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ABSTRACT

We review the one-dimensional setting of wavelet theory and generalize it to nonseparable
multivariate wavelets. This process presents significant technical difficulties. Some techniques
of the one-dimensional setting carry over in a more or less straightforward way; some do not
generalize at all.

The main results include the following: an algorithm for computing the moments for mul-
tivariate multiwavelets; a necessary and sufficient condition for the approximation order; the
lifting scheme for multivariate wavelets; and a generalization of the method of Lai [12] for the
biorthogonal completion of a polyphase matrix under suitable conditions.

One-dimensional techniques which cannot be generalized include the factorization of the

polyphase matrix, and a general solution to the completion problem.



CHAPTER 1. Introduction

Wavelet bases have proved useful for a number of applications in signal processing, nu-
merical analysis, operator theory, and other fields like physics, engineering etc. [9]. In the

one-dimensional setting, a refinable function is the solution of the two scale recursion relation

$(x) =V2Y  hpp(2w — k),
k

where h; are called the filter coefficients. We assume that only finitely many coefficients are
nonzero; this produces ¢ with compact support. Under some additional conditions, ¢ gives
rise to a multiresolution approximation and a wavelet function ). The wavelet function 1 has

the property that the family of functions

Yik(x) = 277792 x — k)

forms an orthonormal basis for L?(R). Orthogonality, compactness of support, approximation
order, vanishing moments, symmetry, smoothness, and decay are some of the important prop-
erties of a wavelet. In the one-dimensional setting, it is possible to construct wavelets with
desirable specific properties. For example, the Daubechies family of wavelets [9] provides a
very good example of wavelets with compact support and arbitrary regularity.

There are several applications that require a higher-dimensional setting, for example, image
processing. A natural approach to generalize the idea to higher dimensions is through tensor
products of one dimensional wavelets. This approach, however, has a major drawback: it
favors the horizontal and vertical directions. The most general approach is to dilate by using
an expansive integer matrix M which maps the integer lattice I' = Z¢ into a sublattice [1], [3].

We have the following recursion relation in the higher dimensional setting.

$(x) = vin 3 hied(Mx — k),
k



where hy are r x r matrices and ¢ : RY — C". It is known that (m — 1)r wavelets are needed to
generate L2(R?) [8], [1] where m = |det M|. An orthonormal wavelet set associated with the
dilation matrix M is a finite set ), i = 1,2,..., (m — 1)r, such that m=7/2¢p® (Mix — k),
i=1,...,(m—1)r, j€ Z, k& Z forms an orthogonal basis for L?(R%). If r = 1, we call it a
scalar scaling function or a scalar wavelet.

Unfortunately, the techniques of the one-dimensional setting cannot be applied to the higher
dimensional setting. The first reason is that given a d—variable scaling function it is difficult
to construct d—variable wavelets. The second reason is that one cannot necessarily factor a
multivariate trigonometric polynomial. The third reason is that it is hard to generalize the
Fejer-Riesz lemma to multivatiate trigonometric polynomials. Also, we lack tools to investigate
their properties.

Cohen and Daubechies [8] constructed nonseparable orthonormal wavelets for the class of di-
lation with m = |det M| = 2 with an arbitrary number of vanishing moments. These turned
out to be discontinuous. In the same paper, however, they present an example of arbitrar-
ily smooth biorthogonal nonseparable wavelet basis for the quincunx dilation. Kovacevic and
Vetterli in [3] constructed a continuous, compactly supported scaling function (K-V scaling
function) in R? using the standard quincunx as the dilation matrix. Madych and Gréchenig
in [5] constructed several nonseparable Haar-type scaling functions in R? which are discontin-
uous characteristic functions of compact sets. It has also been shown by Belogay and Wang
in [20] that there exists a family of compactly supported scaling function on R? with arbitrary
smoothness that are refinable with respect to a matrix that gives the column lattice, see section
(3.1). He and Lai in [13] have several other examples. Although many special multivariate
nonseparable wavelets have been constructed, it is still an open problem how to construct mul-
tivariate compactly supported orthogonal wavelets for any given compactly supported scaling
function.

The construction of wavelets can be put in terms of a matrix completion problem [11], where
the first row is given and we seek a paraunitary completion of it. In particular, if a wavelet

basis exists, it is required to have (m — 1)r wavelet functions. It has been proved that under



certain conditions the completion can be done [21], [17] but no constructive method has be
suggested so far. Even under these additional conditions the completion does not necessarily
preserve the orthogonality, compactness of the support, or the regularity. In [17], Judith and
Marc showed that, in general, it is not always possible to obtain wavelets that correspond to
a given scaling function with desirable properties. They started with a particular continuous
scaling function and showed that there is no continuous wavelet that goes with it.

Similarly, methods for computing moments and approximation orders in higher dimensions
are not very clear. In the one-dimensional case, a wavelet has p vanishing moments iff the
corresponding scaling function has approximation order p, and the moments are fairly easy
to compute. In the multivariate case, the calculation of moments becomes much more com-
plicated. Using the notations of C. Heil from [2],[1], we have worked out an algorithm for
computing moments in chapter 5. The connection between vanishing moments and approx-
imation order is likewise much more complex in the multivariate case. We have established
theorems corresponding to the scalar results.

Lifting, a procedure for constructing wavelets with desired properties, such as approximation
order and symmetry, from simpler wavelets, is well studied in the one-dimensional case [15],
[16], and Keinert generalized this idea to the case of multiwavelets in his paper ”Raising mul-
tiwavelet approximation order through lifting” [7]. The idea of lifting wavelets [15] for higher
approximation order does apply to the higher dimensional setting (chapter 6). We have gen-
eralized the lifting procedure to multivariate wavelets, and derived the conditions necessary to
raise the approximation order.

In the scalar case, the polyphase matrix of any orthogonal wavelet can be factored into easier
terms, either lifting factors or projection factors. Keinert [6] recently wrote a book “Wavelets
and Multiwavelets” [6] where lifting and the projection factors are described in the multi-
wavelet setting. This does not seem to be possible in general in the multivariate case. While
such factorizations may not be possible in general, it may be possible under some conditions
on the dilation matrix and on the placement of the filter coefficients. This case needs to be

investigated.



Generalizing the method of Lai [12], under some extra conditions, we show (chapter 8) that
the completion can be done so as to have compactly supported wavelets. The completion we
obtain gives us wavelets with the same regularity as the scaling function, and the support

remains compact, although it gets bigger than the support of the scaling function.



CHAPTER 2. Scalar Wavelet Theory

Definition 1 A refinable function is a function ¢ : R — C which satisfies a two-scale refine-

ment equation or recursion relation of the form
d(x) =V2D  heop(2w — k),
k

where {hy}rez € [?(Z) are called the recursion coefficients.

Our special interest are the functions that have compact support, which implies that the {hy}

are finitely supported. The refinable function ¢ is called orthogonal if
< ¢(x),p(x — k) >= o, k €Z.

Two refinable functions ¢ and ¢ are called biorthogonal if
< ¢(x), p(x — k) >= o, k € Z.

We also call q~5 the dual of ¢.

Example 1: Haar scaling function h:

1 if0<z<l,
o(z) = { 0 otherwise.

The recursion coefficients for h are hg = hy = 1/1/2.

Example 2: Scaling function for the Daubechies wavelet with two vanishing moment db2.

The recursion coefficients are given by

1+3 343 3—3 1—
hoy = ———, h1 = , ho = , ha =
42 42 42




Theorem 1 A necessary condition for orthogonality is

Z hihi—_o = doy, (2.1)
k
where the * denotes the complex conjugate. Similarly, a necessary condition for biorthogonality
is
> hihi_op = b0,
k

Proof: This is proved in [6].

However, this condition is not sufficient to ensure orthogonality. For example

¢(z) = ¢(2z) + o(2x — 3)

satisfies the orthogonality condition (2.1), but its solution ¢(x) = X[0,3) does not have orthog-
onal integer translates. There are several sufficient conditions, for example the convergence of

cascade algorithm [6],[9] (see next section).

2.1 Computing Point Values

The cascade algorithm is fixed point iteration applied to the refinement equation. It can

be used to find approximate point values.

Definition 2 The cascade algorithm consists of selecting a suitable starting function ¢(©) (x) €

Lo, and then producing a sequence of functions
o) (2 Wth (22 — k).

Theorem 2 If the cascade algorithm converges for both ¢ and , then the necessary condition

for the orthogonality is also the sufficient condition.

Proof: See [10].
The point values of the scaling function can also be obtained by solving an eigenvalue problem.
It usually works for continuous ¢, but may fail in some cases. The refinement equation for

integer points is equivalent to an eigenvalue problem

¢ =To.



Example: The Daubechies scaling function db2 has support [0, 3].

The recursion relation for the integer points in the support leads to

(bg()g ho O 0 0 qﬁg();
o(1) | he hy ho O (1
62 | =VE 0 s b b || 60
5(3) 0 0 0 ks || o0

Since hg, h3 are not 1/v/2, we know that ¢(0) = ¢(3) = 0, and the above problem reduces to
o(1) ] [ hi  ho ] [ o(1) ]
=2 )
e =l ] Lo
The solution, normalized to ¢(1) + ¢(2) =1, is

14++/3 1-+/3
5 92 = —5—

¢(1) =

Then, we can use the refinement equation to obtain values at half integers, quarter integers,

and so on.

2.2 Multiresolution Analysis

Multiresolution analysis (MRA) forms the most important concept for the construction of
the scaling function, wavelets and the development of the algorithms. Multiresolution analysis

can be viewed as a sequence of approximations of a given function at different resolutions.

Definition 3 A multiresolution analysis on R is a doubly infinite nested sequence of subspaces
[Vj} of Ly(R)

...Vilc{/ocv'lc‘/éc...

with properties

(i) clost, (Ujez Vi) = La(R).

(i1) Nz Vs = {0).

(73t) ¢(x) € V; if and only if ¢(2x) € Vj41.

(iv) ¢p(x) € V; = ¢p(x —277k) € Vj, for all jandk € Z.
(

v) There exists a function ¢(z) € La(R) called the scaling function such that {¢p(x—k), k € Z}



1 1

0 0

-1 -1
0 1 0 1

Figure 2.1 Haar scaling function and Haar wavelet

forms a Riesz basis for Vj. That is, for every f € Vp there exists a unique sequence {a, }nez

such that

@) =Y andla —n)

neL

with convergence in Lo(R), and

AY el <11 andl(@ —n)|P < B g/

ne’ nez neZ

with 0 < A < B < oo constants independent of f € V.
Notation: ¢;;(z) = 27/2¢(2x — k).
Since Vp C Vi, and since {¢1 () }rez is a basis for V7,

$(x) = V2 hed(2z — k)
p

for some hj. That is, ¢ is refinable.
Example: The Haar scaling function h and the Daubechies scaling function db2 both define

MRAs and have compact support.

