N — 1) Moving towards the first position, alternating decompositions as in (2) and

decompositions as in (3).

Same as in (2) with the first position replacing the Nth position.

Example 5.2.1. For N = 3, denoting any possible Pauli matriz by o, we obtain the following

subspaces:

LE=span{ic @ 152 13,115 R0 @ 15, i 1o @ 15 R0, i @0 R0},

Li=span{ic @ o ® 1y, i 1o R0 @0, ic ® 1o R0, i 1o ® 15 ® 1o},

30ne can use oy instead of 0.
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L} =spanfioc ® 1o ®@{12,04,0,}, i 120 ® {12,04,0,}, 10 ®0 @0, ,i 1@ 150, },
E% =span{ic ® 0 @ {12,04,04}, 1 1o ® 1o @{12,0,,04}, 10 ® 1o R0, , 1 1o ®0 R 0,},
Cg =span{ioc ® 1o ®{12,0y,0,}, 112 Q@0 @ {12,04,0.}, 10 ® 0 R 0y ,1 12 @ 19 @0},
L} =span{ic @ 0 ® {13,0,,0.}, 112 ® 19 ®{12,04,0.},i0 @ 15®0,, i 1o Q0 @ 04},
Eé =span{ioc @ {1z,04,0y} @ 12,1 1o ®{12,0,,04} R 0,10 R0, ®0,i1o®0, @ 1z},
L} =spanfio @ {12,0,,0,} @ 0, i 1o ®@{12,04,0,} ® 13, i0 R0, ® 13, i 13Q0, R0},
L) =span{ioc @ {12,0,0,} ® 12,1 15 ®{12,0,,0,} ®0,i0 @0, @0 ,i 15 R0, @ 12},
L} =spanfioc ® {12,0,,0.} @0, i 1a@{12,04,0.} @ 12,i0 @ 0, ® 12, i 1y R0, ® 0},
LS =span{i{12,04,0y} ® 0 ® 13, i{12,04,04} @ 1o ®0, 10, R0 R0, 10, ® 12 ® 1a},
L9 =span{i{12,04,0y} R0 @ 0 ,i{12,0,,0,} ® 1o R 12,00, R0 ® 13, i0, ® 1o R0 }.
In the general case, with the decompositions u(2V) := Eé &) E{, j=1,...,2N, one can

construct a Z%N —grading and obtain a recursive decomposition. The subspaces of the sequences

associated to the latter are, for k=0,...,N — 1,2
Lozk+1 = Span{izévfk ® 1ok},
Loy = span{iZ¥ * @0, @ 1ge1},

(5.7)
Lozerz = span{iZY 1 @ 1oerr , iZVN 1 @0, @ 191},

Lozrs1y = span{iZY 1 @ {0, 00} @ 1o} .
To apply the Cartan decomposition theorem, we make the following two remarks.

Remark 5.2.1. The Lie subalgebra Lyprr1 = span{iZ’ % @ 1o}, k = 1,...,N — 1, is iso-

2N—k—1)

morphic to iZYF. Furthermore, iZN=F is conjugate to s0(2V=F) or sp( according to

whether N — k s even or odd, respectively. Thus, in every case, Lozk+1 15 semisimple.

Remark 5.2.2. The Lie subalgebra Loz = span{iZY k@141, iZN *®0,®151-1} is isomorphic

to u(2N7F), and the isomorphism is given by the map

A® 1o — A and B®o,® 1gp1 — B, (5.8)

4If the factors on the left occupy all the N positions in the tensor products, the factors on the right do not
appear.
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where A € iIN7F and B € iZN"F. This is the direct sum of a semisimple Lie algebra and a

one dimensional subspace commuting with the elements of the Lie algebra.

In conclusion, the Cartan decomposition theorem applies in all cases. Therefore, the sub-
spaces in (5.7) define a recursive decomposition for the unitary Lie group U(2"V). It is impor-
tant to identify the Cartan subalgebras to obtain the KAK decomposition of the corresponding

Lie group. In order to do that, we consider the commuting set
A= {UI®O-xao'y®0-yvaz®O'Z712®12}~

Let us denote by A; the set obtained by the tensor products of [ elements of A, that is,

A=A A®---® A, | times. Using induction on [ along with the formula
[A B,C® D] =[A,C]®(BD)+ (CA)® [B, D], (5.9)
it is easy to see that A; is also a commuting set.
Remark 5.2.3. The decomposition
Loze = Lozerr & Loy

with k = 0,...,N — 1, (modulo the isomorphism in (5.8)) is a decomposition of type AI or
AIT of u(2N=F), according to whether N — k is even or odd, respectively. If N — k is even,
then this decomposition is of type AI with rank 2N=F. A mazimal Abelian subalgebra can be
given by

