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ABSTRACT

Terminal-state tracking optimal control problems for linear and semilinear parabolic
equations are studied. The control objective is to track a desired terminal state and the
control is of the distributed type. A distinctive feature of this work is that the controlled
state and the target state are allowed to have nonmatching boundary conditions.

In the linear case, analytic solution formulae for the optimal control problems are
derived in the form of eigen series. Pointwise-in-time L? norm estimates for the optimal
solutions are obtained and approximate controllability results are established. Exact
controllability is shown when the target state and the controlled state have matching
boundary conditions. One-dimensional computational results are presented which il-
lustrate the terminal-state tracking properties for the solutions expressed by the series
formulae.

In the semilinear case, the existence of an optimal control solution is shown. The
dynamics of the optimal control solution is analyzed. Error estimates are obtained for
semidiscrete (spatially discrete) approximations of the optimal control problem in two
and three space dimensions. A gradient algorithm is discussed and numerical results are

presented.



1 INTRODUCTION

In this thesis we study terminal-state tracking optimal control problems for linear
and semilinear second order parabolic partial differential equations (PDE) defined over
the time interval [0,7] C [0,00) and on a bounded, C? (or convex) spatial domain
QC R d=1or2or 3. Leta target function W € L?(Q) and an initial condition
w € L*(Q) be given and let f € L2((0,T) x Q) denote the distributed control. We
wish to find a control f that drives the state to W at time 7. We will use the optimal
control approach. Obviously, the topics we study are closely related the to exact and
approximate controllability problem.

In Chapter 2 the linear optimal control problems we study are to minimize the

terminal-state tracking functional

T(u, f) = g/ﬂm(T,x) C W) dx + g/OT/Qu(t,x)Fdxdt (1.1)

or

K(u, f) = g/ﬁ\u(T,x) —W(x)\2dx+%/0T/Q\f(t,x)—F(t,x)|2dxdt (1.2)

(where v is a positive constant and F' is a given reference function) subject to the
parabolic PDE
uy — div [A(x)Vu] = f, (t,x) € (0,T) x Q2 (1.3)

with the homogeneous boundary condition

u =0, (t,x) € (0,T) x 052 (1.4)



and the initial condition

u(0,x) = w(x), x € Q. (1.5)

In (1.3), A(x) is a symmetric matrix-valued, C*(Q) function that is uniformly positive
definite.

Similar optimal control problems have been studied in the literature from different
aspects or in different settings. For instance, in [19] the existence and regularity of
an optimal solution was studied; in [1] the connection between optimal solutions and
controllability was examined, and in [26] eigenseries solutions were studied wherein the
control f was assumed to belong to a bounded set in L?((0,7T) x ) (due to the bound-
edness constraint the tracking functional of [26] did not contain the term involving f.)
Both optimal control problems and controllability problems are studied in this paper.
Our main achievements concerning optimal control problems include: the introduction
of an F in (1.2) that results in an optimal solution that approaches the target more effec-
tively (even for ¢ << T and moderate parameter +;) the derivation and justification of
explicit eigenseries solution formulae for optimal solutions; pointwise-in-time estimates
for optimal solutions and the approximate controllability properties for the optimal so-
lutions. A distinctive feature of this work is that the desired terminal-state W and the
admissible state u are allowed to have nonmatching boundary conditions, though the
reference function F' needs be suitably chosen in the formulation of cost functional (1.2)
(the details about the choice of F' will be revealed in Section 2.1.)

Terminal-state tracking problems are optimal control problems in their own right.
They are also closely related to approximate and exact controllability problems which
were studied in, among others, [1, 3, 4, 5, 8, 9, 12, 13, 14, 15, 16, 17, 18, 21, 22, 23, 24].
As mentioned in the foregoing the boundary value for the target state W may be nonzero
so that the parabolic problem (1.3)—(1.5) in general is not exactly controllable when the

solution for (1.3)—(1.5) is defined in the standard weak sense (see [6]). Contributions of



this work on controllability consist of the proof of approximate controllability when the
target state has an inhomogeneous boundary value and the derivation of explicit series
solution formulae for the exact controllability problem when the target state vanishes
on the boundary.

The plan of Chapter 2 is described as follows. In Section 2.1 we formulate the
optimal control problems and controllability problems in an appropriate mathematical
framework. In Section 2.2 we review and establish certain results concerning eigenfunc-
tion expansions for both spatial and temporal-spatial functions. In Section 2.3 we derive
explicit eigenseries solution formulae for the optimal control problems. In Section 2.4
we derive pointwise-in-time estimates for the optimal solutions and show that as the pa-
rameter v — 0, the optimal solutions at the terminal time 7" approach the target state
W. In Section 2.5 we justify eigenseries solution formulae for the exact controllability
problem by assuming homogeneous boundary values for the target state. In Section 2.6
we present some one-dimensional computational results that illustrate the terminal-state
tracking properties for the solutions expressed by the series formulae of Section 2.3.

In Chapter 3 we study terminal-state tracking optimal control problems for a semi-
linear second order parabolic partial differential equation: minimize the terminal-state

tracking functional

T(u, f) = g/ﬂm(T,x) W) dx + %/OT/QM(t,x) _P@x)Pdxdt (1.6)

(where 7 is a positive constant and F' is a given reference function) subject to the

parabolic PDE
up — div[A(x)Vu] + &(u) + a(x)u = f, (t,x) € (0,T) x Q (1.7)
with the homogeneous boundary condition

u =0, (t,x) € (0,T) x 052 (1.8)



and the initial condition

u(0,x) = w(x), x € Q. (1.9)

In (1.7), A(x) is a symmetric matrix-valued, C*(Q) function that is uniformly positive
definite and

a(x) € L®(Q), a(x) > —C; (1.10)

where C is a positive constant. We assume that the function ®(u) € C'(IR) satisfies

the conditions
®'(u) >0 and M|ulP* + Mylu| > ®(u) - u > po|ul?® (1.11)

where My, My, oy > 0 and py > 2.

Null and approximate controllability of the semilinear heat equation were studied
in [7, 10, 11] (In a null controllability problem one seeks a control f such that the
corresponding initial-boundary problem possesses a solution v with «(7") = 0). In those
papers they assumed that the control acts on any open and nonempty subset of €2 or on
a part of the boundary. Approximate controllability was also studied in [3] in which the
distributed control acts on the whole domain.

Chapter 3 is organized as follows. In Section 3.1 we formulate the semilinear optimal
control problems in an appropriate mathematical framework. In Section 3.2 we prove
the existence of an optimal solution. In Section 3.3 we show that the optimal solution
at the terminal time 7" approaches the target state W as the parameter v — 0, i.e. the
optimal solution is a solution of approximate controllability problem. In Section 3.4 we
discretize the spatial variables by finite element methods and consider dynamics of the
semidiscrete optimal solution. In Section 3.5 we introduce a two-dimensional algorithm
based on the gradient method to compute the optimal solution; we also will present

some computational results.



2 LINEAR OPTIMAL CONTROL PROBLEMS

Following the plan outlined in chapter 1 we study in this chapter the linear opti-
mal control problems of minimizing the terminal-state tracking functional (1.1) or (1.2)

subject to the linear parabolic equations (1.3)—(1.5).

2.1 Formulation of optimal control and controllability prob-

lems

Throughout we freely make use of standard Sobolev space notations H™(f)) and
H(Q). We denote the norm for Sobolev space H™(Q2) by || - ||m- Note that H°(Q) =

L*(Q) so that || - [|o is the L*(©2) norm. We will need the temporal-spatial function space
H*'((0,T) x Q) = {v € L*(0,T; H*(2)) : v; € L*(0, T; L*(Q))} .

A temporal-spatial function v(¢,x) often will be simply written as v(t).

Functional (1.1) can be written as
_T T 2, 7 [T 2
I (u, f) = Slull) =Wl + 5 | If Bl de. (2.1.1)

Regarding functional (1.2) the idea for constructing the reference function F' is that
we first choose a reference function U(t,x) satisfying U(T,x) = W (i.e., U is a given

path that reaches W at time 7') and then set

F =U, —div[A(x)VU] in [0,7] x Q.



However, W (and thus U) in general does not vanish on the boundary. The series method
to be studied in this paper will involve eigenseries expressions for reference functions F
and U. The validity of these expressions requires U to vanish on the boundary. To
resolve this difficulty we choose the reference function F = F( (which is dependent
on 7) as follows. We first choose a one-parameter set of functions {W® : v > 0} C

H?(Q2) N H} () such that
WO —Wllp—0 asy—0. (2.1.2)

(If W € H%(2) N H (), then we may simply choose W) = W that is independent of
7. In general, W has an inhomogeneous boundary condition and W) approximates W
in the L?(f2) sense.) Next, for each given v > 0, we choose a function V) (¢,x) that

satisfies
VO e L2(0,T; HX(Q) N HL(Q)), V7 e L2(0,T; L*(Q)),
(2.1.3)
VOT)=w®  in Q;

in other words, V(") is an arbitrarily chosen smooth path that reaches W) at time 7.

By virtue of (2.1.2)—(2.1.3) we have
IVONT) = Wlo—0 asy—0. (2.1.4)
We also assume that
IVO(0)]|o < C where C > 0 is a constant independent of . (2.1.5)

The choices of a V(") that satisfies (2.1.3), (2.1.4) and (2.1.5) are certainly nonvacuous,
e.g., the steady-state function V) (¢,-) = W) is a particular and convenient choice.
Here we allow more general choices of such a path V() (¢,-) than the steady-state one.

The reference function F' is now defined by

F=F" =y _div[Ax)VV®]  in (0,T) x Q. (2.1.6)



Functional (1.2) may be written

K, 1) = 5 ()~ WIE+ 2 [T~ F@)l
(2.1.7)

T
= ) =W+ L [T r) — SO — div (A vV O )] de
The solution to the constraint equations (1.3)-(1.5) is understood in the following

weak sense:

Definition 2.1.1 Let f € L?((0,T); L?(Q2)) and w € L*(Q) be given. u is said to be a
solution of (1.3)-(1.5) if u € L*((0,T); Hy (), us € L*((0,T); H *(R)), and u satisfies

r

(ui(t), 8) + [ [AG)Vu(b)] - Vo dx

\ = (f(t),¢) Vo€ HHQ), ae te(0,T) (2.1.8)

u(0) =w inQ

\

where (-,-) denotes the duality pairing between H () and Hg ().

Remark 2.1.2 A weak solution in the sense of Definition 2.1.1 belongs to C ([0, T]; L?(Q));
see [6].

An admissible element for the optimal control problem is a pair (u, f) that satisfies

the initial boundary value problem (2.1.8). The precise definition is given as follow.