Suppose that ¢ € La(R) is a scaling function which generates an MRA {V;}. One can

show, under some mild conditions, that there exists a dual scaling function qg € Ly(R), which



2 2
1 1
0 Nal 0 W\
i _q
o 1 2 3 o 1 2 3

Figure 2.2 Scaling function for db2 wavelet and db2 wavelet

satisfies the biorthogonality relations
< ¢(x), plw — k) >= 0o, k € Z,

and which generates a dual MRA {V;}.

The wavelet space Wy (resp. Wy) is the complement of Vg (resp. Vo) in Vi (resp. V1) such that
VonWo ={0}, Vi =Vo®Wp, and Von Wy ={0}, Vi =Vp& W

Under mild conditions, the space Wy (resp. Wg) is generated by the integer translates of a
function ¢ € Lo(R) (resp. 1 € Lo(R)). @ (resp. ¢) is called the wavelet (dual wavelet)

function. It satisfies a two scale relation

P(x) =v2>  gep(2z — k)
k

or
P(x) = V2 (2w — k)
k
for some gi or gi.

Note: We also call {hy} the scaling filter or the lowpass filter and {gx} the wavelet filter or

the highpass filter.
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Example: Haar wavelet h.

{1 ifo<z<1/2,
w(x)_{—l if1/2<z<1.

This obeys the following two scale relations
¢(z) = ¢(2r) + ¢(2z — 1),

P(x) = ¢(22) — ¢(22 — 1).

We summarize the properties of orthogonal wavelets as follows.

Theorem 3 Let {V;} be an orthogonal MRA with scaling filter hy, and wavelet filter gi,. Then
(i) > =2
k
(i) Y gk =0;
k
(Z“) Z hkhZ—Zn = nggZ—%‘L = On;
k k

(iv) > grhi_9, =0, for all n € Z;
k

(v) Z h:n_%hn_gk + Z gy*n_%gn—% = 0p—m.
k k

Note: Condition (i) is referred to as a normalization condition. Condition (iii) and (iv) are
referred to as orthogonality conditions. Condition (v) is referred to as the perfect reconstruction
condition.

Proof: This is proved in [14].

2.3 Decomposition and Reconstruction

Given a function f(x) € La(R), define for k,j € Z,

Cj ke =< f’ QS]’k, > and d],k; =< f, Qj}%k, > .
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Since we have V7 = Vy @ Wy, at level n we have,

Vn = Vn—l@Wn—l

= Vn—2 5>} Wn—2 5> Wn—l

= WvoWi @ - & Wy

We have the following theorem.

Theorem 4

n—1
Vo= P Wi,
k=—o00
which implies that
LR) = P Wi
k=—0o0

Proof: This is proved in [6].

Theorem 5 Let V; be an orthogonal MRA with scaling function ¢ and wavelet 1. Let Ay
and g be the corresponding recursion coefficients. Then the decomposition relations are given

by
otk = Y Cinhih o
n
dj1k = Z CjnGn—2k»
n
and the reconstruction relations are given by
Cjk = Z Cj—1,nhk—on + Z dj—1,n9k—2n-
n n
Proof: This is proved in [14].
Definition 4 Let ¢ be the signal. The downsampling operator |2 is defined by
(12¢)k = cok.
The upsampling operator 12 is defined by

_J ey if ks even,
(12) = { 0 it kis odd.
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The downsampling is obtained by removing every odd term in c¢g, and the upsampling is
obtained by inserting a zero between adjacent entries of ¢;. Decomposition can be thought of

as convolution with filters h*

and g*, respectively, followed by downsampling, that is
cok = 12(cin* Bk,

and
dok = 12(c1,n * 95,k
and the reconstruction can be thought of as upsampling followed by convolution with h; and

gk
c1 k= (12¢)om * b + (12d)0,n * gk

2.4 Symbol, Modulation Matrix and Polyphase Matrix

Definition 5 The symbol of a refinable function is the trigonometric polynomial

H(¢) = \2 D e
k

By theorem 3(i), H(0) = 1. The orthogonality conditions (theorem 3) are equivalent to
[HE)P +H(E+m)* =1,
GEP +IGE+mP =1, (2.2)

H(§)G (&) + H(E +m)GT(§+m) = 0.

Together, these conditions are known as quadrature mirror filter conditions (QMF).

The biorthogonality condition turns out to be

HOH* (&) + HE+mH (¢ +7) =1,
GOG (&) +G(E+mGH(E+7) =1, (2.3)

H(§)G*(€) + H(E+m)G (€ +m) = 0.
The recursion relations in the frequency domain can be written as

$(€) = H(£/2)0(£/2),
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where
5€) = [ ola)e s
is the Fourier transform of ¢. Likewise,
V(€) = G(E/2)9(8/2),
where
1 .
G(&) =—=) gre ™.
i

H (&) and G(§) are the the symbols for the scaling function and the wavelet, respectively.

Definition 6 The matrix

is called the modulation matrizx.

Definition 7 We define the polyphase symbols as

Ho(Z) = Z hgkzk
k
and
Hl(z) == Z h2k+1zk.
k

Note that
Ho(2%) + zH(2?)
V2

where z = e~%. The polyphase symbols of the corresponding wavelet are defined similarly.

H(z) =

Definition 8 The matrix

is called the polyphase matriz.

Conditions (2.2) are equivalent to M(&)M(§)* = P(§)P(§)* = 1.

Definition 9 A trigonometric matriz polynomial A(§) is called paraunitary if

Note: M being paraunitary is equivalent to P being paraunitary.



14

2.5 Moments

Definition 10 The j* continuous moments of ¢ and 1 are defined by

w= [ @l

—00

vj = /Oo zlep(x)dz.

Any wavelet 1) that comes from an MRA must satisfy

[e.e]
vy = / Y(x)dx = 0.
—0oQ
This is the zeroth moment of .

Definition 11 The j** discrete moments are defined by
mj = i Z ]thk,
V2

1 .
n;=—= Z K gp.
V2 <
Note: mg = 1.
One can show that

i = 2jzj: < Z > Mj—s ks (2.4)

s=0

and

J .
_j ]
vi = 277 g < p >nj—5/~/“s'
s=0

In particular, we can choose jip to be an arbitrary nonzero number. The remaining p;, v; are

then uniquely defined.

2.6 Approximation Order and Accuracy

We say that a refinable function has approximation order k if for 0 < k£ < N — 1, the
polynomial 2* can be reproduced exactly as a linear combination of its integer shifts. It turns
out that if the dual wavelet ¢ has N vanishing moments, then the scaling function ¢ has

approximation order N, as given by the following theorem.
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Theorem 6 Let ¢(x) be a compactly supported scaling function associated with an MRA.
Let 1;(.%) be the dual wavelet. Then for each N the following are equivalent.

(7) /xkqf)(x)dx =0for 0<k<N-—-1.

(ii) ;ngnnk =0for 0<k<N-—1.

(#i7) H(&) can be factored as

wo = (220) e

for some 27 - periodic trigonometric polynomial L(§).

(iv) H®)(7) =0, for 0< k<N —1.

Note: The conditions in this theorem are necessary conditions for approximation order N.
They are sufficient if the cascade algorithm converges.

Proof: This is proved in [6].

Example: h and db2 as explained earlier have approximation orders zero and one, respectively.

The symbol for the scaling function h factors as

1 +e7%

H(E =~ —

where L(£) = 1, and the symbol for the Daubechies scaling function db2, factors as

o6\ 2 _ .
H(€)=<1+2 > <1+2\/§+1 2\@@@6).

2.7 Lifting

Using the lifting scheme one can start with a very simple or trivial multiresolution analysis,
and gradually work one’s way up to a multiresolution analysis with particular properties. It is

one of the most elegant ways of generating a biorthogonal MRA.

Definition 12 A filter pair H,G is complementary if the corresponding polyphase matrix

P(z) has determinant 1.

Theorem 7 Let (H,G) be complementary, then any other finite filter G™** complementary
to H is of the form

G =G(z) + H(z)s(zQ),
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where s(z) is a Laurent polynomial. Conversely, any filter of this form is complementary to G.
Proof: This is proved in [15].

The new polyphase matrix can be written as

prev(z) = [ 5(12) ! ] P(=).

This creates a new dual scaling function whose filter is given by the dual polyphase matrix

R N L]

which implies that the new wavelet, the dual scaling function and wavelets are given by

G (z) = G(Z)+H(z)s(22),
ﬁnew(z) _ H(z)—G(z)S(Z_2),

G"(z) = G(2).

The scaling function here does not change at all, while the wavelet and the dual scaling
function change according to the above relations. The dual wavelet also changes, but in a
less fundamental way than the wavelet and the scaling function. More precisely, the dual
wavelet changes because the dual scaling function from which it is built changes, while the
filter coefficients remain exactly the same.

The power behind the lifting scheme is that through s(z) we have full control over all wavelets
and dual functions that can be built from a particular scaling function. This means that we
can start from a simple or trivial set of biorthogonal functions and use suitable s(z) so that
after lifting the wavelet has desirable properties. The lifting scheme can also be used for the
dual scaling function and the wavelet in a similar way; this is called dual lifting. Lifting and
dual lifting can be iterated to get an MRA with desired properties.

Example: Lifting the Haar wavelet h.

We start from the Haar wavelet and try to use the lifting scheme to increase the number of

vanishing moments of the wavelet from one to two. Initially

~ 14z
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and

After lifting we get
G"(z) = G(z) + H(2)s(2?).

