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ABSTRACT

We consider a domain decomposition method for a fluid-structure interaction prob-
lem. The fluid-structure interaction problem involves two mathematical models, each
posed on a different domain, so that domain decomposition occurs naturally. Our ap-
proach to a domain decomposition method is based on a strategy in which unknown data
at the interface is determined through an optimization process. We prove that the solu-
tion of the optimization problem exists. And we show that the Lagrange multiplier rule
may be used to transform the constrained optimization problem into an unconstrained
one and that rule is applied to derive an optimality system from which optimal solutions

may be obtained. We then study a gradient method for solving optimization problem.



1 INTRODUCTION

Multidisciplinary simulation problems arise in a variety of settings in which more
than one media, or more than one mathematical model, or more than one dominant
effect are present. The direct solution of such problems presents a formidable challenge,
since they usually involve large, coupled system of partial differential equations. For
this reason, methods which uncouple the different disciplines are of interest. Here, we
discuss uncoupling procedures which are based on using an optimization strategy.

A main virtue of our approach is that it allows for the user to use existing codes for
each discipline as black boxes and only requires that the user write a simple code that
effects the coupling between the disciplines. One reason we are able to do this is that
our methodology allows for complete flexibility with regards to the boundary conditions
imposed on each discipline. Another virtue of the optimizaion-based decoupling is that
it allows for the use of efficient iterative strategies, e.g., quickly converging iterative pro-
cesses by which solutions of the coupled, multidisciplinary problem are determined. Our
methodology has other important virtues as well as allowing for the use of mismatched
grids and different discretization methods for each discipline.

Here, for the sake of concreteness, we will describe the optimization-based domain
decomposition method for a fluid-structure interaction problem. The subjects of fluid-
structure interaction problem have been extensively studied in the past and continue
to be the focus of much attention today. There are number of different types of math-
ematical models for fluid-structure interactions. We classify these models into three

categories.



Elementary fluid. The fluid motion is governed by potential equations, e.g., Laplace
equations or wave equations. In [34], a coupled system of a potential equation and a
wave equation is considered. Elementary fluids coupled with rigid cavity or moving wall
has been studied in [19] and with an elastic solid in [4].

Inviscid fluid. A few mathematical papers have appeared for fluid-structure interac-
tions modeled using inviscid fluid models, e.g., the Euler equations. Interactions between
linearized inviscid fluids and elastic solids have been analyzed in [2],[35]. An algorithm
for an inviscid nonlinear fluid coupled with rigid walls was given in [3].

Viscous fluid. There is an extensive literature on linearized viscous fluids coupled
with solids. Solids modeled using plate equations or shell equations are treated in
[15],[16],[17],[32]. The Stokes equations coupled with a beam equation has been ana-
lyzed in [21]. In [11], [31], interactions between linearized viscous fluid and elastic solids
are studied. See [7] interaction with rigid walls.

Also, there is a vast literature on fluid-structure interactions for which the fluid is
modeled using nonlinear viscous fluid models, e.g., the Navier-Stokes equations. Rigid
body motions of solids in a nonlinear viscous fluid have been studied in [8],[12], [22], [23].
In [18], a coupled problem of Navier-Stokes equations and a plate equation is studied.
Some works have treated interactions between nonlinear viscous fluids and elastic solids.

See, e.g., [8],[13],[14],[36],[37].

MODEL PROBLEM

In this paper, we consider elastic body motions in a fluid flow. Let €2y and €2, denote
the regions occupied by the fluid and solid, respectively. Let I'y denote the interface
between the fluid and solid and let I'y and I'y; denote the boundaries of the fluid and
solid regions (other than the interface I'y). In the fluid region, we apply the Stokes

System.



pivi+Vp — purAv = pif in Qf

V.-v=0 1in Qf
(1.1)

v=0 only

0

Vo =v? in Qy

Here, p; and pir denote the (constant) fluid density and viscosity, v the fluid velocity,
p the fluid pressure, and v° the initial velocity.

In the solid, we apply the equation of the linear elasticity.
psy — psAu — (A + ) V(V -u) = psb - in
u=0 onlI}

uli—o =u’ in Q,

ut|t:0 =u! in QS

Here, py and Ay are the Lame constants and ps the constant density of solid, b
denotes a given loading force per unit mass, u the displacement of the solid, and u® and
u! are given initial data.