Definition 2.1.3 Let w € L*(Q) be given. A pair (u, f) is said to be an admissible ele-
ment ifu € L2((0, T); HY(®), w € LX((0,T); H™(), € I((0,T); 1), and (u, J)
satisfies equation (2.1.8). The set of all admissible elements is denoted by V,q((0,T), w)

or simply Veg.

The optimal control problems we study can be concisely stated as

~ ~

seek a pair (U, f) € Vg such that J(a, f) = inf  J(u, f)
(OP].) ( 7f)€vad

where the functional J is defined by (2.1.1).



and

-~ ~

seek a pair (4, f) € V,q such that K(a, f) = inf K(u, f)

(OPQ) (uvf)evad

where the functional X is defined by (2.1.7).

The existence and uniqueness of optimal solutions for (OP1) and (OP2) follow from

classical optimal control theories (see, e.g., [19]:)

Theorem 2.1.4 Assume that w € L*(Q) and W € L*(Q2). Then there ezists a unique
solution (1, f) € Vaq to (OP1) and to (OP2). If, in addition, w € HL(Q), then @ €
H>1((0,T) x Q).

The approximate and exact controllability problems are formulated as follows:

seek a one-parameter set {(ue, fo) 1 € > 0} C Vg

(AP-CON)
such that 11_1)% |we(T) —Wllo =0
and
(EX-CON) seek a pair (u, f) € Vg such that u(7) =W in Q.

Of course, exact controllability, whenever it holds, implies approximate controllability.

In particular, if w and W belong to H{(f2), then the exact controllability holds.

Theorem 2.1.5 Assume that w € H}(Q). Then (EX-CON) has a solution if and only
if W e Hg(Q).

proof: If (EX-CON) has a solution (u, f), then regularity for parabolic PDEs ([6, p.360,
Theorem 5; p.288, Theorem 4]) implies u € H>'(Q) and u € C([0,T]; H'(2)) so that
W =u(T) € H(Q). Since u = 0 on (0,T) x 02, we have that

Wil po0 = Jim [[0(T) — u(®)]l200 < C lim [[u(T) — u(®)]s = 0



where || - ||1/2,0n denotes the norm for the Sobolev space H/2(09). Thus, W € HE(9).
Conversely, assume that W € H{(f2). Let 4 be a function satisfying
i€ H*'((0,T) x ), %=0on (0,T) x 09, Uli—o = w € Hy(S2).
The existence of such a @ is guaranteed by the trace theorem [20, Vol.II, p.18, Theorem
2.3] or by the existence and regularity results (see [6]) for the parabolic problem
uy—Au=0 in (0,7) xQ,
u=0 on (0,7) x 09,
Ulpmg = w .
Likewise, there exists a @ satisfying
ue H¥'((0,T)xQ), w=0on(0,T)xdQ, &y =W € HLQ).
We choose a function § = 6(t) € C*[0,T] such that

r

o) =1 Vtelo,T/3),

$0<O(t)<1 VtelT/3,21/3),

0(t) =0 Vte[27/3,T)

\

and set
u=0)u+[1-0t)]a in (0,T)x Q.
Clearly,
u € H*'((0,T) x Q) u=0on (0,7) x 082, Ulpmo = w, Ul =W
By defining
f=u—div[A(x)Vu] € L*((0,T) x Q)
we see that (u, f) solves the exact controllability problem (EX-CON).
Remark 2.1.6 In the statement of the exact controllability result of [1, Theorem 3.7]

H?(Q) should be in H*(2) N Hy (). The proof of that theorem indeed required the target

state to have the homogeneous boundary condition.
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2.2 Results concerning eigenfunction expansions

The main objective of this chapter is to find explicit solution formulae, expressed in
terms of eigenfunction expansions, for optimal control problems (OP1) and (OP2) and
for controllability problem (EX-CON). In this section we will review some properties
for the eigenpairs and eigenfunction expansions. We recall the following lemma (see [6,

p.335, Theorem 1]):

Lemma 2.2.1 The set A of all eigenvalues for the elliptic operator —div (A(x)V) where
A(x) is defined by (1.8) may be written A = {\;}3°, C IR where

0< A <A< Az and A —> 00 as i — 0.

Furthermore, there exists a set of corresponding eigen functions {e; }°; C H*(Q)NH; (£2)

which form an orthonormal basis of L*(Q) (with respect to the L*() inner product.)
In the sequel we let {(\;, e;)}5°, denote a set of eigenpairs as stated in Lemma 2.2.1.

Lemma 2.2.2 The set {e;/v/ i}, forms an orthonormal basis of Hy(Q) with respect

to the inner product
(u,v) — Blu,v| = /QA(X)VU - Vv dx, Vu,ve€ Hy(Q). (2.2.1)

The set {e;/\i}2, forms an orthonormal basis of H?(Y) N Hy(Q) with respect to the

inner product

(u,v) — Blu,v] = /Qdiv [A(x)Vu] div [A(x) V] dx,
(2.2.2)
Vu,ve H*(Q)N H Q).

proof: The first statement of this lemma is proved in [6, p.335, Theorem 1; p.337, step

3]). The proof for the second statement is a verbatim repetition of [6, p.335, Theorem

1; p.337, step 3]) with the inner product B[, ] replaced by B[-, ] (defined in (2.2.2)).
Based on Lemmas 2.2.1 and 2.2.2 we may establish the following characterizations

of Hj(9).
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Lemma 2.2.3 Assume that y € L*(Q) and y = Y _yie; in L*(Q). Then the following
i1
statements are equivalent:

i) yeH(Q)

o0

Z i in Hy(Q);

o

i) > Nyl

i=1

proof: We first prove i) implies ii). But this follows from [6, p.335, Theorem 1; p.337,
step 2 & 3].

We next prove ii) implies iii). Assume that y =) y;e; in H}(Q2). By Lemma 2.2.2

i=1
we may write

o~

Yi

in Hy(Q) and Z 17:|? = Bly,y] < .

Comparing

and y= Z yie; in L*(Q),

=1

y:4

we obtain 7; = v/\iy; so that
Z/\ yil* = Zlyzl2 < oo.

Finally, we prove iii) implies i). Assume that Z)\i\yi|2 < oo. We note that the
i=1
definition of the eigenpairs implies

Ble;,v] = )\i/ evdx Vv € Hy(S)
Q
so that Ble;, e;] = 0if j # ¢ and Ble;, ;] = A;. Thus,

n—+p n—+p n-+p

B[Z vi€ir ) yjej] =2 ilyil®
i=n j=n i=n

n
so that {> yie;}o2, C Hy(Q) is a Cauchy sequence with respect to the H{(2) norm

i=1
induced by the B[-,-] inner product. Hence Y y;e; = § in H () for some j € Hg(Q).
i=1
But y = ) yie; in L*(Q2) and we conclude y = § € Hj ().
i=1

Similar arguments yield the following characterizations of H2(Q2) N H} ().
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o

Lemma 2.2.4 Assume that y € L*(Q) and y = Y _yie; in L*(Q). Then the following
i1

statements are equivalent:

1) yeH*(Q)N Hy(Q);
i) y= zyiei in H?(Q) N Hy(2);

=
i) > [AiPul? < oo

=1

The main results of this section are the two theorems below concerning term-by-term
differentiations of eigenseries for functions in H**((0,T) x Q) N C([0,T); H}(R2)). We

first quote a lemma (see [25, p.169, Lemma 1.1] and [6, p.286, Theorem 2])

Lemma 2.2.5 Assume that u € L?(0,T; L*(Q)) and u; € L2(0,T; L?(2)). Then

_/ / t)v dx dt = /()T¢(t)/nut(t)vdxdt V¢ e CP0,T), Vv e L*(Q).

Theorem 2.2.6 Assume that u € H>'((0,T) x Q), u=0 on (0,T) x 0Q and

u(t) = i u;(t)e; in L*(QY),a.e. t € (0,T).

=1

Then

0 T T
) O + [Nl |ui(t) ) dt = [wellZ20m52)) + [ Blu,uldt <oo,  (2.2.3)
0 0

i=1
Z |\l |us (0)]? dt < o0, (2.2.4)
w(t) => uj(t)e; in L*(Q),a.e. t € (0,7T) (2.2.5)
i=1
and
—div [A(x Z Nui(t)e; in L*(Q), a.e. t. (2.2.6)

proof: We first note the continuous embedding H*'((0,T) x Q) — C([0,T]; H(R))
and the boundary condition v = 0 on (0,7) x 9 imply that u(t) € H;(Q2) for every

t € [0,7]. By Lemma 2.2.3 we have

a(t) =S w(t)er in HAQ),Vte[0,T].

i=1
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In particular, since u(0) € Hy (), Lemma 2.2.3 yields (2.2.4).

Using the L?(Q) orthonormality of {e;} we have
2 T 2 & 2 T 2 .
lullZeo ey = [ Iu@ldt= [ Y ju@®Pdt> [ w@Pd, v
i—1
so that each u; € L*(0,T). Since u; € L*(0,T; L*(R2)), we may write
w(t) => vit)e; inL*Q), aet
i=1
and
2 T 2 T 2 T 2 .
llso oy = [ lu@ldt= [ S w@®Pde> [ lo@Pda,  vio @27
i=1
so that each v; € L?(0,7T). Using Lemma 2.2.5 we have that
T
—/ / t)e; dx dt = / qb(t)/ﬂut(t)ejdxdt, VéeCx(0,T), j=1,2,-
0

Substituting series expressions for u and u, into the last equation and using the L?(Q)

orthonormality of {e;} we obtain

—/OT & (), (¢) dt = /OT SO, (t)dt, Ve CP(0,T), j=1,2,-

so that v; = uj; for j =1,2,---. This proves (2.2.5).

Since u(t) € H*(Q) N Hy () for almost every ¢, Lemma 2.2.4 implies that
= iui(t)ei in H*(Q) N Hy(S2), ae. t
so that
—div [A(x Z —div [A(x)Vu;(t)e;] = i/\iui(t)ei in L2(Q), a.e. t,
i—1

i.e., (2.2.6) holds.

From (2.2.6) we obtain

/OTB[u,u] dt = /OT div [A()Vu()]|]2 dt = /OTi i 2us (0) it (2.2.8)

Adding up (2.2.7) and (2.2.8) and applying the Monotone Convergence Theorem we

arrive at (2.2.3).
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Theorem 2.2.7 Assume that the set of functions {u;(t)}2, C H*(0,T) satisfies

S [ () + () )t < 0 (2:2:9)
2 Jy : i|%ws 2.
and
> Al [ui(0) 2 dt < oo (2.2.10)
Then the function u formally defined by u(t) =>_ u;(t)e; satisfies u € H>'((0,T) x Q),
i=1
u=0 on (0,T) x 05,
w(t) =Y ui(t)e; in L*(Q), a.e. t (2.2.11)
i=1
and
—div [A(x Z)\uz e; in L*(Q), ae. t. (2.2.12)

proof: We note that

(D2 dt <
[ e < 5

Al [ui (8)]* d < o0

so that u(t Zuz e; in L?(2) for almost every t € (0,7).