We need G (0) = 0 for one vanishing moment, which implies that s(0) = 0. For two vanishing
moments we have to have G"%(0) = G (0) = 0. Let’s work with z = e~% for simplicity.
Thus

G (0) = G'(0) + H'(0)s(0) + 2H(0)s'(0) = 0,

or

G'(0) _ i

SO =30 " 1

We can choose (for symmetry) s(§) = (—i/4)sin&. Thus the new wavelet symbol under lifting

can be written as

1—e % 4 5(28)(1 + e %)

G"(§) = 5
1 e® qsin2¢  de ®sin2¢
2 2 8 8
1 e € Q2 _ =2 if _ ,—3iE
T2 2 16 16

or

1 1 1 1 1 1
Gnew :72_772_7 - 73_771.
B=1%"""16" “2t2*t 7 167

The corresponding dual scaling symbol H"" can be written as

~ 1 1 1 1 1 1
Hnew — - -2 _ - -1 _ -3 - 71.
B=5+32+ %" " 1%° " 16° T16°

2.8 Factorization

Various techniques to factor existing wavelet filters into basic building blocks are known.
For example, it is known that every polyphase matrix in one dimension factors into lifting

factors, viz.

ro=11[3 1[4 [ 5]

i=1
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where s;(z) and t;(z) are Laurent polynomials and k is a constant [15].
It is also known that the polyphase matrix of every orthogonal wavelet can be factored [6] in

the form
P(Z) = QFI(Z)7 <. 7Fn(z)7

where @) is a constant orthogonal matrix and each Fj, is a projection factor of the form
F(z)=(I —uu*) +uu*z

for some unit vector u.

2.9 Completion

A completion problem for a wavelet is the problem of finding the corresponding wavelet
given the scaling function. This is equivalent to completing the polyphase matrix to a parau-

nitary matrix when the first row is given. Let A be the determinant of P. Since PP* = I,

« | Hy G} _l Gy —-Hi| 51
IR A B

SO

Go=—AH;, Gy = AH;.

Since the determinant must be a monomial for compactly supported wavelets, we have A =
az¥ ol = 1.

Thus the matrix completion problem in the one dimensional case can always be solved. In
short, given Hy, H1 we can always find Gg, G1 a such that P is paraunitary.

Example: Daubechies scaling function db2.

Given the scaling function and its symbol

1

V2

the polyphase matrix has the following paraunitary completion.

H(E) (ho + h1z + ho2? + ha2?),

ho + hoz hi + hsz

Pl —hihas ) ho+hozt |
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or equivalently the following paraunitary completion which keeps the same support.

p_ ho + hez  hy + h3z
- —hiz—hs hoz+ho |’
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CHAPTER 3. The Multivariate Setting

3.1 Lattices

A matrix M is said to be a dilation matriz if it has integer entries and all of its eigenvalues
are greater than one in absolute value. A linear combination of N vectors xi,Xs,...,Xy is
an expression of the form Zf\; 1 ¢iX; where ¢; are real numbers. The ¢; are called coefficients.
The set of vectors x1,Xo,...,Xy is said to be linearly independent if sz\il c;x; = 0 implies
¢; = 0 for all 7. If the set of vectors x1,Xo,...,Xy is linearly independent, then the totality
of the vectors of the form {3>%  n;x; | n; € Z} is called a d-dimensional lattice. We denote
it by I'. In such a case, M = [x1,X2,...,Xy4] is called the sampling matriz [19], and is said to
generate the lattice. If M is the identity matrix, then each x; is a unit vector pointing in the
ith direction, and the resulting lattice T is Z<.

Note: Note that several different dilation matrices M may produce the same lattice.

Definition 13 Given a dilation matrix M, the fundamental parallelepiped of the lattice I is
defined by

F(M)={y e R? |y = Mx for some x € [0,1)?}.

The fundamental parallelepiped depends on the matrix M, not just on the lattice I

Let T be some lattice and consider the order m group %, where m = | det M|. Its complete
set of representatives is called the digit set and denoted by D = {do,dy,...,d;—1}. More
precisely we take D =T N F and Ugep(T +d) = Z°.

Example 1: Standard quincunx. The dilation matrix
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Figure 3.1 Standard and nonstandard quincunx and column lattices

gives rise to the quincunx lattice shown in fig. 3.1 (left), with digit set {(0,0)¢, (1,0)}.

Example 2: Nonstandard quincunx. The dilation matrix

1 -1
e[
gives rise to the same lattice as before, but the digit set is {(0,0)%, (0,1)"}.

Example 3: Column lattice. The dilation matrix
0 2
=V
gives rise to the column sublattice shown in fig. 3.1 (right), with digit set {(0,0)%, (1,0)!}.

3.2 Refinable Vector Functions

Let M be a fixed dilation matrix associated with the lattice I' C Z%. The equation
P(x) =vm Y hcp(Mx—k), x € R, (3.1)
keA
where A is some finite subset of I' and hy are fixed r x r matrices, is called the refinement
equation. A solution of the refinement equation is called a wvector scaling function or refinable

1
vector function. r is called the multiplicity of ¢. If the matrix A = T E hy has eigenvalues
m
keA
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A1 =1 and |N\g,...,|A\| < 1, then there exists a non-zero compactly supported distribution
o(x) = (¢1(x), P2(x), ..., dr(x))! satisfying the refinement equation (3.1) [1]. Furthermore,
q}(f) is a continuous vector function and ¢?(0) +£ 0, where ¢ is the Fourier transform of ¢.

When r = 1, we say that (3.1) is a single function refinement equation. ¢ is orthogonal if

< P(x—j), d(x — k) >= djcl,

where I is the r x r identity matrix. If f and g are r x 1 vector functions, the inner product is

defined as the following;:

[ hei - [ e
[ gt - [ 297
<f,g>:/fg*: [ fsgi - ff39r

ffrgiﬁ ffrg:
The * denotes the complex conjugate transpose.
Let ¢(x) be a refinable vector function. Using the notation ¢y, ;(x) = m?2 2 p(M™x —j), we get

P(M™x—j) = m2 Y e p(M(M"x —j) — k)

keA

= m2 Y hep(M"x — Mj — k).
keA

Therefore

¢TL,J(X) = mnTJrl Z hk ¢(Mn+1X — Mj — k)
keA

= Z hx ¢n+17Mj+k(X)'

keA

Let Mj+ k = p and define hp =0 for p ¢ A. Then

¢n,_] Z hp—MJ ¢n+1,p( ) (32)

pel

Lemma 1 If ¢ is refinable and orthogonal, we have

JkI = ZhP—MJ p—Mk- (3.3)
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Figure 3.2 Kj corresponding to standard quincunx

Proof: Using orthogonality and the relation (3.2)

ol = < o(x—Jj), p(x—k) >
= < Z hp-Mj®1p; Z hq—mx®1 g >
p q

= Z hp—mj < P1p P1.q > hg-mk
P,

= Z hP—Mjh;—Mk'
P

However, these are only necessary conditions. Sufficient conditions can be found in [22] and
[23].

Example: Let H denote the scaling function corresponding to

we [ A=) (O)

with the coefficients of Haar scaling function hg = h; = % The scaling function is two-
dimensional Haar scaling function ¢ = xs, where S is as shown in fig 3.2.

Example:Let M be the standard quincunx and let

={G)-GO )
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and let unspecified coefficients hg, h1, ho, hg be placed at the corresponding positions. Then

the orthogonality conditions are

hi4h3 4+ h3+h3 =1,

ho hs + h1 hg = 0.

In this case the coefficients of the scalar Daubechies wavelet with two vanishing moments will

work. Let DB2 denote the scaling function corresponding to

=[5 ]a={(0)- G (5)(0))

with the coefficients of Daubechies scaling function db2. The corresponding scaling function is
shown in fig 3.4.

Example: Let M be the standard quincunx and let

D) 0O

where the unspecified coefficients h; are placed as shown:

he hr
ho h3 hy h5
ho hi
The orthogonality conditions are
hg+hi+h3+h3+hi+hi+hi+h: = 1,

hoha 4+ h1hg 4 hshe + hshy = 0,
hohs 4 hihs 4 hohg + hzhy = 0,
hohs + hzhs = 0,

hohg + hithy = 0.
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The two-particular family of solutions of the above equations is

p(l—v+p+pv)

o= T EEDeE )
B — —w(l+v—p+pv)
(W2 +1)?+1) 7
hy — pr(l+v —p+ )
(2 + 12 +1)
hy = uwl—V+u+MW,
(02 +1)(?+1)
he — —v(l —v+p+ )
(L2 + 12 +1)
hy = VU+V—M+MW’
(W2 +1)(r?+1)
he = 0+V—u+uw7
(1?+1)(?+1)
he = (L—v+ptp)
(1?+1)(?+1)

The corresponding scaling functions aew known as K-V scaling functions after Kovacevié-

Vetterli [3].

3.3 Support

Our interest is in compactly supported scaling functions, which implies that {hx}xea are

finitely supported. For k € Z?, let wy : R¢ — R< be the affine map
wy(x) = M~ (x + k).

Let H(Rd) be the space of all non-empty, compact subsets of R%. The Hausdorff metric h(.,.)
is defined by
h(B,C) =inf{e >0: B C C. and C C B},

where

B, = {x € R" : dist(x, B) < €}.
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Under the Hausdorff metric, H(R%) is a complete metric space. For a finite set H C Z%, define
the iterated function system (IFS)

wi(B) = | J wk(B)

keH
= M Y(B+H),
where B € H(R?). Since M is expansive, there exists a matrix norm with ||[M~!| < 1, and
therefore wy is a contractive map on R?%. By the contraction mapping theorem, there exists
a unique compact set Ky such that wy(Kpg) = Kg. Kg is called the attractor of the IFS

generated by H and can be expressed as

Kp = clos(d M7 (H)), (3.4)
j=1

with convergence in the Hausdorff norm. Our interest will be the attractor associated with

the IFS generated by the support of the refinement coefficients, A. The following theorem

estimates the support of the scaling function.

Theorem 8 If a function ¢ : R® — C" is a compactly supported solution of the refinement

equation, then supp(¢) C Kj.

Proof: If x € supp(¢), then Mx—k € supp(¢) for some k € A. Therefore, x € M~ 'supp(f)+

M~A, or supp(¢p) € M 1A + M~supp(¢). Iterating this gives
supp(¢) C M~ A+ M2A+ M 3A+ -+ MIA + M Isupp(¢).
Since M~! is a contraction, this gives
0 .
supp(¢) C ZM‘J (A) + ¢, foralle.
j=1
Thus

supp(¢p) C Ky, by (3.4).

3.4 Estimating the Support

In many cases, M"™ = ¢l for some n € N, ¢ € R. In those cases, we can use (3.4) to estimate

the support of ¢.



27

v [ ] ()

Here M? = 2I. We have the following table.

Example 1:

(0 (1
<) ()
1 (0,0)* (1/2,1/2)
2 (0,0)¢ (1/2,0)
3 (0,0)¢ (1/4,1/4)
4 (0,0)* (1/4,0)
5 (0,0)? (1/8,1/8)
6 (0,0)? (1/8,0)¢
7 (0,0)¢ (1/16,0)¢
If (x,y) € Kp, then
0<2<1/2+1/2+1/4+1/4+1/8+1/8+---=2,
0<y<1/2+1/44+1/8+1/16+1/32+---=1,

so supp ¢ C [0,2] x [0, 1]. The actual support is the set shown in fig 3.2.