Aar:= span{iA¥ ®o, @ Iop1},

which indeed has dimension 4~ = 2N—k, On the other hand, if N — k is odd, then the

decomposition is of type AIT with rank 2N~*=1. A Cartan subalgebra in this case is given by
Aarri= span{iAN};ﬁl R 1R, R 12k—1} .
Remark 5.2.4. The decomposition

Lozk+1 = Lozkr2 © Loz2k+1q 5
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with k = 0,...,N — 1, is a decomposition of s0(2¥7F) or sp(2V=*=1) according to whether
N — k is even or odd. If N — k is even, then this is a decomposition of so(2N=*) of type DIIT

which has rank 2N7%=2. A Cartan subalgebra can be taken equal to

Aprr = span{iszfkfz R IR0, ® 12k} .
2

2N*k71

Otherwise, it is a decomposition of type CI and the associated rank is . In this case, a

Cartan subalgebra is given by

Acr:=span{iAn_r1 ® 0, ® Lok} .
2

5.3 Computational issues and examples

In this section, we illustrate by an example the Lie group decompositions induced by the
recursive decompositions described in the previous section. In particular, we show how the
generalized SWAP operator X, € U(8) can be decomposed into the product of elementary

factors. The action of X, on the states of a composite system of three qubits is defined by
Xow : |1) @ 7) @ [k) — |j) @ |k) @ |3},

where each of |i), |j) and |k) belong to the Hilbert spaces of a two level quantum system
spanned by the orthonormal basis {|0),|1)}. In fact, X, is the cyclic right shift operator

acting on three qubits. The matrix representation of this operator is given by

10000000
001 0O0O0O0O

000O0T1O0TO0O0

Xow =
01 00O0O0O0OQO
0001O00O0O0O0
000O0O0OT1TT 0O
000 O0O0OGO0OGO0OT1
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Let us first factor X, using the decomposition of Khaneja and Glaser. According to section

5.2.1, this decomposition is given by the sequences
SO = {LO, [,02, 503, £04, E05} and Sl == {El, EOl, 5021, 5031, £041} .

The first step is to compute the KAK decomposition of X, induced by the Cartan pair

(Lo, L1). Using the Algorithm 1 provided in section 2.3.1, we obtain the decomposition

Kii 0 D1 Do Ky O
Xsw = )
0 Kio Dy Dy 0 Koo
where
1 O 0O O 0O 1 0 O 1 0 0 O
0 O 0 1 0O 0 -1 0 0 —2 0 O
Ky = , Ko = , Koy = ;
0O -1 0 O -1 0 0 O 0O 0 0 —
0O 0 -1 0 o 0 0 1 0O 0 1 O
0O -1 0 0 1 0 0 O 00 0 O
i 0 0 O 0 0 0O 0z 0 O
Koy = , Dy = ) Dy =
0O 0 —2 0 0 0 0 O 00 — 0
0O O 0 1 0 0 01 00 0 O

The next step is to obtain the decomposition
K j 0 U j 0 Djj 0 sz 0
0 K; 0 U; 0 D} 0 U;

j = 1,2, induced by the Cartan pair (Lg2, Lo1), where Ly2 is the subspace 1o ®su(4). Using

the Algorithm 2 given in section 2.3.1, we obtain the matrices

i 0 0 1 -11 0 0

U 1 0O — 1 0 U 1 0 0 -1 -1
1= 7 ) 12= —= 5

V2 : 0 0 -1 V2 0 0 -1 1

o
~

—_
]
—_
—_
]
]
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i 0 0 -1 -1 -1 0 0
U 1 1 0 0 —i U 1 0 0o -1 1
21 — — = 9 22 — T = 9
\[01—20 V2 0 0 1 1
0 — 1 O -1 1 0 0
and
i 0 0 0
0 —2 0 O
Djj =
0 0 1 0
0 0 01

The important observation is that Uj;, € SU(4). Therefore, we repeat the first two steps with
the Cartan pairs (Lgs, Lg21) and (Lg4, Lg31) to decompose each Ujy. Finally, writing all the

factors as exponentials, we obtain the desired decomposition

X. —ei12012Q0:, 1, ®0:Q0: o 12 Q0212 T 1o ® 1y ®0ye 12 ®12Q0z T 1y 00,00
sw

X e 47r 12® 12 ®0':ce 1 To.®12 ®Uze 1 0'2®0'z®0'26 12 ®0':c®12e Ir 12 ®0'ac®0'26 12 ®o®12