By assumptlon (2.2.9) we are justified to define f € L?((0,7); L*(Q2)) as the series

function
f= i filt)e; = i[u;(t) + Ajui(t)]e;  in LQ(Q) , a.e. t€(0,7).
=1 =1

It is well known that H*(0,T) is continuously embedded into C[0, T so that u;(0) is

well defined for each i. Assumption (2.2.10) and Lemma 2.2.3 imply that u|,—o € Hy(Q)

o0

where u;—g = z u;(0)e;.
i=1
Let u be the solution for the parabolic problem

4

—div[A(x)Va] = f in (0,T) x 2,

¢ a=0 on (0,T)x 0, (2.2.13)

?7|t:0 = U\t:o
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in the sense of Definition 2.1.1. The regularity for parabolic PDEs implies u € H*'((0,T) x

Q). We write @ = ) _ @;(t)e; in L*() for almost every ¢ € (0,7). Employing Theorem

2.2.6 we have -
iy (t) = iﬂ;(t)ei in L*(Q), a.e. t (2.2.14)
i=1
and
—div [A(x)VE(t)] = i Nitii(t)e; in L*(Q), ae. t. (2.2.15)
i=1

Thus, we may write (2.2.13) in the series form

i[&;(t) + A\t (t)]e; = Z.olfi(t)ei in L*(Q), ae. t

so that for each 1,
(2.2.16)

4;(0) = u;(0).
From the definition of f; we see that each u; satisfies the same equations as %;. The
uniqueness of the solution for the initial value problem (2.2.16) implies u; = @; in (0,7)
for each 7 so that u(t) = @(¢) in L*(Q) for every t. Hence, u = u € H>'((0,T) x Q)
and u =% = 0 on (0,7T) x 02. Also, equations (2.2.14) and (2.2.15) yield (2.2.11) and

(2.2.12).

2.3 Solutions of the optimal control problems

We express all functions involved as L?(Q)-convergent series of {e; }:

ult, x) = iz'fl wtex),  ft,x) = iz'fl filb)e(x), w(x) = iz'fl wiei(x)
W (x) = g Wies(x) , VO (t,x) = g VO (e (x) .

We work out below an explicit formula for the optimal solution of (OP1) expressed as a

series of eigenfunctions {e;}. (For the existence of optimal solutions, see Theorem 2.1.4.)
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~

Theorem 2.3.1 Assume that w € Hy(Q), W € L*(2), and (4, f) € H>'((0,T) x Q) x
L2((0,T) x Q) is the solution of (OP1). Then
a(t,x) =) u;(t)e;(x) (2.3.1)

=1

Tef)\iT(e)\it _ 6*)\¢t) ) N - T(e)\it _ e*)\it)
2NyeNT 4+ T'(eMT — e=NT) “2NivedT + T (eMT — e AT)
(2.3.2)

proof: Let (u,f) be an arbitrary admissible element, then u € H*'((0,7) x Q) N
C([0,T]; Hy(2)). We may write u = »_u;(t)e; and f = ) _ fi(t)e; in L*(2) for almost
=1

i=1
every t. Moreover, Theorem 2.2.6 implies

and

—div[A(x)Vu] = i/\iui(t)ei in L*(Q), a.e. t.

Thus we may rewrite the constraint equations (2.1.8) as

/Q (i[ug(t) +)\juj(t)]ej)ei dx = /Q (ifj(t)ej)ei dx i=1,2,---

L(in(O)ej)eidxz/Q(g:leej)eidx i=1,2---

so that for each 1,
(2.3.3)

The functional J also can be written in the series form

T, f) = %f: 0a(T) — Wil + gf: [ 1o ae. (2:3.4)
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The optimal control problem (OP1) is recast into:

minimize functional (2.3.4) subject to
(OP1)
the constraints (2.3.3) for alli =1,2,---

Since the constraint equations are fully uncoupled for each i, the optimal control

problem (OP1) is equivalent to
(OP1;) for each i =1,2,---, minimize J;(u;, f;) subject to the constraints (2.3.3).
where the functional J;(u,, f;) is defined by

T
Jilui, f;) = = \uz() Wi\2+%/0 ()2 dt .

o0

The pair (@, f) = Z Z fi(t)e;(x)) is the solution for (OP1) if and only if

(i, f;) is the solutlon for (OP1;) for every 1.
To solve the constrained minimization problem (()Aﬁl,) we introduce a Lagrange

multiplier & and form the Lagrangian
T
Li(us, fi, &) = §‘Ui(T) - VVz’\Q — ui(T)&(T) + wi&(0)

+/0T (%\fz(t”? + 'U:z(t)f,:(t) — Nu (B)&(t) + fi(t)fi(t))dt

By taking variations of the Lagrangian with respect to &;, u; and f;, respectively, we

obtain an optimality system which consists of (2.3.3),

§(t) — A&i(t) =0 in (0,7),
(2.3.5)

and

&i(t) = —fi(t) . (2.3.6)
We proceed to solve for (i, ﬁ) from the optimality system formed by (2.3.3), (2.3.5)
and (2.3.6).
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By eliminating &; from (2.3.5)—(2.3.6) we have

fi(t) = Aifi(t) =0 in (0,7),
(2.3.7)

FAT) = —Z(ui(T) - Wi).

Combining (2.3.7) and (2.3.3) we arrive at a second order ordinary differential equation

with initial and terminal conditions:
(

u?(t) — Mu;(t) =0 in (0,7),

K3

1 wi(0) = wy, (2.3.8)

ui(T) + Aui(T) = =L (uy(T) — Wi) .

\

The general solution to this differential equation is
ui(t) = Cre Mt + Cyelit.
The initial and terminal conditions yield:

Cl + 02 = w;
(2.3.9)

TeNTC + (20N + TeNT)Co = T
Solving for C; and C5 and then plugging them into the general solution we find the
formula for the solution @; to (2.3.8) and that formula is precisely (2.3.2). Hence, the
solution to (OP1) is expressed by (2.3.1)-(2.3.2).

Similarly, we may derive an explicit formula for the optimal solution of (OP2).

Theorem 2.3.2 Assume that w € H}(Q), W € L*(Q), WO € H*(Q)n HL(Q), VO
satisfies (2.1.3) and F is defined by (2.1.6). Let (a, f) € H>*((0,T) x Q) x L2((0,T) x )
be the solution of (OP2). Then

u(t,x) = iﬁi(t)ei(x) (2.3.10)

=1
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where

Te—)\iT(e)\it _ e—/\it)

20 yerT 4 TehT — Te*)‘iT)
T(e)\it o e—)\it)

2\yeNT + TehT — Te=AT

proof: As in the proof of Theorem 2.3.1 we may write the constraint equations as

() = VO () + [wi = VI (0)] (7 -
(2.3.11)
+HW; = V(D)

(2.3.12)

u;(0) = w;
fori=1,2,---.
To simplify the notation we drop the superscript (-)(7) and write V in place of V).
Since V € H*'((0,T) x ), we are justified by Theorem 2.2.6 to express (2.1.6) in the

series form

Z Fi(t)ye;, = F(t,x) =V, —div[A(x)VV]
= (2.3.13)
=Y [W(t) + )\iV;(t)]ei in L*(Q), a.e. t
i=1
so that
Ft) =V/(t) + MVi(t) ae. t.
The functional K also can be written in the series form
T & 00 T
K, f) =5 2 (@) = Wil + 23 [ 15:6) - o) at
=t =1 (2.3.14)

T 00 ,T
=32 (@) = Wil + 23 [C 160 = Vi) - AV e
24 250
The optimal control problem (OP2) is recast into:

N minimize functional (2.3.14) subject to
(OP2)
the constraints (2.3.12) for all i = 1,2, - -.

Since the constraint equations are fully uncoupled for each i, the optimal control

problem (OP2) is equivalent to

(OP2;) for each i =1,2,---, minimize K;(u;, f;) subject to the constraints (2.3.12).
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where the functional IC;(u;, f;) is defined by

T T
&wwﬂ=ﬂw@%%W+z/\M@—W@—&met
The pair (4 f Z Z fZ (x)) is the solution for (OP2) if and only if

(ii;, f;) is the solutlon for (OP2)) for every i.
To solve the constrained minimization problem ((ﬁ’/QZ) we introduce a Lagrange

multiplier &; and form the Lagrangian
T

Li(us, fi, &) = _|Ui(T) — Wil — ui(T)&(T) + wi&i(0)
[ 1A - V0 - AP + uhEE) ~ Au&() + HO6)di
By taking variations of the Lagrangian with respect to &;, u; and f;, respectively, we

obtain an optimality system which consists of (2.3.12),

§i(t) — Xi&i(t) =0 in (0,7),
(2.3.15)

&(T) = T(ui(T) — W)
and
&i(t) = —yfi(H) = V/(t) = AVi(®)] in (0, 7). (2.3.16)
We proceed to solve for (i, ﬁ) from the optimality system formed by (2.3.12),
(2.3.15) and (2.3.16).
By eliminating &; from (2.3.15)—(2.3.16) we have

filt) = Xifslt) = V"(t) — A}Vi(t) in (0,7),
(2.3.17)

fi(T) = V{(T) + AVi(T) = Z(wi(T) — W3).
Combining (2.3.17) and (2.3.12) we arrive at a second order ordinary differential equation
with initial and terminal conditions:

(W) = Nui(t) = V() - XVi(t) i (0,7),

K3

ui(T) + Aiwy(T) = V(T) + XVi(T) — % (wi(T) — Wi).

\
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Evidently, V;(t) is a particular solution of this differential equation so that the general
solution is

U; (t) = V;(t) + 016_)‘# + CQ@Ait.
The initial and terminal conditions yield:

01+02:wi_v;(0) ( )
2.3.19

%e"\iTC’l + (2)\i€/\iT + %e’\iT)C’g = g[VVZ — ‘/;(T)] .
Solving for C; and C5 and then plugging them into the general solution we find formula

(2.3.11) for the solution @; to (2.3.18). Hence, the solution to (OP2) is expressed by

(2.3.10).

Remark 2.3.3 In order for series expressions (2.3.13) to be valid, V (t,x) = >_ V;(t)e;(x)
i=1

must satisfy Y [Ni|*[Vi(t)|* < oo for almost every t. But then by Lemma 2.2.4, V (t) =

i=1
V(t,) must belong to H?(Q) N HY(Y). This is precisely the reason for choosing W) €

H?(Q) N H () that approzimates W so as to define V and F.

Remark 2.3.4 As in the proof of Theorem (2.5.1) we may verify that the optimal so-
lution @ given by (2.3.1)-(2.8.2) or (2.3.10)—(2.5.11) indeed belongs to H>*((0,T) x Q)
and satisfies @ =0 on (0,T) x 0N2.