Along the fixed interface I'y between the fluid and solid, the velocity of the fluid and

solid are equal, as are the stress vector in the fluid and solid. Thus, we have
w, =v only (1.3)
and
psVau-n+ A+ p5)(V-uyn=pn — u;Vv-n on Tl (1.4)

Solving (1.1)-(1.4) is a formidable challenge. Fluid-structure interaction problems
involve two different mathematical models, each posed on a different domain, so that

domain decomposition occurs naturally. Our approach to domain decomposition is based



on a strategy in which unknown data at the interface is determined through an opti-

mization process. We consider the following interface conditions.
v=g only (1.5)

and

psVa-n+ (As+p5)(V-ujn=h on I (1.6)

Then we may solve (1.1) and (1.5) for v and p and solve (1.2) and (1.6) for u.
For an arbitrary choice of g and h, (1.1) and (1.2) are satisfied. However, (1.3) and
(1.4) will not be satisfied. On the other hand, we know that g and h exist such that
solutions of (1.1),(1.5) and (1.2),(1.6) are solutions of (1.1)-(1.4). We merely have to
choose g = V|, = W, and h = p,Va-n+ (A + ps)(V-a)n = pn — pyVV - n on Iy,
where (v, p, 1) is a solution of (1.1)-(1.4).

The optimization-based domain decomposition algorithm finds such g and h by min-

imizing the functional

1 T
j(V,p,g,u,h):*// (ut—g)Qdth
2 Jo Jro

1 T
+ 7// (pn — 11y Vv - 1 — h)2dT dt
2 0 JIg

In the remainder of this chapter, we discuss the derivation of the model (1.1)-(1.4).
This thesis is organized as follows. In chapter 2, a coupled system of fluid-structure
interaction problem is studied. The existence of a weak solution is proved and finite ele-
ment approximations are discussed. In chapter 3, we introduce an optimization problem
to uncouple the system. We prove that the optimization problem has a solution and the
solution converges to the solution of the coupled system. The Lagrange multiplier rule
is used to derive an optimality system from which optimal solutions may be determined.
Finally, we define a gradient method for the solution of the optimality system and show

the convergence for the gradient method.



2 FLUID-STRUCTURE INTERACTION PROBLEMS

2.1 The model problems

We consider a coupled system of Stokes and elasticity problem that was introduced

in the previous chapter.
prve + Vp — pusAv = pef in Qy
V-v=0 1in Qy
v=0 only
psWy — psAu — (A + ps)V(V -u) = p;b in Q,
u=0 onl,
(2.1.1)
u=v only
psVa-n+ (As+ ps)(V-uyn=pn — p;Vv-n on [l
V]mo =v® in Qy

u—o =u’ in Q,

ut‘t:() = ul in Qs
2.2 Notation

Throughout this paper, C' will denote a positive constant whose meaning and value

changes with context. H*(D), s € IR, denotes the standard sobolev space of order s



with respect to the set D, equipped with the standard norm || - || p. Corresponding
sobolev spaces of vector-valued functions will be denoted by H*(D). Dual spaces will

be denoted by (.)*. We then define the subspaces
H}(Qf) = {veH'(Q): v=0onTy}
J = {veDQs): V-v=0o0n Q}
where D(€2f) be the space of C*> functions with compact support contained in €.

V= the closure of J in H}(€y)

H = the closure of J in L*()y)
and
H!(Q,) = {ueHY(Q,): u=0o0nTl,}
We define, for (pg) € L'(D) and (u-v) € L'(D),
(p,q)p = /qudD and (u,v)p = /Du~vdD

respectively.

We define the bilinear forms
ar(u,v) = / pVu: VvdQ Vu,v e H' (Qy)
Qf

as(u,v) = /QS{,LLSVU L VV A+ (A + p)(V-u)(V-v)}dQ Vu, v e HY(Q,)

a(u,v) = / psVu: VvdQ VYu,v e H(Q,)
Qs
and
b(v,q) = —/ q divv dQ Vv e H'(Qy), Vqe L*(y)
Qs

It is well known that the forms ay(-,-), as(-,-), a(-,-) and b(-,-) are continuous, i.e.

there exist positive constants k, and k; such that

las(a V)| < kallullie, [Viie, Yu,veH|(Qy)



IN

V|0, Yu,veH (Q,)

jas(u, V)| < kallull,e,

IN

V|0, Yu,veH(Q,)

la(u, V)| < kallull1a,

and
bv. o)l < Klvilellalog, YveH(Qy), Ve L*(Qy)
Also, ay(-,-), as(+,-) and a(-, -) satisfy the coercivity property and b(-, ) satisfies the
inf-sup condition, which means there exist positive constants K, and K, such that
las(ww)] > Koluliq, YueH!(Q)
las(wu)] > Kolullio, YueHY(Qy)
a(wu)] > Kilullig, YueH(Qy)

and

inf sup bv.9) > K,

0#q€L?(Qy) 0#£veH(Qy) ||V||1,Qf||Q||0,Qf N

2.3 A weak formulation

We define a space of trial functions and test functions as
U={(v,u) : veL*0,T;H;(y)), ue L*(0,T;H)()),
u, € L*(0,T;L%(f,)), such that v =, on Iy}