=10)- ()}

M=* ?
(1/2,1/2)"
(1/2,0)
(1/4,—-1/4)!
(0,—1/4)!
(—1/8,—1/8)"
(~1/8,0)"
(—1/16,1/16)
(0,1/16)"
(1/32,1/32)*
(1/64,1/0)

Example 2:
1 -1

M:[1 1

Here M* = —41.

:

O O
N

T oolooc o oo oo ol N —
o~

~

~ |

Ol N O Uk W N~ ®
=~

|

ocolcoococ oo

~

—~~ N~ |~~~
~— — [ — — — — | — — — —
~

N
[a)

If (x,y) € Ky, then

2<1/241/241/4+1/32+41/32+1/64 +---

=(1/24+1/2+1/4)[1+1/16 +1/16% + ---] = 4/3,
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Figure 3.3 Kj corresponding to non-standard quincunx

r>—[1/8+1/8+1/16+---] = —1/3,
y<1/2+1/16 +1/16 +1/32+--- = 2/3,
y>—[1/4+1/4+1/8+ -] =-2/3,

so supp ¢ C [—1/3,4/3] x [-2/3,2/3]. The actual support is the set shown in fig 3.3.

Theorem 9

SA)+j = S(A+(M-1)j),
S(A+p) = SA+(M-1)""'p).
In words: shifting the support of ¢ by j can be achieved by shifting the position of the

coefficients hy by (M — I)j. Conversely, shifting the position of the coefficients hy by p shifts

the support of ¢ by (M —I)"!p.

Proof: Let

S =UM (S + k).
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Then

S+j = UM (S+k)+]
= UM Y(S +k+ Mj)
= UM (S +k+Mj+j—j)
= UM N(SH+j+k+(M-1)j).
The second equality is obtained by setting j = (M — I)~'p.
Theorem 10 Assume A is a nonsingular matrix which commutes with M. Then
S(AA) = AS(A)
In words: replacing A by AA replaces S by AS.
Proof: AM = MA= AM~' = M~'A. Then
AS = UAM (S +Kk)
= UM 'A(S + k)
= UM 1(AS + Ak)

= UpearnM ' (AS +p).

3.5 Computing Point Values

The point values of the refinable function can be approximated by using the following

cascade algorithm, as in the univariate case.

Definition 14 The cascade algorithm consists of selecting a suitable starting function ¢(0) (z) €

Lo, and then producing a sequence of functions
" (x) = vm > hed™ (Mx - k).
k

Theorem 11 If the cascade algorithm converges for both ¢ and (13, then the necessary con-

dition for the orthogonality is also the sufficient condition.
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Figure 3.4 DB2 Scaling function and its support

Proof: This is proved in [22].
The point values of the scaling function can also be obtained by solving an eigenvalue problem,
as in the scalar case. Let x1,...X; be the points with integer coordinates inside the support

of ¢. Let

¢(;<l)

Writing out the recursion relation for each ¢(x;) we get an eigenvalue problem

b =To.

Example 1: Two-dimensional Haar function H. The support is shown in fig (3.2). There are
no interior points with integer coordinater inside the support, and the method requires ¢p= 0
on the boundary, so this is not going to work.

Example 2: Two-dimensional Daubechies wavelet DB2. The support is shown in fig 3.4.
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There are 4 interior points, namely {(2,1)%, (3,1)!,(3,2)%, (4,2)'}.

hi ho 0 0
B 0 0 hy ho
T=V2l ) by 0 0
0 0 hg hg

We normalized the point values so as to have the sum equal to 1.

$(2,1) = 3(2+3)
9(3,1) = —%
¢(3a 2) = )
$(4,2) 3(2-V3)

Example 3 Kovacevié¢-Vetterli (K-V). There are 18 interior points.
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CHAPTER 4. Multivariate Wavelet Theory

4.1 Multiresolution Analysis, Multiwavelets

Definition 15 A multiresolution approzimation (M RA) of Lo(R?) is a nested sequence of
subspaces

. C V_(?) C VO(O) c Vl(o) - VQ(O) c...

satisfying

(i) clos(U; V") = LA(R?)

@) N, V" = {0}

(ii)) fx) e V" = f(mx) e V)
(
(

i) fx)eV” = fx+MIk) eV vke 7

v) There exists a refinable vector function »¥ so that
{6V (x+k) :j=1,...,rnk ezl
forms a Riesz basis of VO(O). ¢(0) is a called a multiscaling function.

The MRA is orthogonal if o0 is orthogonal. Assuming orthogonality, (#i7) implies that
{\/ﬁgbgo) (Mx—X)};_ 1. kezd is an orthonormal basis for the space V1(0)7 and since VO(O) C Vl(o),
we have
=vm)_ h ¢© (Mx —k), xeR% (4.1)
keA

(0)

for some hy ’, where y/m is the normalizing factor that preserves the L?-norm. This shows that

any scaling function ¢ is a refinable function. However, not every refinable function generates

an MRA.



33

Now let us consider the subspace Wy, the orthogonal complement of VO(O) in Vl(o). Since the
determinant of M is m, m — 1 wavelets are needed to characterize the wavelet space Wy [8].
Let us assume the existence of m — 1 wavelets (b(l), ceey qb(m*l) and let

WO — %(1) ey ‘/*()(2) O V*O(m—l)’
where Vo(i) = span(d)(i)(x -k),keZ¢ i=1,2,...,m—1. Let

W = {¢(M’x) : p(x) € Wo}.

The sequence of spaces {W;} satisfies conditions similar to conditions (i) through (v) of an

MRA [6]. We have the following lemma, similar to the scalar case.

Lemma 2
n—1
Vi = @ Wi,
k=—0oc0
which implies that
o
Ly(RY) = clos( @ W)
k=—0o0

Proof: The proof is similar to the one presented in [6].
The spaces W; are called the wavelet spaces. Let us assume the existence of the wavelets and

let the scaling function span Vj(o). Then
Vl(O) — VO(O) e V[)(l) @ ‘/0(2) DD Vo(m_l),

which gives the following recursion relations

pOx) = vmY nl¢® (Mx k), (4.2)
keA

oW (x) = vm> @ (Mx-k), p=12...m-1. (4.3)
keA

Definition 16 The wavelets are called orthogonal if
< ¢ (x —j), o) (x — k) >= 80l (4.4)
As in the proof of lemma 1, this implies that the necessary condition for orthogonality is

Sl = S AU
P
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Definition 17 The wavelets are called biorthogonal if

< ¢ (x—3).8" (x — k) >= Gl (4.5)

@ is called the dual of ¢. In such a case the MRA generated by qE(O) is called the dual MRA
and the corresponding wavelets (5(7;), 1=1,2,...,m — 1, are called the dual wavelets. If ¢ is

orthogonal, then ¢ = ¢.

4.2 Decomposition and Reconstruction

Let us take an arbitrary f(x) € Véo) for some n. According to the decomposition

VO =vO ev® ev® e . eV,

n n

we have
fx) = Zf*”
= Zf*(u ¢n lk x),
where f:ﬁf) = <Ff, ¢nk>

It is enough to compute the inner product at one level. We have

~ 0
<¢$§v¢£ﬁ1,k> = <¢n_]’zhl Mk 23

(1) _ p
<9, 1k7¢7.]> = e
Thus, the decomposition and the reconstruction equations can be written as
(W _ )* ()
fn—l,k - Z f ,J J Mk> (46)

0)*
fr(z,j) = Z 1k J Mk (4.7)
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4.3 Symbol and Modulation Matrix

Definition 18 Given a complex valued vector r = [ry,ro,...7,]!, an integer valued vector
s = [s1,52...5,]" and an integer-valued matrix L = [Lg, Ly ... L,], where L; is the i*" column

of L. Then, the vector r raised to the vector s power is a scalar and is defined to be

rs =iy,

and r raised to the power L is a row vector defined as

r =

L [rLl,rLQ-'-I'

Ln]'

In particular, if z = (21, 29, ..., 2q) and k = (ky, ko, ..., kq), then z¥ = zi’“ . .zsd, zj = e %,

Definition 19 The symbols of the scaling function and wavelet coefficients are defined by

1 )
H(H) (S) — ﬁ Z hl(!/‘) e—z<k7 £>7
k

or in z notation,
1
HW(z) = — E A gk,
vm - k
Since

¢ (x) =m2 Y 0 (Mx — k),
keA

we have

5 (1)

" (&) = HW ()¢ (Mte).

Lemma 3 Let I' = MZ? be the lattice and D be the digit set. Then for k € Z¢,

3 o 2mi<k, M~ Td> _ { m it kel

0 otherwise.
deD

Proof: This is proved in [4].
Theorem 12 The orthogonality conditions in terms of symbols H are

Z HW(& +2eM~TA)HW* (¢ + 2eM~Td) = 6, 1. (4.8)
deD
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Proof: Since

m
we find
1 . -7
H(M) 2 M—Td — h(“) —’L<k, €+27rM d>
(€ +2rM~"d) mikj Koe
_ 1 Z hl((u) o—i<k, &> —2mi<k, M~ Td>
m
k
Then

Z H® (& + Qﬂ-M*Td)H(”)*(S + 27 M~ Tq)
d
_ 1 Z Z Z hgu)hg(u)*e,i<k7j7€>e—2ﬂ'i<kfj,M*Td>
i

MK

Yy h}“)hl((”)*e‘Kk_j’bi 3 o—2mi<k—j,M~Td>

m

i k

d

Setting j = k — M 1 and using lemma 2, this equals

V)k g 1 v)* —1 1
N S
k.j 1 k

by the orthogonality condition.

Example 1: Standard quincunx
1 1
vl 4]
which has {(0,0)%, (1,0)"} as its digit set. The orthogonality condition turns out to be

|H( &) +|H(E + (m,m)")]> =1.

Example 2: Non-standard quincunx

The orthogonality condition is
[H(&)* + [H (€ + (m, —m)")* = 1.

Example 3: Column lattice
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The orthogonality condition turns out to be
|H(&)1? + [H (& + (m,0))]> = 1.

Definition 20 The modulation matriz is

[ HO)(¢) HO(¢+27M~tdy) -+ HO@E+20M My ) ]
gY@  HOE+2rM7tdy) - HWO(E+2rM~td, )
M) =| HPO H®(¢+2rM~dy) -+ HO(E+2rM'dp) ||
i H<m41>(5) Hm=1) (¢ + orM~tdy) - HM (g 4+ éwM—tdm_l) |

where dg,d; ...d,,_1 is any ordering of the digits with dg = O.