2.4 Dynamics of the optimal control solutions

In this section we will derive pointwise-in-time estimates for ||@(t) — W/||o (in the case
of (OP1)) or ||a(t) — V) (¢)]|o (in the case of (OP2)) where @ is the optimal solution
for (OP1) or (OP2). The derivation will be based on the explicit solution formulae that
were expressed as series of eigenfunctions {e;}. We recall that {e;} is orthonormal in

L?(2) so that for any function ¢(x) = > ¢;e;(x) in L?(2) we have ||¢|jg = Y |oi]>.
i=1 i=1

Lemma 2.4.1 Let A > 0 be given. Then 2Xt < eM —e ™ < X —e™ for allt € [0,T).
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proof: The right inequality follows from the fact that the function g(t) = e* — e is

increasing on [0, 7] (as ¢'(t) > 0.) The left inequality can be proved by the power series

expression for exponential functions:

o \mym 00 —1)ym ) \mm 00 /\Qm 142m—1
e)‘t—e’)‘t:Z ' —Z( D 22 > 2)t.
m=0 T m=0 m! m=1 2m - 1)

This completes the proof.

-~

Theorem 2.4.2 Assume that w € H}(Q) and W € L*(Q). Let (u, f) € H>'((0,T) x
Q) x L2((0,T) x Q) be the solution of (OP1). Then

la(t) = W5 < 6e > lwllg +3[[W  Vte[0,T] (2.4.1)
and for every integer n > 1,

- 29*||lwli | 8+ |Ail?
T -W2< 2104 L DI — Wil? + 2 W; 2
1a(T) o< —Fr + 73 S T oy Z\ >+ Z§r1| 2. (2.4.2)

Furthermore, the optimal solution U as a function of the parameter v satisfies the ap-

proximate controllability property
limg [2(T) — W = 0.

proof: Let t € [0,7] be given. Using solution formulae (2.3.1)-(2.3.2) and adding and

subtracting terms we have:

() — W1 = 3= ) — Wil

Tef)\iT(e)\it _ e*)\it) T(e)\it _ 6*)\{&) 9

W W,
20 veMT + T (eMT — e’\iT)) * “2XiyeMT + T (eMT — e AiT) '

w; (e”\"t —

)
=2
=1

— i w~(e_)‘it Y T) i 2)\{Y@MT + T(e)\iT - e—)\iT) o T(e)\it _ e—)\it) e—)\iTw_
i=1 Z 2X\iyedT + T (eMT — e=AT) i

2\ yelT + T(eMT — e NT) — T(elit — e Nit) W 2
20;7eNT + T'(eMT — e NT) ’
(2.4.3)
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3 3
Applying the inequality | Y a;|* <3 |a;|* to (2.4.3) and using the relation
i—1 i—1

2AyeNT + T(eMT — e=T) — T(ehit — e=it)

0< AT L T (T — g M) <1 (see Lemma 2.4.1)
we obtain
() = wils < 3llwllg Sup e — TN+ e T Jwllf + 3l (2.4.4)
<i<00

so that (2.4.1) holds.

Using formulae (2.3.1)—(2.3.2) with ¢t = T" we have, for each integer n > 1,

15(T) = Wlig = 3 lua(T) — Wil?
i=1

— io: 2Xiv we — 2\iye T W, 2
= 2 207N + T(eNT — e NT) ' 20yeNT + T(eNT — e NT) '
- 2 iyw; QAZq/W 2
<2 ‘2/\. NT L T(eNT — AT ‘ Z ‘2)\ T(1— AT ‘ (2.4.5)
i1 2AetT + (e e o+ )
8")/2 ‘)\‘2 00 )
- 12 1<z<poo (X — e~AT)? = i
8"}/2 |)\z|2 n ) )
+5 SUp s Wil® +2 Wi
T2 1§z’£n (1- e—2>\¢T) Z Wil Z %1 [Wil”.
Using Lemma 2.4.1 we have
AL AE 1 Vi (2.4.6)

(eNT — e~AT)2 = (2\T)2  4T?
Combining (2.4.5) and (2.4.6) we arrive at (2.4.2).

It remains to prove

lim ||a(T) — W|lo=0.

v—0
Let € > 0 be given. There exists an n such that
00 2

> WP <

i=n-+1
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Holding this n fixed, we may choose a 7, such that
2y lwll§ _ €

8o/’ Aal? - . €
Wil <3 d —— <.
I 185111£n (1 — e=2MT)2 Z:ZI Wil 3 an Tt 3

Thus, we obtain from (2.4.2) that ||a(T) — W1|o < € for each v € [0, o).
We may similarly derive a pointwise-in-time, L2({)) estimate for the solution of

(OP2).

Theorem 2.4.3 Assume that w € H}(Q), W € L2(Q), WO € H*(Q)n HL(Q), VO
satisfies (2.1.8) and F is defined by (2.1.6). Let (@, f) € H>((0,T) x Q) x L2((0,T) x )
be the solution of (OP2). Then

[a) = VO 05 < 3¢ lw = VO (0)]l3
(2.4.7)
+3¢ 2 lw — VO (0I5 + 3|W —VOD)|[§  viel[o,T]

and

2 2
la(T) = VD)3 < Zrllw = VO3 + 2 W = VD). (2.4.8)

If, in addition, hypotheses (2.1.2), (2.1.4) and (2.1.5) hold, then the optimal solution U

as a function of the parameter v satisfies
lig [4(7) ~ Wo = 0.

proof: Using solution formulae (2.3.10)—(2.3.11) and writing V in place of V() (for

notation abbrevity) we obtain:

la(t) — V)2 = i wi(t) — Vi) 2
(W — Vi(T)|T(eN* — et
20 7eMT + T(eMT — e=MiT)

[‘/Z(O) - wi]Te_/\iT (e)\it o e*/\it)}Q
2\7eNT + T(eNT — eNT) (2.4.9)

= 3 {wi~ Vi) +

~
[y

= 3 {lw = Vil - ) + O e

S

2\ yeMT + T (eMT — e=NT) — T(elit — e=Nit)
2XiyeNT + T(eMT — e A7)

[w; = Vi(0))e M7}’
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so that

() = VI < 83w = Vi(OPle™ = e N2 433 [W; = V(T)
i=1 i=1
o P LT g
AN + (N — A T)

[wz’ - ‘/,5(0)]26_2’\iT

< 3¢ M lw = V(O)[I§ + 3IIW = V(T)I§ + 3¢ |lw — V(0)|[§ Yt € [0,T],

i.e., (2.4.7) holds.

Setting ¢t = T in (2.4.9) and using (2.4.6) we have

18(T) = V(T)llg

s QAZ’)/ 2 9 o 9
<2 1;21 |2)\Z”Ye/\q;T + T(e)w'T — e_)\iT) | [wZ N ‘/Z(O)] +2 Z:ZI ‘VVl - V;(T)‘

|Aal?
szwu—vmﬂ%£g>T%@J_edﬁy+2MV—vamﬁ

< 2w - VO +2W - VDL,
This proves (2.4.8).
The relation
lim () ~ Wilo =
follows easily from the triangle inequality ||G(T)—W|o < [|a(T)—=V (T)|lo+||V(T)—=W o,
estimate (2.4.8) and assumption (2.1.2).

The particular choice of V) (t) = W) satisfies (2.1.3), (2.1.4) and (2.1.5). Thus

Theorem 2.4.3 yields the following result.

Corollary 2.4.4 Assume that w € H}(Q), W € L*(Q), W) € H2(Q) N H} () satisfy-
ing (2.1.2), VO(t,-) = W) and F is defined by

F=F" = _div[Ax)VWD]  in (0,T) x Q.
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Let (@, f) = (2, Us(t)ei(x), ©2, fit)ei(x)) € HEL((0,T) x Q) x L2((0,T) x Q) be the
solution of (OP2) given by
Te—/\iT(e)\it _ e—)\it)
73, — () L () =it
i(t) = W [ = W™ = o pont —pet)

T(e)\it _ 6—/\1't)
20\ yeMT + TelT — Te= AT °

(2.4.10)
+[VVZ _ Wh)]

2

Then
[@(6)=WD[§ < 3¢ jw—W D[4322 [w—W D |F43[|W W7 Vi e[0,T]
and
i 2 < 27 )2 )2
12(T) = Wl < g llw = WHlo +2[[W = W5 .
Moreover, the optimal solution 4 as a function of v satisfies
lig [2(7) — Wl = 0.
When W € H?(Q) N H(S2) we may simply choose W = W and V() = W. Then

Corollary 2.4.4 reduces to:

Corollary 2.4.5 Assume that w € H}(Q), W € H2(Q) N H}(Q), VD =W and F is
defined by

= —div [A(x) VW] in (0,7) x Q.
Let (a, f) Zuz Z (x)) € H*'((0,T) x Q) x L*((0,T) x Q) be the
solution of (OP2) given by B

Te—/\iT(e)\,'t _ e—)\it)
2X\;yedT + TelT — Te—’\iT) '

ﬁz(t) = Wz + [’U)Z — VVZ-](e_)‘it — (2411)
Then
() = Wllp < 2e*|lw = WI[g + 2¢7*lw = W5 vVt € [0,T]

and

_ 272
|a(T) — W5 < Trllw = W5
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Moreover, the optimal solution U as a function of v satisfies

liny () = Wilo = 0.

2.5 Solutions to the exact controllability problem

Recall that the exact controllability problem (EX-CON) is solvable if w € H}()
and W € H}(Q). Formally setting v = 0 in (2.3.2) and (2.3.11) we expect to obtain
solution formulae for the exact controllability problem (EX-CON). But these formulae
needs justification as infinite series functions are involved. We first examine the solution

obtained by setting v = 0 in (2.3.2).

Theorem 2.5.1 Assume that w € Hi(Q2) and W € H}(Q). Then the functions

o o0

u(t,x) =Y ui(t)ei(x) and  f(t,x) =) fit)ei(x),

i=1 i=1

where
T (At e At At
e 1 (6 7 _ e T ) 6 T —_ e 1
=it __ . -
u;(t) = wie v A + VVZ@/\iT T (2.5.1)
and
e—)\iTe)\it e)\it
fi(t) = =2Xw; eNT _ g=NiT + 2/\ime)\iT — e=NT (2.5.2)

form a solution pair to the exact controllability problem (EX-CON).

proof: Since u;(0) = w; and u;(T) = W;, we have that 4(0) = w and u(T) = W. To

show that the pair (u, f) is a solution to (EX-CON) we need to show that

uy —div[A(x)Vu]=f in (0,7) x Q

u=0 on (0,T) x 00

and we will do so by employing Theorem 2.2.7.