A weak formulation corresponding to (2.1.1) is given by

For f,v®, b,u’ and u' given,

f e L*(0,T; H;(y)*) (2.3.2)
vl e L*(Qy) (2.3.3)
b € L*(0,T;L*(%,)) (2.3.4)
u’ € Hl(Q,) (2.3.5)

u' € L*(9Q,) (2.3.6)



to find (v,u) € U satisfying

pf(vt7 W)Qf + b(va) + le(V, W) + Ps(utu 915)(25
+ CLS(U, et) = pf(fa W)Qf + ps(b> et)ﬂs V(W, 9) eU

b(v,q) =0 Vqe L*(Q)

Vo = v
uf—o = u’
ut|t=0 =u'

(2.3.7)
(2.3.8)
(2.3.9)
(2.3.10)

(2.3.11)

We recall the definition of the spaces J,V and H, introduced in the previous section

and which will be the basic spaces for .

J = {veD{y): V-v=0onQ}
V= the closure of J in H}(Qf)

H = the closure of J in L*(Qy)
Now, we define a space of trial functions and test functions as

W ={(v,u) : ve L*(0,T;V), ue L*0,T; H:(,)),

u, € L*(0,T;L*(f,)), such that v =u; on Iy}

Then a weak formulation (2.3.7)-(2.3.11) is equivalent to the following:

To find (v,u) € W satisfying

pr(Vi, W)a, + ap(v,w) + ps(uy, 0r)a, + as(u, 0;)

= pf(fa W)Qf + ps(ba et)Qs \V/(W, 6) ew

V=0 = v
ult:O =u’
ut‘t:O =u'

(2.3.12)
(2.3.13)
(2.3.14)

(2.3.15)



2.4 The existence of a weak solution

To show the existence of weak solutions for the coupled system, we introduce an
auxiliary problem involving an ’artificial viscosity’ term. The auxiliary problem is defined

as follows.

prve+Vp — usAv = pf in Qf
V.-v=0 in Qy
v=0 only
psy — epsAuy — pgAu — (A + ps)V(V 1) = psb - in Q
u=0 onl}y
(2.4.16)
u=v only
epsVu, -n+ pVu-n+ (A + ps)(V-un=pn — usVv-n onl
V]imo =v? in Qf

ul—o =u’ in Q,

ut|t:0 = ul in Qs
We define a space of trial functions and test functions for the auxiliary problem as
U={(v,u) : veL*0,T;H}Qy)), ue L*0,T;H()),
u; € L*(0,T; H!(Q,)), such that v =u, on Iy}
A weak formulation corresponding to (2.4.16) is given by
For f,v®, b,u’ and u' given,
fe L?(0,T; Hy(Qy)*) (2.4.17)

vl e L2 (Qy) (2.4.18)
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b € L*(0,T;L*(Q,))
u’ € Hl(Q,)

u' € L?(9Q,)
to find (v,u) € U satisfying

pf(vt7 W)Qf _'_ b<Wap) + af(V7 W) + ps(utt7 et)ﬂs + 6a(.utu 9t>
+ as(w,0,) = pr(f,w)o, + ps(b,0)a, V(w,0) €U

b(v,q) =0 Vqe L*(y)

Vl]—o = v°
11|t:0 =u’
U—tlt:O =u'

Now, we define a space of trial functions and test functions as

W ={(v,u) : veL*0,T;V), ue L*0,T;H:(%Q,)),

u, € L*(0,T;H(€,)), such that v =u; on Iy}

Then a weak formulation (2.4.22)-(2.4.26) is equivalent to the following:

To find (v,u) € W satisfying

pr(Ve, W)a, + ap(v, w) + ps(uy, 0;)o, + ea(uy, ;)
+ aj(u,0) = ps(f.wa, + po(b,0,)a, V(w.0) € W
Vl]—o = v°
uf—o = u’

ut‘tz() =u

(2.4.19)
(2.4.20)

(2.4.21)

(2.4.22)
(2.4.23)
(2.4.24)
(2.4.25)

(2.4.26)

(2.4.27)
(2.4.28)
(2.4.29)

(2.4.30)

We show the existence of solutions of the auxiliary problem in the next theorem.
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Theorem 2.4.1 For given £,v°, b, u’ and u' which satisfy (2.4.17)-(2.4.21), there ex-

ists a unique solution (v,u) € W which satisfy (2.4.27)-(2.4.30). Moreoverv € L>(0,T; H), u €