% e it 1280:00: 2 15© 12 ®oy , T 000001 , {7 02012 ®0= , T 12 @ 12 Qoy , 4" 12 ®0:©®12

% ed 1200:00: 2 15©12®oy , T 12 ©0e @12, 4" 12 Q02802 , T 0:012 Q02 , T 0:00:.80-

¥ o3 1201280: , T 13®0:80= , ' 12802812 , " 12 ®02802 , 7 12 @ 12 Qoy , 4" 12 ®0=Q1>

X 7 101280,
(5.10)

The D’Alessandro Romano decomposition of X, is computed in [11] as

XS’LU :e% 12®12®0y6 Zwr 12®0'z®‘7y€ ] o'z®12®0'y€ 3 Uz®0'z®0'y657éﬁ0'y®0z®12 Uy®0'z®0'z

X e Uz®0y®12 ”r 1o ® 19 ®0'ye ?é”r 1o ®Uz®0'y6738”r0'z®12 ®O'yeleﬂ-0'z®0'z®O'y
« e 0 1280y®1a , 57 0:Q0y®La , 7 0:Q0y R0z , T 12 @ 12 ®oy , 4 12 ®0:Q0y , ~§ 7 02012 G0y
X eTO'z@Uz@Uye 3 U'y®0'z®12 Uy®0'z®0'z iﬂaz®0y®12€%gz®0'y®o'z 3ix 12 ® 12 ®oy

% e =3IT 1y ®02®0y€3§” 02812 Qoy :;Wo'z®0'z®o'y.

(5.11)
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Finally, we factor X, using the decomposition proposed in section 5.2.3. In this case,

modulo isomorphism, the sequences defining the recursive decomposition for u(8) are given by

So ={sp(4), u(4), s0(4), u(2), sp(1), u(1)},

St ={sp(4)", u(4)", s0(4)", u(2)", sp(1)*, u(1)1}.

(5.12)

We do not have direct algorithms to compute the KAK decompositions in the original co-
ordinates of the decomposition. However, with an orthogonal change of basis matrix, we
can transform the problem into the standard coordinates, compute the decomposition using
the existing algorithms, and then we transform the problem back to its original coordinates.

According to [4], the associated change of basis matrix is given by

Sl
[\]
o
]
]
—
o
]
@)
|
—_

1000 -1 0 0 O

This matrix is sometimes called a finagler. After this change of coordinates, X, takes the

form Xy, = FT X, F, with Xy = 12 ® X!,,, where

1000
o |00
C oot

0100

To perform the decomposition, we follow the sequence of subspaces in (5.12). It can be verified
that X, is symplectic, that is, X, € Sp(4). Moreover, X, is contained in the image of U(4)

embedded into Sp(4),% and represented by X’ in U(4). Indeed, X/, is not only unitary but

®An embedding of U(n) into Sp(n) or SO(2n) is given by the map U + iV — (5, /), where U and V are
real matrices.
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also orthogonal, that is, X7, € SO(4). Hence, the decompositions induced by the first three
Cartan pairs (sp(4),sp(4)+), (u(4),u(4)*1), and (so0(4),s0(4)*) are trivial. Therefore, we turn
our attention to decompose X!, = K]A'K} induced by the Cartan pair (u(2),u(2)+), where
K{ and K/, are contained the image of U(2) embedding into SO(4), and A’ is the exponential
of an element of the suitable Cartan subalgebra, i.e., A’ = diag (E, E_l). Let us partition X/,

into 2 x 2 blocks, i.e.,

, X Xio
XS'Ll) =
Xo1 Xoo

Choose K} = 14. Then, X! decomposes as

A B E 0
X, = , (5.13)
-B A 0 E!

where A +iB € U(2). This equation is equivalent to two matrix equations
X1 —iXo1 = (A+4iB)E  and  Xoy +iX1o=(A+iB)E!.

Since A + iB is unitary, we have

9 . . ) 0 -1
E? = (Xoo+iX12) (X11 —iX91) =
1 0

Once E is determined from the last equation, we obtain A and B using (5.13) so that

1 10 0 1 -1 0 0

e R ad 4= |00 (5.14)
V21 9 01 1 V210 0 1 1
110 0 0 0 -1 1

In the next step, we decompose K/ using the Cartan pairs (sp(1),sp(1)%) and (u(1),u(1)1).