The modulation matrices in the standard quincunx, non-standard quincunx and the column

cases are respectively

and
M(f) = ¢ t
HV(E) HW(E+ (r,0)")
4.4 Polyphase Components and Polyphase Matrix
An arbitrary k € Z? can be written uniquely as
k= Mj+d,

where Mj € 'andd € D. To make the notation easier, we fix some ordering dg,...,dmn_1
with do =0.

Notation. Let h}“’k) = hg\%erk'

Definition 21 The polyphase symbols are

—i<i k) i<
H(“’k)(ﬁ )= Z hg\%erk@ <j, &> _ Z h}“ )e <3&>
Jj J
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The symbol can be expressed in terms of polyphase components as

H® (% T Z z~ Y H9) (M),
j=0

where 7 =1,2,...,m — 1.

The decomposition and reconstruction relations can be written in polyphase form as

Z f 0)*
ZZ an-‘,—dk Mk+dk
Z Z f(O k)*h(IM

and

which are the sums of convolutions.

Definition 22 The polyphase matriz is

[ 1O HOD(E) e HOMD(E) ]
HWO(g)  HEDE) . HEmD(g)
Pe)=| HEVE)  HEDE o HETUE
| o) oo o einonge) |

The orthogonality condition is

PE)PE)" =1I.

Example 1: The Haar wavelet H. The symbol is

14+ 2
HO(z) = .
()=
Thus,
—1
HO(z)* = 1+24°
2

HO@HO (o) + HO(~a)HO (~2)" = 1[(1+ 20)(1+ )+ (1= 21)(1 -

1

(4.9)

(4.10)

(4.11)

Sl=1

21
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1 1 1
where — = (—, —), The orthogonality condition is satisfied. The polyphase symbols are
Z Z1 R2

1
HOO(z) = HOD(z) = —.
V2

The scaling function is the two-dimensional Haar scaling function ¢p = xg, where S is as shown
in fig 3.2.

Example 2: The Daubechies wavelet DB2. The symbol is

1

H(O)(Z) = (ho + h1z1 + hQZ% -+ hng’).

S

2

The polyphase symbols are

H(O’O)(Z) = ZhMij
J

= ho+ h2z122,
and
H(O’l) (Z) = hi+ hgzi129.

The corresponding scaling function is shown in fig 3.4.

Example 3: K-V scaling function. The symbol is

1
H(O) (Z) = 7(h2 + hgz + h42’% + h5Z;1)) + h02122_1 + h1Z%2’2_1 + hgz129 + h72’%2’2>.

V2
The polyphase symbols are
H(O’O)(z) = ho + hgz1 + hoza + haz129
H(l’l)(z) = h3 + h7z1 + h12z9 + hsz129.
4.5 Necessary and Sufficient Conditions for the Existence of Wavelets

Now we state the necessary and sufficient conditions such that the lattice translates of

{q&(j) :j=1,2...m — 1} will form an orthonormal basis for Wj.
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Theorem 13 Let {Vj(o)} be an orthogonal MRA for La(R®). Then the following are equivalent.
(i) {¢V)(x — k) :j =1,2...m — 1, k € T} will form an orthonormal basis for W.

(ii) P(€) is paraunitary a.e.

(7i1) M(€) is paraunitary a.e.

(

iv) The recursion coefficients {hl((“) :7=0,1......m — 1 } satisfy

Suilie = D hEhe
P

Proof: This is proved in [11].
Thus, once an MRA has been found, we can construct a wavelet basis for Ly(RY) if we can
complete a paraunitary matrix, namely P. We will consider the completion problem in section

8.1.
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CHAPTER 5. Computing Moments and Approximation Order

5.1 Moments

We will use the standard multi-index notation x& =

is a d-tuple of non-negative integers. The degree of a is
o] = a1 +ag+ -+ ag.

The number of different multi-indices a of degree s is
[ s+d—1
(7).

Do 0% 92 o
a 0z{* 0x5? ozt

Let

Definition 23 The discrete moments are defined by
O S k& p) = el pe o)
« \/m ” k )
7=0,1,2,...,m—1.
Definition 24 The continuous moments are defined by
ne = / x%¢0) (x)dx = i DG (0)
ji=0,1,2,....m—1.

Note: mg) is an 7 X r matrix and ug) is an r x 1 vector.

z{t - a2y, where o = (o, g, .

,(Xd)

In sections (5.1) and (5.2), we will drop the subscript, and always consider ¢ = & ma =

mg). For a particular s choose any fixed ordering of all a with || = s. This ordering will be
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fixed from now on. Let a; be the 4% index. We collect the d; monomials x% in the chosen

order to form a column vector of monomials

Xbl(x) = _ , x € R%

(8 7N

X

Notation: We also use the notation [xa]‘m:s to represent a column vector of monomials in

the given order. Given any expansive d X d matrix M = [mij}i,jzl,Q,...,d with scalar entries, let

[s]

Ml = [m[s]] be the ds x ds matrix whose scalar entries m, ;

i are defined by the equation

ds
(Mx)%i = Z mEf}an.
j=1
Dilation of X[*/(z) by M obeys the rule
XEl(Mz) = MELXEN ().

If X = (A,...,\g)! is the vector of eigenvalues of M, then (A®!, ..., A%ds)t is the vector of
all eigenvalues of M® [2].
Note: Since the eigenvalues of M® are of the form A%, M| is invertible, since all of
the eigenvalues of M are strictly greater than 1 in absolute value. It is easy to show that
(Mh=1 = (M_l)[s]. Consider

pll =[x plx)ax

and

[s]

pl! is a column vector of size rd, x 1, where each p, isofsizer x1,i=1,2,...d,.

Let
Moy

mls = m'a2

mads

The size of mb! is dgr x 7.
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Let I be the r x r identity matrix.

(MB @ Dplsd =

mllr w1\ ol
moy L my My, 1 b
mi] domg ol mif] a1 NEZ]

i Sl x@ o eml L x®a ) meg(ax — k)dx

S S X (Mx) 1 hiep(Mx — k)dx
S [ XE(Mx)ahep(Mx — k)dx

S ] XE (M), haep(Mx — K)dx

Sk S XE(y)hed(y — k)dy
S S X (y)ohk(y — k)dy

S S X (Y)d;hk(ﬁ(y —k)dy

S [ Xl (x 4 k)1 by p(x)dx
S S X (x + k) 2hip(x)dx

S [ X5 (x 1K) hiegp(x)dx

: >/ Y0<Ba < g )xﬂ k2B hyo(x)dx

o |=s

«

= { Yo<Ba < 3 >ma—ﬁ 1 } ’

| |=s
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where

<g>: <gi><%:> if 8; < a;, for each i,

0, otherwise.

This can be used to compute p!*! recursively. Note that (% is an eigenvector of ml%, which is
defined uniquely up to a constant. The rest of them are then uniquely defined.

Some special cases:

Casel:d=1,M =2, so Mlsl =25

pll = pg =27° Z ( ; > Ms—BH3-

8=0
This is leads to (2.4) in section 2.5.

Case IL: Arbitrary d, and |a| = 0, so M%) = 1. Thus

[0] (0]

p = mop!®.

In the scalar case r = 1, pug = moug, mo = 1, therefore we can take ug = 1.

Case III: Arbitrary d and |a| = 1. We have M) = M. Therefore

SO

plh = (M @ T —1&mo) 'mp,.
Again for the scalar case r =1, mg = 1, ug = 1, and the above reduces to

therefore

Example: Haar wavelet H.

moy = 1,
1

mo) T o
0,

Mo =



therefore
N _ 1/2
m < /2,
Ho = 1a
Verify:
H(1,0)
likewise
Ho,1)
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= // :Uldl‘ldl‘g
S

1 zo+1
= / / :Eldl‘ldiﬂg
0 X9

1 1 ) zo+1
= - d
/0 |:2$1:| x2 x2
1 1
= / (xo + =)dxs
0 2

1, 1 1!
= 5.’L‘2+§$2 o
1

I

2
1

[xgxldxg]xZH

x2

I
RIES— o~

Example: Daubechies wavelet DB2.

M0 =

Moy =

—_

i

1
72(]11 + 2hy + 3h3) =

=

)

1 zo+1
/ $2d$1d.7}2
T

3—

2

V3
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therefore

(%)

5.2 Approximation Order and Accuracy

The accuracy of a refinable function f : R? — C" is the largest integer k such that every
polynomial ¢(x) with degree < k can be reproduced from linear combinations of the translates

of f along I'. The precise definition is given below.

Definition 25 A function f : R — C" has accuracy k if for every polynomial ¢(x) with
degree < k there exist 1 x r vectors {cj. }ker such that

g(x) =) Gf(x +k).

kel

We use the terms that we used when computing moments. Let us consider the approxima-

tion order p. For all s < p, we have

Xb(x) =3 " gep(x - k), (5.1)
k

where each gy is a ds x r matrix. Using the two scale refinement equation,

XFl(x) = vim > g (Mx — Mk —1)

K,

=VmY _ gihp-rxe (Mx - p).

k,p

Letting Mx = vy,

M YX () = vin S gihp-ancd (y — ),

k,p

Xbl(y) = M~ ghp_ e (y — p). (5.2)
k,p
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From (5.1 and 5.2), we have

gp = mM! nghp_Mk for all p.
K

Now

91,1,91,2,- -5 91,r ¢1(X

X (x) = Z 92,1 92,2j g2 QZSQ(X‘— k)

k

We note that

< XP(x), ¢(x — k) >= [y (k)] s,

where

thus we get

We have the following theorem.

9ds,1,9ds,25 - - - > 9ds,r k ¢T(X - k)

Theorem 14 A necessary condition for a refinable function to have approximation order s is

[y*oz(l))]|a|=s = mMZ [ya(k>]|a|:s hp*Mkv for all p. (53)
k

The condition is also sufficient if the cascade algorithm converges.

Special case: |a| = 0. Here

~ %

yo(P) = o

Therefore, the above condition reduces to
fiy = VmM Y fighp ., for all p.
k

Special case: |a| = 1. Here

9k =
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Let e; be the it" standard unit vector in R? and let k = (ky,. .., kq), then
Ve (1) = il + ki,

Thus

yiko,o,...,l)(k)

Therefore, for approximation order two we have to have

'+ pag = vmM Y (" + kizg)hp -, for all p.
k

Examples 1: Haar wavelet H.