We proceed to verify the assumptions of Theorem 2.2.7.
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Lemma 2.2.3 and the assumptions w, W € HZ(€2) imply
i il |wi? < oo and i N Wi < o0 (2.5.3)
i=1 1=1
Since u;(0) = w;, we obviously have
i)\i|ui(0)|2 = i)\i|wi|2 < 00.
i=1 i—1

Let O =1 — e 2M7 € (0,1). Then we have

so that

e > 1/(1 - Cp),

or equivalently,

eNT — N > OneMT Vi.

From (2.5.1) and the last inequality we have
T
| iPluse) 2 e
0
T o N w2 (T . INPIWL2 (T,
< 3\ w; 2/ 22t gy il Wy / 27t gy i i / 22t gy
< 3|l |w;] , € + (Cr)2eT Jo € + (Cr)2e?n T Jg €
1 3 /\z 2 w; 2 eZAiT 3 /\z 2 VVZ 2 eZAiT
< 3"\i‘2|wi|2— + | |2|4,\»|T ' | ‘2‘ 2,\-|T )
2)\1 (CT) e " 2)\1 (CT) esn 2)\1
3 3
2(Cr)2eMT 2(Cr)?

(2.5.4)

3
< IAz-||wz'|2(§ + )+ XlIwil?

Combining (2.5.4) and (2.5.3) we arrive at

o T
Z/|M%MW&<@.
i=1"0

Differentiation of (2.5.1) yields

e—)\iT(e)\it + G_Ait) e/\it +e—/\it

S oo T AW,

P U v e Te ™
uy(t) = = Nwie " — \w; v pmpesv
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Note that e*it + et < 2erit 50 that estimations similar to those of (2.5.4) lead us to

_ 6
(Cr)2e2NT

6
Ai i2— .
) + [l G <

T 3
| e 2 < a5 +
0 2
Thus we have verified all assumptions of Theorem 2.2.7. Using that theorem we conclude
that uw € H*'((0,T) x Q), u =0 on (0,7) x 99, and
w(t) — div [Ax)Vu(t)] =D ui(t)e; + D Aui(t)e;
i=1 i=1
00 e—)\iT Ait e)\it 9
= Z ( — 2A,w,m + 2/\2mm)61 in L (Q) , a.e. t.

=1

By a comparison of the last relation with (2.5.2) we deduce

f(t) = uy(t) — div[A(x)Vu(t)] in L*(Q)
for almost every ¢ so that

f=u; — div[A(x)Vu] € L*(0,T; L*(Q)).

Hence, the pair (u, f) is indeed a solution to (EX-CON).
If W € H?(Q) N H}(R), then by choosing V) = W and setting v = 0 in formula
(2.3.11) we obtain another solution for the exact controllability problem (EX-CON).

The proof of the following theorem is similar to that of Theorem 2.5.1 and is omitted.

Theorem 2.5.2 Assume that w € H}(Q) and W € H*(Q)NHy(Q). Then the functions

u(t,x) = Z u;(t)e;(x) and flt,x) = Z fi(t)ei(x),
i=1 i=1
where
e~ NT (hit — =it
NT _ g NT

e—/\iT(e/\it _ e—)\it)
e)\iT _ e—)\iT )

ui(t) = w;(e M - )+ Wi(1—e M+

and

e—/\iTe)\it 26—/\iTe/\it

fit) = —QAiwim + /\iVVi(l + m) )

form a solution pair to the exact controllability problem (EX-CON).
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2.6 One-dimensional numerical simulations

In one space dimension the eigenpairs {e;} are well known so that optimal solutions
for (OP1) and (OP2) can be computed from series solution formulae (2.3.1)—(2.3.2) or
(2.3.10)—(2.3.11), respectively.

The one-dimensional constraint equations are defined on the spatial interval 2 =

(0,1):

U — Uz = f in (0,7) x (0,1),

§ u(t,0)=u(t,1) =0

| u(0,2) = w(z).

The eigenpairs {(\;, ;) }32, are determined from

—e"(z) =de(z) 0<z<1,

It is well known that
X = (im)? and  e;(z) = V2 sin(inx) i=1,2,---.

Given a target function W (z), the solution to optimal control problem (OP1) is explicitly
given by (2.3.1)-(2.3.2). To find the solution to (OP2) we first need to construct W)
and V() satisfying (2.1.2), (2.1.3), (2.1.4) and (2.1.5); we then use solution formulae

(2.3.10)—(2.3.11). Note that w;, W; and Vim () in (2.3.2) and (2.3.11) are calculated by
1 1 - 1

w; = / w(z)ej(r)dx, W;= / W(z)e;(x)dr and V;7(t) = / VO, 2)e;(z) da .
0 0 0

We consider two sets of data (the initial condition w, the target function W and the

terminal time 7):
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DATA L w(z) = iiei(:c)/\/i,

T=1,

1000

DATA IL. { w(z) = Ziei(x)/\/i,

W(z)=1= E , Wiei(z) in LZ(Q) where W; = /0 e; = \/5& dx.
i=1

T

\

For each data set we solve (OP1) by series solution formulae (2.3.1)—(2.3.2). In each
case we vary the parameter v and plot the optimal solution 4 at the terminal time 7T’
(the “¥” curve) versus the target function W (the “—” curve.) See Figures 2.1 and 2.3.

For each data set we solve (OP2) by series solution formulae (2.3.10)—(2.3.11). In
the case of DATA I, we choose

W (z) =W(z) = T;zez(x)/\/i

and
5
VO (t,2) =W(z) =T iei(x)/V2
i=1
which evidently satisfy assumptions (2.1.2), (2.1.3), (2.1.4) and (2.1.5); in addition,
formula (2.3.11) takes on the simpler form (2.4.11), i.e.,

U= Z ;(t)V2sin(imz)

where
9522, 22 )
2°T (6z7rt e zﬁt)

. 27 _ 7 ( —i2x2¢ e )
= - 2.2 2.2 922 | *
7,2,/.1-2,->/€2z w4 621 ™ _ e %7



32

In the case of DATA II, we choose

W (z) = — 2 ; ei(x)
and
2001 - (~1)
VOt z) = WD (z) = 2= . ——ei(z)
(et i

where N, — 0o as 7 — 0 (e.g., N, is the integer part of the decimal number [1000 +
In(1/7)].) It can be verified that W and V() satisfy assumptions (2.1.2), (2.1.3),

(2.1.4) and (2.1.5); in addition, formula (2.3.11) takes on the simpler form (2.4.10), i.e.,

u= i 1;(t)V/2 sin(imz)

where
V2
U —[1 - (-1)
1= 21— ()]
i \/i ) Y 67i27r2 (6i27r2t _ 67i27r2t) )
+(ﬁ T T (=) (e - 22n2ye® 1 n? _ e*i27r2) t=1,2.-,1000
and
R \/i ) 22 efi27r2 (ei27r2t _ efi27r2t) )
i = E[l B (_1)2](1 —e + 2i27r2’)/6i27r2 + ei’m® e—i27r2) ¢ = 1001, 1002, - -, N’Y.

As in the case of (OP1), for each data set we vary the parameter v and plot the optimal
solution @ for (OP2) at the terminal time 7" (the “x” curve) versus the target function
W (the “—” curve;) see the first column of plots in Figures 2.2 and 2.4. Note that unlike
in the case of (OP1), the optimal solution @(7") for (OP2) matches W very well even for
v = 1. This phenomenon is expected from Corollary 2.4.4 and Corollary 2.4.5.
Moreover, in the case of (OP2), we again from Corollary 2.4.4 and Corollary 2.4.5
anticipate optimal solution %(t) to yield good matching to W even for moderate vy and
t << T. When v = 1, we plot some snapshots of the optimal solution @ (the “x” curve)
versus the target function W (the “—” curve.) See the second column of plots in Figures

2.2 and 2.4.



33

For DATA T the admissible state and the target state have matching boundary condi-
tions (both have homogeneous boundary conditions.) For DATA II the admissible state
and the target function have nonmatching boundary conditions. For both data sets and
for sufficiently small -y, the optimal solutions expressed by the series formulae did a good
job of tracking the target functions in the interior at the terminal time 7', as predicted
by Theorems 2.4.2 and 2.4.3. The optimal solutions of (OP2) furnish good matchings
to the target state even for moderate v and ¢ << T, as predicted by Corollaries 2.4.4
and 2.4.5.



~ = 0.0001

~ = 0.00001

Figure 2.1 Optimal solution (7)) and target W for (OP1) with DATA I

(T'=2)

*: optimal solution u(7T)

—: target function W
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v=001,t=T y=1,t=T/2

Figure 2.2 Optimal solution #%(t) and target W for (OP2) with DATA I
(T =2)
*: optimal solution (t) —: target function W
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Optimal solution 4(t) and target W for (OP1) with DATA II
(T'=1)

*: optimal solution (¢) —: target function W
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Figure 2.4 Optimal solution @(¢) and target W for (OP2) with DATA II

(T'=1)

*: optimal solution (t)

—: target function W
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3 SEMILINEAR OPTIMAL CONTROL PROBLEMS

As outlined in chapter 1, we study in this chapter the semilinear optimal control
problems: minimize the terminal-state tracking functional (1.6) subject to the semilinear

parabolic equations (1.7)—(1.9).

3.1 Formulation of optimal control problems

Similar to the linear case, we construct the reference function F' in (1.6) as follows.

We first choose {W () : v > 0} € H?(Q) N HE(2) N LP°(Q) such that
WY — Wl —0 asy—0. (3.1.1)

where py is defined by (1.11). Next, for each given v > 0, we choose a function V) (¢, x)

that satisfies

VD e L2(0,T; HA(2) N HE(2)) N LPe(0,T; LP(K2)),
V" € 12(0,T; L*(Q)) (3.1.2)

VOT)=w®  in Q;

By virtue of (3.1.1)—(3.1.2) we have
V(T = Wllo—0 asy—0. (3.1.3)
We also assume

[VP(0)|lo < C where C > 0 is a constant independent of . (3.1.4)
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The reference function F' is now defined by
F=F" =V _div[Ax)VVD] + &(V?) +a(x)V?  in (0,T)xQ. (3.1.5)
Functional (1.6) may be written
s [T 2

JI(u, f) = —IIU( )= Wi+ 5/0 1 (&) = F(£)llg dt - (3.1.6)
Denote

B = {u(t,x)|u € L*(0,T; Hy()), u € L*°(Q)}. (3.1.7)
Then B is a Banach space with

|ul|z = ||U||L2(0,T;H3(Q)) + ||U||LP0(Q)-

The solution to the constraint equations (1.7)-(1.9) is understood in the following

weak sense:

Definition 3.1.1 Let f € L?((0,T); L?>()) and w € L*(Q) be given. u is said to be a
solution of (1.7)-(1.9) if u € L*((0,T); Hy(2)) N LP°((0,T); LP(R2)), us € B* which is a

dual space of B and u satisfies

[ (sl +/[A Wu(t)] qudx+/ ¢dx+/ x)u ¢ dx
< :/Qf(t)¢dx Vo€ HHQ) N LM(Q), ae. te (0,T) (3.1.8)
| uw(0)=w inQ

where (-,-) denotes the duality pairing between H}(Q) N LP°(Q) and (Hy(2) N LPo(2))*.