Carrying out the calculations, we obtain

Xow = L1LoL3Ly, (5.15)
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where I~/1 = %(18 — 119 ®0y®12), ig = %(18"’1.12@03/@0,2)7 Eg = %(18+Z’14®0y), and

Li=1,® A'. We map X, in (5.15) back to the tensor product basis to write
Xsw = L1LaL3Ly, (5.16)

where L, = FL,FT, k =1,...,4. Here, F is the finagler defined in (5.13). Finally, we write

all the factors in (5.16) as exponentials of matrices in the tensor product basis to obtain

—im im —im

Xep = €14 0y®0:Q0s F02Q0:Q0y T oyR0zQ0: " 0x®0yQ0s (5.17)

Thus, we obtained three different decompositions (5.10), (5.11), and (5.17) for the general-
ized SWAP operator X,. To perform the given task, the Khaneja Glaser decomposition (5.10)
uses 32 transformations, two of which are equal to e%gz@"’z@”, creating three-body interaction.
In particular, using the formulas given in [16], it is possible to decompose ¢ To:99:99= frther
so that we obtain a decomposition of X, into evolutions acting on a single and two qubits.
The D’Alessandro Romano decomposition (5.11) uses 27 transformations to perform the task.
In particular, using another basis, this decomposition displays the local and entangling parts
of X, on a bipartite system composed of subsystems of dimensions 2 and 4 [11]. On the other
hand, the recursive decomposition that we proposed in section 5.2.3 performs the given task

with four transformations, each of which creates three-body interaction.
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CHAPTER 6. Concluding Remarks

The framework presented in the previous chapter can be applied to any Lie algebra £ once
one has a certain number of Cartan decompositions of £. The OED type of decompositions
are a very useful tool to construct a great wealth of possible Cartan decompositions for u(n).
This abundance of decompositions is very important in the construction of recursive decompo-
sitions. A similar strategy can be used for other Lie algebras. For example, we can construct
a type BDI decomposition for so(ningz) starting from a tensor product basis of so(ningz) as
follows. Let us denote by o, and S;, j = 1,2, nj x n; skew-symmetric and symmetric matrices

respectively. A basis of so(ningy) is given by the tensor products of form
F=NQF,

where F; = o; or F; = S;. Let us fix two positive integers p; and ¢; with p; + ¢; = n;.
Accordingly, we partition each o; or S; in F' into block diagonal matrices, which we denote
by the superscript D (i.e., O']D , S]D ), and block antidiagonal matrices, which we denote by the

superscript A (i.e., 03-4 , SJA). Therefore, a decomposition of so(nins) is given by
50(711712) =KaeP, (6.1)

where

K = span{oc? @ P SP @ o2, 014®S§4, Sf‘@af},

and

P =span{ol ® 53", S{* @ 0f, of © 83!, SP @ 04} .

Using a similarity transformation, it was shown in [11], the above decomposition of so(nin2)

is a Cartan decomposition of type BDI with indices p = p1p2 + q1¢2 and ¢ = p1g2 + p2q1. Fur-
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thermore, we note that this construction can be extended to decompositions of so(ning---ny)
with additional notational complexity.

In conclusion, Lie algebra gradings, Cartan decompositions, and recursive Lie group decom-
positions are interrelated concepts. From a set of p Cartan decompositions, we can naturally
obtain a Z5—grading of a Lie algebra and a recursive decomposition of the associated Lie group.
Known procedures for the recursive decomposition of the unitary group of quantum evolutions
are special cases of this general scheme. In this dissertation, we enhanced the previous work on
Lie group decompositions. When dealing with multipartite quantum systems, it is convenient
if the decompositions used in the procedure are given in terms of tensor products of basis
elements of the Lie algebras associated to the single subsystems. This is the case for the CCD
on N qubits and the OED in its various forms. In this way, the factors of each element of
the group are exponentials of tensor products, and one can identify local operations as well
as multi-body interactions. In this context, we provided an important mathematical basis for
further work in the area.

We have given a new recursive decomposition applying the general procedure, along with
an example of computation. For this example, formulas (5.10), (5.11), and (5.17) give different
decompositions. In general, different recursive decompositions of u(n) will result in different
factorizations of U(n). The framework presented here gives a virtually unbounded number of
alternatives to decompose U(n) and parametrize quantum evolutions. Finally, we note that
this framework is very general but uses only one type of decompositions of Lie groups, the
Cartan decompositions. It is possible that different types of decompositions such as Bruhat

and Iwasawa [17] could be used to obtain different schemes.
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