Order one:

10(0) = 10/(0) = -,

so the approximation order condition for order one is satisfied.

Order two: For 1= ( 8 > ,

Forlz(é),

[1]* * 1
=4y )

u[”*+lu6=<1}2>+<(1)>:<132>'

But

V2 MY (M 4 kpd) e = ﬁ( i _11 ) < 1}2 ) \}5 - ( ?g >

k
and

V2 MY (! 4 kpg)hoane = \/§< 1 —11 ) ( 1}2 > \}5 - ( ?g >

k

for 1 = < 8 > and for 1 = < (1) > respectively, so no approximation order two holds.
Example 2: Daubechies wavelet DB2.
Order one:

HO(0) = hg+ hy = — and HM(0) = hy + hs =

1
\/ia

Sl
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so the approximation condition for order one is satisfied.

Order 2: Forl—<8>,

1
andforl—(0>7

o (G )+ (0) = (e )

w1 = (52 )

and

Vm M (4 k) e
k

(12 () ()]}

Vm M (a4 ks ane
k

2 (1 A (a0 ) (20w )+ (7))
B < <34—_¢\§/2 > ‘

The approximation order condition for order two is also satisfied. It can be similarly checked

that it does not have approximation order three.

5.3 Approximation Order in the Scalar Case

We now switch back to the full notation, so that ¢(9) = ¢ denotes the scaling function and
<;5(1), el gb(m*l) denote the wavelets. We also restrict attention to the scalar case. Note that

the word ”scalar” refers to r = 1. These functions are still functions of x € R?.
Theorem 15

m® =0 for alll < |a| <p iff u{O) =0 for all1 < |a| < p.
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Similarly,
mg):()forall 0<]a|<p iﬁ‘u(aj):O foral 0 <|a|<p, j=1,2,...,m— 1.

Proof. We prove by induction. We have

~,

GO = HO©)5(€),
oD (M) = HI (€)p(€) for j=1,2,...,m— 1.

Let £ =0, then
HO©0)=1, HY0)=0 forallj=1,2,...,m—1

by the property of the wavelets. So for || = 0, we are done.
For large p, let DIP) = [Do‘]|a|:p, with same order as in X! i.e,
pou
Do
plrl —
Dddp

Now differentiating the above equation
DGO (ar'¢) = DVI(H (£)6) (£))
we find that
MPIDPIGO) (Arte) = (D[p]H(O) (E)) 6O (&) + HO(¢) (qu;(m (@) + middle order terms.

Let & = 0. Assume that all the partial derivatives of H(©) () for 0 < |a| < p, are zero for € = 0
(i.e. ma =0).

Then the first term on the right and all the middle order terms vanish, and we get
MPIDPg© (o) = HO PG (o).

Since M P! is non-singular (because M is, and H(®)(0) is not an eigenvalue of M), this implies
D) 5(0) (0) = 0, which implies that ug) = 0 for all a with || = p. Conversely assume pg) =0

for 1 < |a| < p and let, for g < p, all partial derivatives of H ©) of order ¢ be zero. The left
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hand side is equal to zero and all the terms on the right except the first one are equal to zero

by induction hypothesis. Therefore the mg) = 0. Similarly for the wavelets.

Notation: Let w; = 27M ~d;, where M is the dilation matrix.

Theorem 16 ¢(©) satisfies the approximation order condition (5.3) of order p

— DYHO)(g) =0 foralllal<p-1,

&= w;

except for H(©)(0) # 0.

Proof: We prove by induction. We have the orthogonality conditions
HO@HO () + HO €+ w)HO(E+wi) + -+ HOE +wm-1)HO(E+wm—1) =1,

HOEOHD (&) + HO(6 +wi)HD (€ +w1) + -+ H' € + wrm1)HY (€ + wrm1)" =0

fori=1,2,...,m— 1.

Since the modulation matrix is unitary, its columns are orthogonal too.
HOOHO (¢ +w)* + HO©HY (¢ + w)* + -+ H™DEOH™ (¢ +w)* =0 (5.4)
forall 1 =1,2,...,m — 1. Putting £ = 0, we get,
HO0)HO (w;)* + HY(0)HD (w;)* + - + H™ D (0)H™ D (w;)* =0

:>H(0)(wi)* =0 forall j=1,2,...,m—1.

Differentiating (5.4), we get

m—1 (8%
>, ( g )DﬂH‘“(é)D"‘ﬂH(“(e +wi)" p =0.
k=0 /6:0

Plugging in & = 0, all the terms in the sum except the first one are equal to zero, because ¢
has approximation order p and thus all the derivatives up to order of p of H®) vanish at 0.

We are left with

3 ( g )DﬂH(O)(O)Da_BH(O)(wi) = 0.

=0
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In the last sum, because of the induction hypothesis, all terms disappear except for 8 = 0.
Thus we have

D*HO)(¢) =0
§=w,;

foralli=1,2,...,m—1and |a| < p—1. Conversely, if the derivatives in the statement of the
theorem vanish, in a very similar way it can be shown that the all the moments up to order p

of the wavelets vanish, which in turn implies the approximation order.

Theorem 17 Let ¢, 5(0) be a pair of dual scaling functions. Then ¢(© satisfies the ap-
proximation order condition (5.3) of order p
— DYHO(g) =0, forall ja| <p—1,i=1,2,....,m— 1.
&=o0
Proof: Let ¢(©, 5(0) be a pair of dual scaling functions and ¢, %, 1=1,...,m —1 be the
corresponding wavelets. Since ¢(®) has approximation order p, Jl has p vanishing moments.

We prove by induction. We have biorthogonality condition

HO@EHO ()" + HO(E +w) HO(E + wi)* + -+ + HOE + wpme1) HO (€ + wm_1)* =0
fori=1,2,...,m— 1.

Let a = 0 and let € = 0. Since ¢(©) has approximation order p, we are left with

HO0)HO(0)* = 0 = HO(0)" =0.
Now, differentiating the first term of the above sum and evaluating at £ = 0, we get
o — %
> ( * )DO‘H“’)(O)DaﬂH(i) (0) =0.

po’
All the other terms give

Z < ,3 ) DaH(O)(WP)Da_'B;fG)*(wp) =0

o
=0
1

for all p=1,2,...,m — 1, which are all zero by the last theorem. Thus again, by the same
argument, 3 = 0 is the only term that contributes because of the induction hypothesis. Thus

Daﬁ(i)g) =0, forall |a|<p—-1,i=1,2,...,m— 1.

&=o0
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CHAPTER 6. Lifting Multivariate Wavelets

6.1 Lifting

In this chapter, we only consider scalar multivariate wavelets with m = 2. For simplicity

we write H, G instead of H©, HD,

Definition 26 A filter pair H, G is complementary if the corresponding polyphase matrix

has determinant 1 .

Theorem 18 Let (H,G) be complementary , then any other finite filter G™*" complementary
to H is of the form

G™¥(z) = G(z) + H(z)L(z™),

where L(z) is a Laurent polynomial. Conversely, any filter of this form is complementary to G.
In other words, the new polyphase matrix can be written as

Prev(z) — [ L(lz) ‘”p(z).

This creates a new dual wavelet function given by the dual polyphase matrix

Prev(z) = [ L L) ]P<z>,

which implies that the dual scaling function is given by

A" (2) = H(z) — G(z)L(z™).

This can be used to raise the approximation order of 5 The approximation order of ¢ remains
unchanged. This process can also be applied on the dual side.

Example: Let us consider H from section 4.4.

-

sl
sl
SN—
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We know that it has approximation order one. Let us consider
L(z)=a+bz +cz = L(ZM) =a+bz1zo + czlzgl,
or
L(&1,6) = a+ be ®1e7%2 4 cemib1i2,
Therefore

G = —% + %e‘ifl + (a + be ez 4 cemi1ei2) (; + ;e_ifl) .

Approximation order 1 :

G"(0) =0 =a+b+c=0

Approximation order two:

0 0
Gnew 0 — 0 d 7GTL6’U} 0 — 7GTL€’LU 0 — 0
(0)=0 and Z=G"(0) = 5 G""(0)

1
:>b+c:§, and b=c

1 1
c , a 5
Thus,
1 1 1

L(z) == — —-2z1 — —29.
(2) B 421 422

Therefore

1 3 1 1 1 1 _
G(z) = 4 + 121 - gzlzz - ngzz - §Z122 1_ éZ%ZQ L

#"°, the new scaling function on the dual side, can be obtained from

Pnew_ 1 _L(Z_l) HO Hl
N0 1 Gy Gp )

Thus
™ = H - L(z~")G,
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- 1 1 1 1. 1. -1 1 _.
rew - —i& _ [ = = i(&i+E) _ ~ i(&1—&2) R 131
2 T3¢ <2 1€ 1€ 3 T3°
_ o3 ie _ere) e Lie-e) L i
= 3 + - 4 86 + 86 86 + 86
3,1 1 1 1, 1
= 1 4 gzl 22 + 822 — gzl 29 + ng.
The new filter coefficients are located as follows
g1,1 92,1 5—1,1 ELO,I ~
goo 910 . oo hip -
91,-1 9g2,-1 h_1,-1 ho—1

We can verify that this new wavelet has approximation order 2. A direct computation yields

1
mio = 5, and mo1 = 0,

We need to have

1_
H[ll} = [11] + M[zl] — 5H0

and
1 1 1
'u[2] _ ,u[l} [ ]7
These equations are identically satisfied if we let ,u[QH = % u[ll], [1] = 2u0, which were the

actually computed values of moments. Thus it is verified that the new scaling function actually

has approximation order two.
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CHAPTER 7. Factorization

In the univariate case, the polyphase matrix of any orthogonal wavelet can be factored into

linear terms.

P(z) =U-Fi(z)- - Fi(2),

. . . 2 _ A _

where U is unitary , Fj = (I — 4;) + Ajz,  Aj=A; = A

However, this does not work for d > 2, in general. This is a very hard unsolved problem.
Conditions under which factorization is possible are not known. We will restrict ourselves to
presenting some examples for the multivariate case.

Example:

P= 1 1 1
V2 \ —22 2120
This is the orthogonal Haar wavelet that goes with the standard quincunx with A = {(0,0)", (1,1)"}.

This cannot be factored in the form
P=U[(I—A)+ Az][(I — B) + Bz, with A?= A B*=B.
However, it can be factored as

P =U|(I = B) + Bz][(I — A) + Az]

(e84 7

On the other hand, this P is not the "natural” Haar wavelet. The wavelet has different

with

support than the scaling function. If we complete

(1)
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p_l( 1 Zl)’
2\ -1 =»

P=U[(I—-A)+ Az]

by
then

where U and A are the same as before.
Example: DB2.