An admissible element for the optimal control problem is a pair (u, f) that satisfies

the initial boundary value problem (3.1.8). The precise definition is given as follow.

Definition 3.1.2 Let w € L*(Q) be given. A pair (u, f) is said to be an admissible
element if u € L*((0,T); Hy(2)) N L7 ((0,T); L (), f € L*((0,T); L*(2)), and (u, f)
satisfies equation (3.1.8). The set of all admissible elements is denoted by V,q((0,T), w)

or simply Veg.
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The optimal control problems we study can be concisely stated as

~ -~

seek a pair (U, f) € V,q such that J (4, f) = inf  J(u, f)
(OP) (4,f)EVaa

where the functional J is defined by (3.1.6).
3.2 Existence of solution for optimal control problems

Now we shall show the existence of optimal solutions for (OP). Denote
Q=1(0,T)xQ.
Lemma 3.2.1 For any § > 0 and p > 2, there exists C = C(0) > 0 such that
lu|> < §luff +C

proof: For given § > 0 and sufficient large R € IR, if |u| > R, then §JulP — |u?> > 0
since p > 2. And if |u| < R, then there exists C'(§) > 0 such that &|ulP — |u|> > —C(9).

So the lemma is proved.

Theorem 3.2.2 Assume that w € L*(Q2) and W € LP°(Q)). Then there exists an optimal
solution for (OP).

proof: By the existence of solution for a parabolic equation with a monotone principle
part [2, p.38, Theorem 3.1], the admissible set V,4 is non-empty. Thus we may choose a

minimizing sequence { (U, fr)} in Vg4 such that

im J (U, f) = inf T (u, f)

m—+o0 (4,f)EVaa
and
[ ((tm)er 6) + [ AV un(t)] - Vodx+ [ @(un) ddx+ [ a(x)un ¢ dx
& = /Q fu®)ddx Ve HHQ)NLP(Q), ae. t e (0,T) (3.2.1)
| un(0)=w in 0
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Thus we have

1
1d u? (1) dx—i—/A(x)Vum-Vumdx—i-/ D (U, ) Uy dx
2dt Ja Q Q
(3.2.2)
+/ a(x)ufndx:/ fmtm dx.
0 Q
By (1.10), (1.11) and integrating with respect to s over [0,t] we obtain
2/ dx+/ /A )Vt - Vumdxds+,uo/ / [P0 dxeds
(3.2.3)
o f [t L[ e f
(01+2)/0 /Qumdxds_ 3 | fadxds +5 [ wtdx
By lemma 3.2.1, we get
2/ dx+/ /A )Vt - Vumdxds—i-uo/ / [t [P0 dxds
—(Cy + 5) / /Q (8[um[?® + C(8)) dxds (3.2.4)
0
1 1
< Sl fallaiey + 30l

i.e.
/ dx—l—// X))V, - Vi, dxds + (,uo (5(01+ / / |tm [P0 dxds

1 1
< CE)T(Cr+ 2)"7'6“3( ) + §||fm||%2(Q) + §||w||%2(9)

(3.2.5)
where meas(€2) is a measure of €. Since we may choose 0 such that ,uo—é(Cl—i-%) > 0and
{(¥m, frm)} i a minimizing sequence, {u,,} is uniformly bounded in L°°(0,7T; L*(2)) N
L*(0,T; Hy (92))NLP(Q). Now we can extract a subsequence, still denoted by {(um, fm)},
such that

Uy — U weakly in L*(0,T; Hy (Q)) N LP(Q)
U — 0 weakly-* in L*°(0,T; L*(Q2))

fm — [ weakly in L%(Q).



42

Let v € B defined by (3.1.7) be an arbitrary function. Consider

/OT/(um)t vdxdt = —/T/ A(X)Vy, - Vo dxdf — /()T/Q(I)(um)v dxdt
—/ / X) UV dxdt+/ / fmv dxdt

< N A) Vimllz2 @l Vol z2) + Colltmll50 ()10l 270y
Hlla)l| =) luml 2@ 10l 22(@) + I frmll 2@ [0l 22(@)

-1
< Cs (1 A) Vmllz2(@) + lum 50y + ()| ooy 1tmll2@) + | fim |22y ) 101l 5-

Therefore, {(u):} is bounded in B*. Since B* is reflexive we have
(Up)r =  weakly in B*,

and, as can easily be seen, & = ;. Now, we will show u,, —» @ strongly in L?(Q). Let’s
consider H(€2) where s > 1 is sufficiently large. We take s so large that Hj(2) C LPo(Q).
Then we have L (0, T; Hi(Q)) C B, i.e., B* C Lo 1(0,T; H~*(R)). Let

E = {ue [}0,T; H:(Q)), «' € Lw-7 (0, T; H=(Q))}.
0

We know that the injection Hj(2) — L?(f2) is compact by the Sobolev Embedding

Theorem and

Hy(Q) c L*(Q) ¢ H 5(Q).

By a compactness theorem in Banach spaces [25, p.271], the injection of E into L?(Q)
is compact. So u,, — @ strongly in L?(Q) which in turn implies u,, — 4 a.e. in Q.
Let ¢ € C(0,T; H}(Q) N L7(Q2)) and € > 0 be given. Since {u,,} is uniformly

bounded in L°(Q), there is a constant C; > 0 such that

[uml50(q) + 18l < Ch- (3.2.6)
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Moreover, there exist constants C}(py), C2(po) > 0 such that

po—1

(/Q 1@ (u)|7o T dxdt)% < (/Q(Ml\uP’O_l + My)7o 1 dxdt)

o) po—1

_Po
< (] Coo) P uf + M) dxdr) *
Q

< Cl(pO)Mlnu“LPo + Ca(po) M.

(3.2.7)

where the constants M; and M, are defined by (1.11). Note that / |p|P° dxdt < oo so
Q

that by the absolute continuity of integrals, there exists a g > 0 such that if S is a

measurable subset of @ and meas(S) < p then

€

2(01 (po)Mlé1 + 02(p0)M2)

(/S|g0\p° dxdt)% <

(3.2.8)

where the constants Cy, C(po) and Cy(po) are defined by (3.2.6) and (3.2.7). Now by

the Egoroff’s Theorem we know that there exists a measurable subset F' C @) such that

meas(Q \ F') < min(e, 1) and wu,,, — @ uniformly in F'. Consider

‘/ (Um) — @(11)) godxdt‘
/ (@ (um) — B(@)) ¢ dxdt+/ () — B(3)) @] dxdt.
Since u,, — 4 uniformly in F', there is a M > 0 such that for m > M,
[ 1(@(un) — ®(@) ¢l dxdt < 2.
On the other hand, by (3.2.6), (3.2.7) and (3.2.8), we obtain

/Q\F (P (um) — D(0)) ¢| dxdt < / . |D(u,) @| dxdt + /Q\F |®(0) | dxdt

< (/Q\F\ ()| 70 ldxdt) " (/Q\F|gp|f’0dxdt)%
+(/Q\F | (u) 70T dxdt)m”;_l (/Q\F || dxdt)%

S (Cl(pO)Mlél + Cg(po)MQ)(/Q\F ‘(p‘po dth)%

IN

€
9
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Combining the last two relations we have

/ O (uy,) @ dxdt —>/ ®(u) pdxdt asm — oc.
Q Q

-~ -~

Therefore (1, f) satisfies the equations (3.1.8), i.e., (4, f) € Vag- Then the fact that the

functional J(-,-) is lower semi-continuous implies that

~

inf  J(u, f) = lim T (tn, fr) > T (@, f).

(u:f)evad

~

Hence (4, f) is an optimal solution for (OP).

3.3 Dynamics of optimal control solutions

Theorem 3.3.1 Assume thatw € H}(Q), W € LP(Q), WO € H2(Q)NH (Q)NLP (L),
V) satisfies (3.1.2) and F is defined by (3.1.5). If, in addition, hypotheses (3.1.1),

(3.1.8) and (3.1.4) hold. Let (4, f) be the solution of (OP). Then the optimal solution

u as a function of the parameter v satisfies

lim ||@(T) — W/l = 0.

v—0
proof: Let (u, f) be an arbitrary pair satisfying the parabolic equation (1.7)-(1.9).

Writing V in place of V(") and setting v = u — V' we obtain:

(v, — div [A(x) Vo] + ®(w) — B(V) + a(x)v
=f-F (t,x) € (0,T) x Q2
) (3.3.1)
v=0 (t,x) € (0,T) x 09
| v(0,x) = w —V(0,x) x €

By the results in [2, p.38, Theorem 3.1] we guarantee the existence of @ satisfying

’

uy — div [A(x)Va] + ®(u) + (a(x) + ko)u =g (t,x) € (0,T) x Q

1 u=0 (t,x) € (0,T)x0Q  (3.3.2)

u(0,x) =w x €

\
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where g = V; — div[A(x)VV] 4+ ®(V) + (a(x) + ko)V and ko > 0 is a constant to be
determined.

Denote

t=u—-V and f=F — k. (3.3.3)
Then the pair (7, f) satisfies (3.3.1), i.e., we have
—div[A(x)VD] + ®(u) — D(V) + (a(x) + ko)v = 0 (3.3.4)

By the same way in the proof of Theorem 3.2.2, we obtain

th” ||g+/QA(X)V17-VT)dx+/Q(q>(a) —®(V))(@ - V)dx

+/ X) + ko)?? dx = 0.

By our assumption (1.10) and (1.11) we have
%llﬁ(t)llﬁ +2(ko — C1)[9(#) 1§ < 0.
Multiplying by e2(o~C1) and integrating with respect to t
BN < =507 and [[H(T)IIF < e >F=T|[5(0)][5. (3-3.5)

T
Now we need an estimate for / |f — FJ|3 dt.
0

T = 2 2T~2
|NF-Flgde =k [ o)t

2 (3.3.6)
< 0 1 — e—2(ko=C1) 2
< s ( ) 5013
Let us consider the dynamics of optimal solution.
2,T v (T o~
~ 2 ~ 2 2
o) - wiE < 2 (5 1ae) - wig+ 2 [*1F - Flia)
2,T ol T _
< H (G =W+ 3 [ 1F - Pl ar)
(3.3.7)

< (1T - V)R +TIVT) - Wik + 2 [ 17~ Flat)

_ y T
= 2[|u(T) = V(T)llo + 2[V(T) — Wl + T/o If = Fligdt
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Combining (3.3.5), (3.3.6) and (3.3.7) we finally arrive at

1a(T) = W5 < 2e72*R=Tjw — V(0)[IF +2[V(T) — W[5
(3.3.8)

Ry e enryy — (o)) 2
2T (ko — C) 0

It remains to prove lim |a(T) — W|lo = 0. Let € > 0 be given. There exists a kg such
y—
that
2
2e~2ko=CT |1y — V(0)]12 < 3
Holding this k¢ fixed and by (3.1.3), we may choose a 7, such that
2

AV (T) ~ Wl < 5

and

62

70—% _ o 2(ko=C1)T _ 2 -
ST (maren I Jlw - VO < 5.