The one dimensional Daubechies wavelet with 2 vanishing moments factors as

B h() hl h2 h3 _ o
P_<_h3 m)*(—m %)z—UW A) + Az,
1 1 1
=5 (4 )eas

3 -3
ER ‘
Now in the two-dimensional case, we have

P:<h0 h1>+<h2 h3>2122
x ok * %

It seems natural to use the same completion with z replaced by zjzo.This can be considered

where

=

as

P=U[(I - A)+ Az][(I — B) + Bz)], with B=1.

Note: The biorthogonal case is even more complicated than the orthogonal case, even for

univariate wavelets, see [18].
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CHAPTER 8. Completion

8.1 The Completion Problem

The completion problem is the problem of finding wavelets given the scaling function. This
is equivalent to the problem of completing polyphase matrices whose first row is given.
If m = 2, it can be done as in the one-dimensional case, section 2.9. For the general completion

problem, we have the following result [11].

Definition 27 Let ¢ be a non-negative integer. A function f on R? is ¢-reqular if f is in class
C? and ];X—aaf(xﬂ < “f"iil)k for each k =0,1,2,..., and for each multi-index o with || < q.
A g-regular MRA is an MRA where the scaling vector is g-regular.

Theorem 19 For each g-regular MRA of R? with general dilation M such that 2(m—1)r > d

there exists a wavelet set containing 2(m — 1)r, g-regular functions.

Proof: This is proved in [11].

Example 1: Haar, H

1 1
M= [ 1 -1 } ’
A= {(O7O)t7 (1)O)t}’ hO = hl = %
The symbol is
1+ e
H(E = —.

and the polyphase symbols are

We note that P has
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as the unitary completion. Thus the wavelet is given by

1 1 —i&1
5 + 5 e .
When m > 3, there are many such examples.

Example: K-V scaling function. We take the determinant of the polyphase matrix as A =

z122 , so that the wavelet has the same support as scaling function. We find that

HIO =z 29(hs 4+ hrz1 + hiza + hsz122)

= *h5 — h121 — h72’2 — h32’12’2

and HOD = hg + hoz1 + hgza + hoz1 29
he hy —hy ho
ha hs hy hs —hs  hg —hs ha
ho hy —h7  hg
scaling function wavelet

Recently, Judith and Marc in [17] have found a counterexample to the above theorem for the
case 2(m — 1) < d, r = 1. They consider the dilation to be

v=[70)

with dilation factor of 3, where I is a 3 x3 identity. They showed that it is impossible to
complete the matrix in such a way that the wavelet is a continuous function, even though the

scaling function is smooth.

Even in the case where theorem 17 applies, it is usually difficult to complete the matrix.
However, some completion methods are known for special cases. We present one such method

in the following section.
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8.2 A new Biorthogonal Completion Algorithm

We present here a method for constructing wavelets qﬁ(l), ... ,qﬁ(m*l) such that V(i)7 1=
1,2,...,m — 1 are orthogonal to VO(O) and the spaces V(i), 1 =1,2,...,m — 1 are orthogonal
among each other. This is a generalization of the method of Lai [12].

We have the following recursion relations

\FZh O(Mx—-k), xeR? i=0,1,...m—1. (8.1)
keA

In the frequency domain, the above equation can be written as

oD (M'E) = HD(€)p(€), i=0,1,...m —1,

where

HO (¢ Z h o<k &>

are the symbols for the scaling function and the wavelets. Let

d(z) = Z < ¢(x), p(x — k) > zX.

kezd

Lemma 4

P(r) = G O 166 +27p)

pEeZd

Proof:
<0000 1) > = [ 00" (e~ K

- # JR GG

— 27r — Z /0 |2 Z<k£>d£

pezd [0,27]@ +27rp

— -|—27Tp 2 z<k£>d£
(2m)d Z /027r] )

) (271” /[02 Ja N 16(¢ + 2mp) Pei <S> ag.

pezd

We have used the fact that [0,27]¢ + 27p are disjoint for different p. Thus we see that

(2m)? < p(x), d(x — k) >
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is the (k)" Fourier coefficient of the 27Z%-periodic function

ST 16( €+ 2mp) .

pPEZ
Therefore,
ST I6(€+2mp) P = S 2m)! < 6x), dlx — k) > eI,
p k

which implies

€+27rp
p

Definition 28 Let E stand for the operator that maps any Laurent polynomial f into the
Laurent polynomial which contains all the terms of f indexed by the lattice points. In other

words, F is a downsampler.

Example: Let us consider the standard quincunx lattice, and
f(z1,22) = ho + h121 + haz120 + h3z3z.

Then

E(f) = ho + haz122.

The operator E has the following properties

Lemma 5

If the matrices M and M? generate the same lattice, then also

E(A(z"")B(z)) = A(z"")E(B(z)).
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Proof: Since the addition of two polynomial results in the addition of the coefficients of the
terms of same index, the first equality follows. For the second one let B be a monomial, then
the product F(A)B will be indexed by lattice points iff B is indexed by the lattice points. The
general case follows from the first equality. The third one follows from the second since A(z)
are all indexed by the lattice points. Lastly, if M and M? generate the same lattice, A(z)
and A(z™ t) are indexed by the same lattice points. Thus it follows from the third.

Let g1,...,gx be any collection of functions defined by recursion relations of the form (8.1),
and let

Gk = closp2(ray{gr(x —m), m € ZH k=1,2,...m—1,

be the closure of the linear span of integer translates of g;. Let G;, i =1,2,...,m — 1 be their

corresponding symbols. Then we have the following theorem.

Theorem 20 G, is orthogonal to Gy for k # k', iff E(G.G®) = 0.

Proof: We have the following relations

Gi(ME) = Gi(€)p(&), i=0,1,...m — 1.

<n@.gyx—j) > = / gk (x)g (x — j)dx

1 -
~ (2n) /Rd GE(©)a0 (£)e™<IE>ag
1 , |
= (27r)d Gr(M™'&)G (ME)|p(M'¢)|%e'<5 8> dg
= GI " 2 'L<j7Mt£>d
) Zd/OQﬂ—d+2ﬂ_p (&)G1(&)|o(€)]%e ¢
pEZ
- 7)d Zd /0 om]d 5)\(1)(5 + 27rp)’2 i<j M £>d§
pEZ
— L / 7 2 '7Mt£
= (2m)d /[ovgﬂ]d Z Gk(f)Gk( Vp(€ + 27p)|°e" I > e
= m 02 ]dGk;(E)G2(€)¢(€)€i<j7Mt€>d£‘

This implies that = < gx(x),g},(x — j) > are the (—Mj)"" Fourier coefficients of the 27Z¢

periodic function G(§)G).( §)®(§). Therefore, in the Fourier expansion of G(§)G}.(&§)®(&)
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the coefficients with index Mj will not show up if < gi(x),g;(x —j) >= 0, so we have

E(GL( )G, (&)P( &) = 0. On the other hand, if E(Gy(§)G.(§)®(&)) = 0, then by the

uniqueness of the Fourier coefficients < g(x), g.(x — j) >=0.

Let D = {dp,d;...,d;—1} be the digit set for the corresponding dilation matrix. We will
show that that there exists a linearly dependent set gg, g1, - ., gm—1 defined by recursion rela-
tion (8.1) whose closure of integer translates spans the space Wy, the orthogonal complement
of VO(O) in Vl(o). We then find, under some extra condition, a linearly independent set which
still spans the same space. Lastly, we orthogonalize the resulting set using something like the
Gram-Schmidt orthogonalization process to get wavelets. For simplicity, we write ¢, H instead
of (@, H© at this point.

Let us assume that g;(x — k) L VO(O) and
P(Mx —dy) = Zakm¢ X —m) + by mgk(x — m). (8.2)
In other words, we are assuming that
G L Vo(o) and Vl(O) _ VO(O) @@0 o4 Gn)
Taking the Fourier transform on each side of (8.2), we arrive at

H(M ™€) A (&) + Gr(M ™€) By (&) = %e—i<M_1dk,£>’

where
Ay = E ak,m67l<m’£>and By, = E bk,m€ﬂ<m’€>,
m m

and G; is the symbol for g;,¢ = 0,1...,m — 1. Alternatively,
H(E)AL(M'E) + Gu(€) Br(M'€) = e '<I4>, (8:3)

Assuming both M and its transpose generate the same lattice, the above equations can be
solved. Multiplying both sides of the above equation by H(£)®(¢) and applying the downsam-
pling operator F on both sides, yields

Ble~ <S> H(E)®(©)]

A te) = S
KO = EHEOTE )
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Conversely, if we take this choice of A and also

1
mE[H(&)H ()2 ()]

Bi(M'€) =

9

G(€) = E[H (&) H(E)®(&)]e W& — Bl <WE>F(€)D(¢)|H (€),

then (8.3) is satisfied. Furthermore,
Vi LG k=0,1,...,m—1,
because

E[GL(&)H(E)®(€)]
= B[{EHEOH@@E)e %4> — Bl <% H @0 (€)|H(E) } HE®(E)]
_ o

— E[H(E)HE®()]Ele ~WEH @) ()] — Bl <WE>H(€)d(&)|E[H (&) H(€)D(£))

= 0.

We now switch back to the full notation. H(® is the symbol of the scaling function ¢(®,

H©3) §=0,1,...,m — 1 are its polyphase components.

Theorem 21 Suppose that the dilation matrix M and its transpose generate the same lattice
and that there exists an integer k such that HOF)(¢) £ 0 for all z = e=€ on the torus T9.
Without loss of generality, let as assume that H(©:0) (&) # 0 for all ¢~€ € T, Then there exist

coefficients fu, 1 such that

golx) =) mzl Fm kgr(x — m)
Equivalently, "
0 (€)Go(&) = > Gi(&)¢ (&) Fr(M'¢),
where k



65

Proof. By actual calculations,

HOD(M'€)G1(€) + HOP (M'€)Ga(€) +

= [ ©HED ()] [HOV('g)e <0 &> 4

~H(E) {E | M EHOHOD (Mg E)] +

= [(e) H©2(©)] [vinH(€) -

7z<d1 £>H(0 1) (Mtﬁ)

- s

- e ome) /o

00)(Mt£)}

&

00)(Mt£)}

HOO(1r'g)|

. H(Ovm_l)(Mtg)Gmfl(s)

ot H(o,m—l)(Mtg)e—i<dm,1,g>]

4 B [T < EHEHO D (M) o(€) | |

e & O D (1) () (6)]| )

H(E){ B [(vmH(E) - HOO Q) HE () }

H(E)E |VimH (€ H(E)® <>]+H< JE [HOO (Mg HE)®(€)|

_ \/RH(SE[H(E) HE2(E)] -
—VmH()E [HEOHE® <>]
- _E [H(g)T } HOO (M) +

~—

HOO (M) E [H(s)%@(é)}
H(¢E [H(O’O)(Mtﬁ)m‘l’(f)}
+ H0,0(M'€)H(E)E [HE)D(¢)]

_ _HO90rg) [me)%@(a} ~ HEE [H{E)2()) }

= —HOY(ME)Go(€).