Thus we obtain that ||a(7) — W||s < € for each v € [0, 7]

Proposition 3.3.1 Assume that w € H} (), W € LP°(Q), WO € H?(Q) N HL(Q) N
LP(Q), V) satisfies (3.1.2) and F is defined by (3.1.5). If, in addition, hypotheses

(3.1.1), (3.1.3) and (3.1.4) hold. Let (u, f) be the solution of (OP). Then there exist

positive constants K, and Ky depending on vy, T and C; defined by (1.10) such that
[a@) = VO ls < Killw = VOO + Ko |[W = VD)5 Vi€ [0,T).

proof: Writing V in place of V¥ and setting & = & — V we obtain:

,

0 — div[A(x) VD] + @(a) — &(V) + a(x)D

=f-F (t,x) € (0,T) x Q
] (3.3.9)

(t,x) € (0,T) x A9

<)
Il
o

9(0,x) =w — V(0,x) x €2
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By the same way in the proof of Theorem 3.2.2, we obtain

%%H@(t)”%—i—/QA(X)Vﬁ-Vﬁdx+/Q((P(fa) —0(V))(@—V)dx+ [ a(x)® dx

. 1.
< SIF = FIR+ 1l

(NN

By our assumption (1.10) and (1.11) we have

d

I < @+ 200)1[(5 + [1F = FI;.

By Gronwall’s inequality,
to
13113 Sé”wmwﬂ®%+ﬁﬂf—F%ﬁ) (3.3.10)

Now we need the estimate of last term in (3.3.10). Let f = F — ¥ where © is defined in

the proof of Theorem 3.4.1. Using (3.3.5) we have

T . 2T vy [T
2 -~ 2 2
Jo 1F = Flide <~ (G1a(T) = W+ 5 [ 11 ~ FI at)

2T, - o Y [MnF 2
< (Gl =W+ 5 [ 1F - F di)
2T 2T T
< ST = V) + V) - Wi+ [l ar
(3.3.11)

2T

IN

2T T
e~ 20-COT |1y — V(0) |2 + 7||V(T) - WI§ +/0 1915 it

2T 5 2T
< e lw — VOl + —IV(T) - WIS
v Y
1— 6—2(1—6’1)T
————JJw = V(0)]3.
e U]

Combining (3.3.10) and (3.3.11) this proposition is proved.

3.4 The semidiscrete (spatially discrete) approximations

In order to compute the optimal solutions, we need to discretize this problem in
both time and space. In this section, we will discretize the spatial variables by finite

element methods. We choose a finite dimensional subspace X;, C H}(2). This subspace



48

is parameterized by the parameter h that tends to zero; commonly, this parameter is
chosen to be some measure of the grid size in a subdivision of €2 into finite elements.
One may choose subspace X} that can be used for finding finite element solutions of
parabolic equations. Thus, concerning these subspace, we make the following standard
assumptions. First we have the approximation property: there exist an integer £ > 1
and a constant C' > 0, independent of A and w such that

Jimf {[Jw —wallo + [V (w — wa)llo}
nEXh (3.4.1)

< COh™|w|, Ywe H™(Q)NHy(Q), 1<m<k.
Now writing V' in place of V() we introduce an auxiliary element Vj, € X}, determined
by

/Q Vi - Ve dz = /Q YV -Vénde Yo € Xp. (3.4.2)

The existence of such a V}, follows form the well-known results of the finite element
methods for parabolic equation [2, Thomee]. Furthermore, under the assumption that

there is a k£ > 1 such that
V e L*(0,T; H*(Q)) n C([0, T]; H*(2)), (3.4.3)

the following error estimates hold;

IVa(t) = V(O)ll: < CLb* Vi < CLb* Y[V pooo,rm(0)
(3.4.4)

IVa(t) = V(@)llo < Cob*|[V[lx < Cob* V|| oo o,; 152,
where C; and C, are constants depending on €2 only. By differentiating (3.4.2) with
respect ¢, we see that 0;V}(t) satisfies an equation similar to (3.4.2) so that under the

assumption

0,V € L>(0,T; H*(Q)) nC([0,T); H*(Q)), (3.4.5)
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We have the error estimates

10, Va(t) — 0.V ()]l1 < CLh*1|0,V ]|k < CLhFY|0,V || poo 0,715 ()
(3.4.6)

10:Va(t) = 0.V (t)llo < Coh* |0,V ||, < Coh* |0V || oo (0,7 m%(2)):

By differentiating (3.4.2) twice with respect ¢, we see that 0;V},(¢) also satisfies an equa-

tion similar to (3.4.2) so that under the assumption
0V € L0, T; H'(Q)) nC([0,T); H'(2)). (3.4.7)

We have the error estimates

10: Vi () — 0uV (1) |1 < C1|0 V|1 < 61||attv||L°°(0,T;H1(Q))

(3.4.8)
106V (t) — 0uV (t)]lo < Coh®||0uV ||s < Coh®||0uV || Lo 0,100 Vs € [0, 1];
in particular,
10:: Vi (t) — 0V (1) |0 < Co||0sV |0 < UQ||6ttV||Lw(O,T;H1(Q)). (3.4.9)
We can choose F}, as
[ Falt) dndx = @Vi(0),00) + | [AG)VVAD)] - Vendx + [ O(V2) ndx
“ “ “ (3.4.10)

+/Qa(X)Vh ondx Vo, € Xp, ae. t€(0,7).

We now define the space Y, = {fr, = yn+ Fp : yn € Xy} for the approximate distributed

controls. Denote

Tn(un, fn) = glluh(T) - W5+ %/OT | fn(t) = Fn(t)||2 dt . (3.4.11)

Once the finite element space X}, has been chosen, we define the semidiscrete(spatially
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discrete) approximation of the optimal control problem as follows.

seek a pair (4, fh) € X}, x Y}, such that Jp(tp, fh) is minimized
subject to the semidiscrete parabolic equations;
(SE=OP) (1), 6a) + [ [AGIVun(0)] - Vo doe+ [ B(un) oy
+/ uhqshdx_/fh dndx Y én € Xn, ae. t € (0,T)

where the functional 7}, is defined by (3.4.11).
Theorem 3.4.1 Assume that w € H}(Q), W € LP(Q), WO € H*(Q) N H(Q) N
LP(Q), VO satisfies (3.1.2), Vh(” is defined by (3.4.2) and Fy, is defined by (3.4.10).
If, in addition, hypotheses (3.1.1), (8.1.3), (3.1.4), (3-4-3),(8.4.5) and (3.4.7) hold. Let
(Up, fh) be the solution of (SE-OP). Then for all e > 0, there exist positive constants 7y

such that if v < vy then
18 (T) = W5 < €+ 3Ch™ VO F s 0.0 11(0)
where Cy is defined by (3.4.4).

proof: Let (uy, fr) be an arbitrary pair satisfying the following equation:

(Ouun(t), 1) + [ [ACOVur(0)] - Vondx + [ B(un) b dx

(3.4.12)
+/ uhqﬁhdx—/ Falt) dndx  Yon € Xa, ace. t € (0,7).
Subtracting (3.4.12) from (3.4.10) and setting v, = uy — V}, we obtain
(wn(t), én) + [ [AGIVen(t)] - Vendx + [ (@(un) = ©(Vh)) ¢n dx
(3.4.13)

+/ Uh¢th—/(fh_Fh)(}5th Vo € Xy, ae. tE(O,T).
Let fn, = Fj, — kouy, where kq > 0 is a constant to be determined and ¢, = v, in (3.4.13)

then we have

th”Uh ||0 +/ V’Uh VUh dX+/ ’U,h @(Vh))(uh — Vh) dx

+/ x) + ko)vj dx = 0.
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By our assumption (1.10) and (1.11) we have

d
Tllon(®llg + 2(ko — C1)loa(®)]l5 < 0.

2(ko—Ch)t

Multiplying by e and integrating with respect to ¢

lon@)1l5 < e 5= lon(0)I and  [loa(T)|5 < e 2*= DT [lua (0)]]5.

T
Now we need an estimate for / | fn — Fullg dt.
0

T 2 2 r 2
| s —Fullgat =83 [ lloali3at

k2

<0 (71— e 2ko=CUTY |19, (0)]|2.
< s )llon 0)13
Let us consider the dynamics of semidiscrete optimal solution.

~ 2,T v [T~
() = WIE < = (Fan(@) = Wik +2 [* 17— Full at)
2T s 0T 2
< 2 (G lun@ = Wi+ [ 1fa = Fall3 )

< 3l|un(T) — Va(D)llg + 3[IVa(T) = V(D)5 + 3IIV(T) — W[5
Z/T — F?
+r ) e = Fullg dt.
Combining (3.4.14), (3.4.15) and (3.4.16) we finally arrive at
[@n(T) = W5 < 3e™2F0= T ||wy, — V3 (0) 1§ + 3IIVa(T) = V(D)5

vk
2T (ko — C1)

Let € > 0 be given. There exists a kg such that

+3[[V(T) = Wig + e [ ]

8¢9~ Jluy, — VA(0)[} < 5.

Holding this &g fixed and by (3.1.3), we may choose a 7, such that

€

3V (T) ~ WIR < £

and
€

k,2
1= ey, — VA (0)] <

2T (ko — C)

Thus the theorem is proved.

(3.4.14)

(3.4.15)

(3.4.16)

(3.4.17)
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3.5 Two-dimensional numerical simulations

We now consider a gradient method to compute the optimal solution subject to

following semilinear parabolic equations.