0,1) (A7t
Go(§) = _HTM

£)G1(€) + HOD(M'€)Gy(€) +

. H(Oﬁmfl)(Mté)Gm—l(s)

Note: By a dimension count, the remaining basis functions g, ...

linearly independent, which guarantees that the integer translates of g;, 1 = 1,2,...,

form a basis for Wj.

The next step is to find compactly supported wavelets qb(i), 1 =1,2,...,m

orthogonalization technique to construct ¢

Z C1,m¢(1) (x —

mecZ4

¢ (x) =

from g; [12]. We first let, ¢(!

HOD(11g)

,gm—1 SO obtained are

m — 1

— 1. We use an

= g;. Let

m) + C2,m92(x - m)
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for some coefficients ¢y ,,, and ca,,. In the frequency domain,

oD (E) = CrE)PNI(E) + Ca(€)2(€)
(C1(E)G1(MTHE) + Ca(€)Ga(MTTE)) p(MTE),

or dA (M) = (C1(MIE)G1(E) + Co(MLE)G2(E)) B(€),

where C and Cs are discrete Fourier transforms of the sequences ci ,,, and cg .

In order to have \/E)(Z) il Vo(l), the orthogonality condition of theorem 20 implies that

B [(C1{M'€)G1(€) + Co(M€)Ga(€)) Gr(E)@(€)| = 0,
or  CUM'EOE [GIECLOD(E)| + Co(MEE [Ga(§)Gi(E)0()| =0 (8.4)

By choosing

C1(M'€) = E [G>(6)Gr@)e(€) |
Co(M'€) = —E [Gr(€)Gr1(€)2(6)]

we see that (8.4) is satisfied, thus we have Vo(g) L VO(l). Likewise, we construct ¢(3) by letting

$I(x) = > dimd(MIx —m) + dy @ (MIx — m) + ds yrg3(M’x — m)

mecZ4

for some sequences di ,, d2,m, d3 m- In the frequency domain it can be written as

o (€) = Di(€&)dV (&) + Da(€)d P (&) + D3(€)g3(€)
= (D1(&)AM ™€) + Do (§) B(M &) + D3(&)Gs(M'€)) 6(8),

GO (ME) = (Di(M'E)A(E) + Do(M'E)B(E) + D3(ME)G3(€)) ().

Again, Dy (M'€)A(E) + Do(MLE)B(&) + D3(M'¢)G3(€) is the symbol for the corresponding

wavelet ¢®). The orthogonality conditions, v® 1 v and v©® 1L y® give
0 0 0 0

DyM'EE [A©AE(©)] + Da(M'OE [BEAGD(E)] + Do(ME)E [Go(&)AE)2(€)] =0
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and

Di(M'§)E [A€)BE)2(€)| + Do(M'Q)E | BE)BE)D(E)| + Da(M'E)E |Ga(§) BE) (&) = 0.

Since we already have Vo(l) 1 Vo(g) , this reduces to

Di(M'€)E [A€)AE)2(€)| + Ds(M'€)E [Gs(€)AE)D(£)] =0, (8:5)
Dy(M'€)E [B&)BE)S()] + Ds(M'E)E [Ga(€) BED(E)] = 0. (8.6)

It is not hard to solve the above system of equations. A solution may be found as

Di(M'§) = E|BE)BO®)]E|G:©AEe().
D(M'€) = E[A€)AE)0(E)] B |G:(&)BE2()].

Dy(M'§) = —E |A€)A©2(©)]| E[BBE®E)]-

Thus, with these choice of D1, Dy, D3 the equations (8.5) and (8.6) are satisfied, giving the
wavelet ¢(3). The above process can be repeated to orthogonalize all of them.
Example: Haar wavelet H.

Consider the Haar scaling function with standard quincunx dilation matrix. The symbol is

—i&y
2
We calculate

®(¢) = 1,
—ié1 &1
O F© _ e t2+e™
HOT 0 (¢) —

EHOTY9¢)] = %

Since H(©0) = % = 0, the algorithm applies. We get

Go(¢) = EHOFYe - E" 0]
11 <1+ei&) _l—e®

2 2 2 4

Gi(e) = EHOH" o) - B H o) H O

1 e 1 /147 —1+e7%1
—e €1 © —
2 2 2 4

= —Go(§).
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The resulting wavelet, after normalization, yields

1 —e
() = ——,

which is the standard Haar wavelet. It can be checked that the symbols of the wavelet and

the scaling function satisfy the orthogonality condition, since

E[HVE"®(€)] = E Kl _;_i&) <1 +2ei§1>}

N 4

= 0.
Example: Four-point orthogonal example. Let M be the dilation

u=(39)

with the digit set

Let us consider the symbol
H(¢) = %[ho + hie % 4 hoe HEHE) 4 pye—i(hite)
The orthogonality conditions are
hg +h3+h3+h3 = 1.
Any such choice of h; will result in an orthogonal scaling function. The polyphase symbols are

HOO@E) = hy,
H(071)(€> = h,
HOD(€) = hge ™,

H(073) (é) = h?a
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and

(¢ = 1,

EHOFOg] = i,

_ ho

E[H] = 37

Ele ™ HY| = %
L 1 ,
Ele"H®] = 5hg,e"“fl,

ha

5

Ele @] =

At least one of the h; is nonzero. Without loss of generality we can assume that hg # 0,
otherwise we can use one of the other polyphase components. The wavelet symbols come out

to be

Gi(¢) = E[HOH"9)e — Bl H9)HO ()

1 . h

2ot My (0)

1€ 5 1(€)

%[—hohl + (1= h2)e ™ — hyhge HE1+8) _ p pyei(21+E2)],

Ga(e) = EHOH el - Bl @H o] (¢)

1 _. ha o
— 16_152 _ ?362261 H(O) (E)
— i[(l _ h%)e—ifz _ h0h3€2i§1 _ h1h3€i£1 . h2h36i(2§1—§2)],
G3(£) = E[H(O)F(O)@]e—’b(gl‘f'fz) _ E[6_1(51+52)F(0)@]H(0) (5)
1 1
= 16—1(514'52) _ §h2H(O) (5)
1

= [~hoha — hihge 1 4 (1 — h2)e HE1H82) _ pypaemi20+62)),

A further calculation shows that (3 h? = 1 has been used)

—HOLG, — HODG, — HO3)Gy
H(0,0) ’

0=
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A simple calculation shows that C1(M'€) = E[G2G1] is a constant multiple of e~%%1 and
Co(M'€) = E[G1G1] is a constant. Let C1(M€) = p1e=2%1 and Cy(M'€) = po, where p and

q are constants. Thus
o — G = i[hél) + hgl)e—iﬁl + hgl)e—i(fl-&-&) + hgl)e—i(2§1+£2)]’
H® = C1Gy + CoGo = hi? + h{Pe 1 4 B emil61482) 4 ) —il2ita)

where hg-l), h§2) can be expressed in terms of h;, p1,p2. Similarly, since E[H®H®®] E[HMHW @],

E[G3H?)®], and E[G 3 HM®], are all constants, we find that

Di(M'¢) = EHPH?QPEG 3 HOV),

Dy(M'¢) = E[HWHOP|E[G3H? @),
and
Ds(M'¢) = —E[HYVHO S| E[H? HR) 3]
are all constants. Let these be ¢, g2, and q3 respectively. Therefore

H® = pHWY +pyH® + p3Gy

_ h(()3)+h§3)e—i§1 _|_hg3)e—i(§1+§2) +h§€—i(2§1+€2)'

Example: Six point orthogonal example.

Let the dilation matrix be
with the digit set

Let us consider the symbol,

p=1(0) (1) (1))

H(E) = 7 (ho + hye 8 4 hge B 4 pgemiB01H82) 4 p e miB01HE2) h5e’i(451+52)> .



71

The orthogonality conditions are given by
h+h?+hi4+h3+hi+hi=1,
hoh4 + h1hs + hohg = 0.
The polyphase symbols are

HOO(&) = ho+hge ™,

HOD(E) = hye 4 hye 112
HO2((&) = hoe'®® + hge G1tic2,
and
EHHE -1,
3
BH = jg (o -+ hae'r60)
Ple ST = = (e ®) s paete )
E[e_i(gﬁ_&)ﬁ] = \}3 (h2ei(51_52) + h5e3i51> .
Therefore
Go(§) = é - \}g <ho + hsei(2§1+§2)> H(¢)
= %Il—-hg-h§-—(hoh1+—h3h4)e—%1-—(h0h24-h3h5)e—%€1__hohse—a2&+fﬁ
_h0h4e—i(3fl+§2) _ h0h5e—i(4§1+£2) _ h0h3ei(2§1+§2) _ hlhgei(§1+§2) _ h2h36i52},
Gre) = 5o = o (e ) 1 nic) H(g)
= é[l — h% — hie—zfz — (hihs + h4h5)6—z’(§1+62) — (hoht + h3h4)6i(51_€2)
—hihge " C1T22) — py pyem B0 F22) _ py e 30H22) _ popy e — hyhye? — hahge'?],
G2(§) = ée*"@l*&) - \}g (hae' €~ 4 nse™er) H(g)
= é[l — h3 — h2e 7€) — (hihy + hahs)e € — (hohy + hahs)ei €8

—hohge 1€14282) _ pop e iR61H26) _ oo ~iB36428) _ pyp B8 by po o€ g fygei])



72

It is clear that the supports of the GG;s are bigger than that of the scaling function we started

with. To orthogonalize them, we note that

C’l(Mtﬁ) = E[G2G1] = c1 + C221_222_1 + 632’%22 + 042%23 + 0521_422_2,

and
Co(M'€) = —E[GoGh] = e1 + ea2] %25 1 + e32izn + eqzizs +esz) 252,
where ¢; and e; are some constants. Thus the symbols for the wavelets are given by

HY(E) = Gi(€),
HO(E) = Ci(M'EHD(€) + Co(M'€)Ga(8).
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