,

—Au+ud—u=f (t,x) € (0,T) x Q,
{u=0 (t,x) € (0,T) x 9Q, (3.5.1)
u(0,x) = w(x) x €

Let on = {t,}_, be a partition of [0, 7] into N equal intervals, At = T/N, t, = 0 and

ty = T. Denote
Jh:(uilwuia"'vul];]) and ﬁl:(févflfavfi]lv)
The fully discretized functional is given by
N(=» F T N 2 7 ul 2
T’ (U, f) = S lluy = Wlo + 5 At o fa(t) = Fu(®)llg - (3.5.2)
n=1

Due to the forward-in-time nature of the state equations and the backward-in-time
nature of the adjoint equations, any practical algorithm would involve a split of the
optimality system into two parts. Thus fully discrete optimality system consists of

e the state equation
At/ n_yn- ¢hdx+/Vuh nghdx—l—/ U dp dx

) _/9“2 On dx = /fo dndx Vo € X (3.5.3)

with initial condition: u) = wy,(x)

\

e the adjoint equation

4

1 n n— n— n n—
-5 & -& 1)¢hdx+/9vgh 1-V¢hdx+/93(uh)2 -1 dx
‘ = /Q Gl hdx=0 Vo, €X, (3.5.4)

with terminal condition: &Y = T'(ufy — W)

\
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The optimal control variable f;’ is related to the adjoint state & by

1
fr-Fr=—g,

Let TN (k) = TN (@n(k), fn(k)), where JN(-,-) is given by (3.5.2) and k is the iteration
counter of the gradient algorithm. In the algorithm, 7 will denote a prescribed tolerance
used to test for the convergence of the functional. The gradient algorithm proceeds as
follows.
e initialization:
(i) choose 7 and f,(0); set k =0 and € = 1;
(ii) solve for the starting state i,(0) from (3.5.3) with f, = f»(0);
(iii) evaluate J," (0);
e main loop:
(iv) set k =k + 1;
(v) solve for &,(k) from (3.5.4) with @, = @, (k — 1);
(vi) set fa(k) = fulk = 1) = e (v(fa(k = 1) = F) + & (k));
(vii) solve for @, (k) from (3.5.3) with f = fr(k);
(viii) evaluate J}~ (k);
(ix) if 7N (k) > TN (k — 1), set € = 0.5¢ and go to (vi); otherwise, continue;
(x) if |[TN (k) — TN (k= D|/|TN (k)| > 7, set € = min(1.5¢,1) and go to (iv);
otherwise, stop.

The bulk of the computational costs are found in the backward-in-time solution of
the adjoint equation in step (v) and the forward-in-time solution of the state equation

in step (vii). We use time lag to linearize the semilinear parabolic equation, i.e., we use

u? N2 4 ¢, dx instead of [ (u?)® ¢, dx in (3.5.3).
o \Uh h o \Uh
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Here are some detailed data of the example. We choose the domain Q2 = (0,1) x (0, 1)
(i.e., the unit square). We consider two sets of data (the terminal time 7', the initial

condition w and the target function W):

DATA L y w=0,

| W = sin(mz) sin(my).

T=1
w =0,
DATA II. X . o
W=1= > > Aysin(nrz)sin(mry)
m=1n=1
Al (=1 = 1[(=1)™ — 1
where 4, ACD =01
\ nmmw

For each data set we consider two choices of V). In the case of DATA I, first we
choose

WO =W = sin(nz) sin(ry)

and

VO =W

Second we choose V() as a steady-state function, i.e.,
v = w.

In the case of DATA TI, first we choose

My, N,

W = > > Apmsin(nrz) sin(mry)

m=1n=1

where M,,N, — oo as v — 0 (e.g., M, and N,, are the integer part of the decimal
number [1000 + In(1/v)].) and
VO =t wO.
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Second we choose V(7 as a steady-state function, i.e.,
v = wm.

In all cases, it can be verified that W and V) satisfy assumptions (3.1.1), (3.1.2),
(3.1.3) and (3.1.4). For DATA I the admissible state and the target state have matching
boundary conditions (both have homogeneous boundary conditions.) For DATA II the
admissible state and the target function have nonmatching boundary conditions. For
both data sets the optimal solutions did a good job of tracking the target functions in
the interior at the terminal time 7" (Tables 3.1 and 3.2). The optimal solutions of second
cases (V) are steady-state functions) furnish good matchings to the target state even

for t =T7/2,T/5 and T/10 (Tables 3.3 and 3.4).



o6

Table 3.1 W = sin(rx)sin(ry) and VO = ¢ WO,

| y=100] y=10 [ y=1

| =01 [ y=0.01|

| [Ju(T) — Wllo - 10° || 2.416931 | 2.411342 | 2.355052 | 1.754410 | 1.107353 |

Table 3.2

W =1and VW =t WO,

| y=100] y=10 [ y=1

| =01 [ y=0.01|

| [Ju(T) — W|lo - 107 || 9.234190 | 9.222508 | 9.170293 | 8.347707 | 4.141871 |

Table 3.3 W = sin(nz)sin(my) and V¥ is a steady-state function.

[ v=10 [ y=1

| y=0.1 | y=10.01 |

[u(T) — W1l - 10° || 3.852836 | 3.821628 | 3.378629 | 2.933585
[u(T/2) — W1y - 10° || 1.474637 | 1.474633 | 1.474747 | 1.974137
[w(T/5) — W|jo - 102 || 5.134306 | 5.134306 | 5.134319 | 5.179989
[w(T/10) — W]jo - 10" || 1.641943 | 1.641943 | 1.641944 | 1.645492

Table 3.4 W =1 and V) is a steady-state function.

| =10 | y=1

| v=0.1 [y=0.01]

[w(T) — W], - 102 | 9.555906 | 9.489303 | 8.548089 | 4.184522
[u(T/2) — W]y - 102 || 9.672858 | 9.672652 | 9.669354 | 12.37950
[w(T/5) — W]y - 10" || 1.506499 | 1.506500 | 1.506514 | 1.842022
[w(T/10) — W], - 10" || 3.093821 | 3.093814 | 3.093856 | 3.424358




o7

4 CONCLUSION

In this thesis, we studied terminal-state tracking optimal control problems for both
linear and semilinear parabolic equations. We also explored the connection between op-
timal control problems and exact/approximate controllability problems. New achieve-

ments of this thesis in the linear case include:

e We constructed an reference function F' that resulted in an optimal solution that

approached the target state W more effectively.

e We derived and justified an explicit solution formulae for optimal control problems

and exact controllability problems.

e We allowed the target state W and admissible state u to have nonmatching bound-

ary conditions.
Our contributions in the semilinear case include:

e We proved that the optimal solutions as a function of the parameter v provide a

family of functions that solves the approximate controllability problem.

e We demonstrated similar approximate controllability results in the semidiscrete

case (finite element approximations).

e We implemented a gradient algorithm for solving the optimal control problems and

numerically investigated the controllability properties of the optimal solutions.
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In the future, we will explore parallel algorithms for computing optimal solutions
in two dimensions (with semilinear parobolic constraints). As we mentioned before,
the bulk of the computational costs are found in the forward-in-time solution of the
state equation and the backward-in-time solution of the adjoint equation in the gradient
algorithm. It is possible that a parallel algorithm can be used to solve those equations.
We will also study the approximate controllability problem for the semilinear parabolic
equations wherein the control acts on an open and nonempty subset of 2. We will also

explore the case of boundary controls.



99

BIBLIOGRAPHY

[1] Y. Cao, M. Gunzburger and J. Turner, The controllability of systems governed by

parabolic differential equations, J. Math. Anal. Appl., 215 (5) (1997), pp.174-189.

[2] A.V. Babin and M.I. Vishik, Attractors of Evolution Equations, North-Holland,
Amsterdam - London - New York - Tokyo, 1992.

[3] J. I. Diaz and A. Fursikov, A simple proof of the approximate controllability from
the interior for nonlinear evolution problems, Appl. Math. Lett., 7 (5) (1994), pp.85—
87.

[4] Yu. V. Egorov, Some problems in the theory of optimal control, Soviet Math., 3
(1962), pp-1080-1084.

[5] Yu. V. Egorov, Zh. Vychisl. Mat. i Mat. Fiz., 5 (1963), pp.887-904.

[6] L. Evans, Partial Differential Equations, American Mathematical Society, Provi-

dence, Rhode Island, 1998.

[7] C. Fabre, J.P. Puel and E. Zuazua, Approximate controllability of the semilinear

heat equation, Proc. Roy. Soc. Edinburgh Sect. A, 125 (1995), pp.31-61.

[8] H. Fattorini, Control in finite time of differential equations in Banach space, Comm.

Pure Appl. Math., 19 (1966), pp.7-34.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

60

H. Fattorini and D. Russell, Exact controllability theorems for linear parabolic
equations in one space dimension, Arch. Rational Mech. Anal., 49 (1971), pp.272—
292.

C. Fernandez-Cara, Null controllability of the semilinear heat equation, ESAIM
Control Optim. Calc. Var., 2 (1997), pp.87-103.

C. Fernandez-Cara and E. Zuazua, Null and approximate controllability for weakly
blowing up semilinear heat equations, Ann. Inst. H. Poincare Anal. Non Lineaire,

17, 5 (2000), pp.583-616.

A. Fursikov and O. Imanuvilov, On exact boundary zero controllability of two-

dimensional Navier-Stokes equations, Acta Appl. Math., 36 (1994), pp.1-10.

A. Fursikov and O. Imanuvilov, On controllability of certain systems stimulating
a fluid flow, in Flow Control, pp.149-184, IMA Volumes in Mathematics an Its

Applications, Vol. 68, Springer-Verlag, New York, 1995.

L. Bal’chuk, Optimal control of systems described parabolic equations, SIAM. J.
Control, 7 (1969), pp.546-558.

R. Glowinski and J.-L. Lions, Exact and approximate controllability for distributed

parameter systems. Acta Numerica (1994), pp.269-378.

R. Glowinski and J.-L. Lions, Exact and approximate controllability for distributed

parameter systems. Acta Numerica (1995), pp.159-333.

M. Gunzburger and S. Manservisi, The velocity tracking problem for Navier-Stokes
flows with bounded distributed controls. SIAM J. Control Optim., 37 (1999), pp.
1913-1945.



18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

61

M. Gunzburger and S. Manservisi, Analysis and approximation of the velocity track-
ing problem for Navier-Stokes flows with distributed control. SIAM J. Numer. Anal,

37 (2000), pp.1481-1512.

J.-L. Lions, Optimal Control of Systems Governed by Patrial Differential Equations,

Springer-Verlag, Berlin, 1971.

J.-L. Lions and E. Magnenes, Nonhomogeneous Boundary Value Problems and Ap-

plications, Springer-Verlag, Berlin, 1972.

J.-L. Lions, Exact controllability, stabilization and perturbations for distributed

systems, STAM Rev., 30 (1988), pp.1-68.

D. Russell, A univied boundary controllability theory for hyperbolic and parabolic

partial differential equations, Stud. Appl. Math., 52 (1973), pp.189-211.

D. Russell, Controllability and stabilizability theory for linear partial differential
equations: Recent progress and open questions, SIAM Rev., 20 (1978), pp.639—
739.

D. Russell, Some remarks on numerical aspects of coefficient identification in el-
liptic systems, in Optimal Control of Partial Differential Equations, pp. 210-228,
Birkhauser Verlag, Boston, 1984

R. Temam (2001), Navier-Stokes Equations, AMS Chelsea Publishing, Providence,
Rhode Island.

T. Tsachev, Optimal control of linear parabolic equation: the constrained right-
hand side as control function. Numer. Funct. Anal. and Optimiz., 13 (1992), pp.369—

380.