L>(0,T; HLX () and u; € L*(0, T; L2(Q))

proof: We use the Galerkin method. Let (¢,),en be a basis of V' and (6,),en be a
basis of H!(€),) such that ¢,, = 6,, on T'y. We define discrete spaces M,, = span{¢,,, 1 <
m < n} and N,, = span{0,,, 1 < m < n}. Also define a discrete space of trial and test

functions by

Vo=A{(v,u) €V x Vs, wpy=vonly}
with

Vos = = an (t)gi, ai(t) € H'(0,T)}

V. = znj (0)6:, bi(t) € H'(0,T)}

The discrete problem is : Find (v,,u,) € V,, such that v,,(0) € M,, u(0) € N,, and
u,.(0) € N, with v,,(0) — v® in L*(Q), u,(0) — u® in H'(Q;) and u,(0) — u' in
L?(Q,) and

Pf(Vnt, Wn)Qf + le(Vn, Wn) + ps(untta Znt)ﬂ5 + Ea'(unta Znt)
(2.4.31)

+as(una Znt) = Pf(f> Wn)Qf + ps(b7 Znt)Qs v(wna Zn) S Vn
Since this is a linear system of ordinary differential equations, there is a unique solution.
We will obtain a priori estimates independent of n for the functions v,,, u,, and then

pass to the limit. Set w, = v,, and z, = u, in (2.4.31). We get

)Of(vnta Vn)Qf + CLf(Vn, Vn) + ps(unttv unt)Qs + Ea(unh unt)
(2.4.32)

+as<un7 unt) = pf<f7 Vn)Qf + ps(b7 unt)QS

and this gives

Pf ps d
1y B, + Kullvalo, + 2 i, + Rl
K, d
+ 2 dtHunHlQ = prfH 1QfHVTLHlﬂf +ps|
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Integrating this from 0 to ¢, we obtain

Pf t Ps
3(||Vn||(2>,nf —va(0)[50,) + K“/o Vallf o, + 5 (wwll§ o, = I (0)[I5.q,)

2
K,
= (g, = [w0)e.)

2
p t K, rt t ps [
s o WP sa, + 57 [ Ivaliia, + To [ 1000, + g [ luadlie

t
+ ek [ fuulo, +

<

Gronwall’s inequality may be used to conclude

T T
sup py Valld o, + Ko [ IVallt o, +sup pullwndlia, + €K [ Il

T T
s Kaulo, <O [TIEI% 0, + 0O [ Il

+ oIV, + psllut G a, + Kallu®lli g,

Hence {v,} is uniformly bounded in L>(0,7;H) and L?*(0,T;V); {u,} is uni-
formly bounded in L>(0,T;HL(€y)); {u,:} is uniformly bounded in L>(0,T;L?())
and L?(0,T; HL(€,)); Thus, there exist weakly convergent subsequences and by passing
to the limit, a solution of (2.4.27)-(2.4.30) exists.

Uniqueness. Let (vy,u;) and (vg,uy) be two solutions of (2.4.27)-(2.4.30). Then

energy estimates may be used to get

T
sup py Vi = Vi, + Ku | IV = vallia, + sup p,use = uxlo,

T
ey [ — sl g, 4+ sup Ko ffus —wfq, <0

and hence vi = vy and u; = us.
Now we show the existence of the coupled system by taking the limit of solutions of

the auxiliary problem as € — 0

Theorem 2.4.2 For given £,v% b, u’ and u' which satisfy (2.3.2)-(2.5.6), there exists a
unique solution (v,u) € W which satisfy (2.3.12)-(2.5.15). Moreoverv € L*(0,T;H), u €
L>(0,T; HYX () and uy € L*(0,T;L*(Q,))
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proof: Ve, there exists v.,u. which are solutions of (2.4.27)-(2.4.30). Using a priori
estimate obtained in the proof of Theorem 2.4.1,
T
b py vl + Ko [ IvelR o, + sup pula R,
el [ il g, + sup Kallu g, < C(v°,u’ w1, b)
From which we deduce
v, is uniformly bounded in L*(0,7;V) N L*®(0,T; H)
u, is uniformly bounded in L*°(0, T; H.(€2,))
(u.); is uniformly bounded in L™ (0, T; L*(92,))
Ve(u,); is uniformly bounded in L*(0,7; H.(€))
Therefore, we can extract a subsequence such that
ve = vin L*(0,T; V)N L>(0,T; H)
u, — uin L>(0,T; HL())
(ue); — w; in L>(0, T; L2(€2,))
Since v/e(u,); is uniformly bounded in L?(0, T; H!(€2,)) then \/e(Au,); is uniformly
bounded in L?(0,T; H!(£2,)*) and
li_l?(l) cas((u), w) =0 VYw € L*(0,T;H (%))
From (2.4.27),
pr((Ve)e, W)a, + ps((Ue)st, 01) e,
= —ay(ve, W) —ea((uo)y, 0) — as(ue, ;) + ps(F, W), + ps(b, 0o,
= —ap(v,w) — as(u,0;) + ps (£, W)a, + ps(b,0)a, V(w,0) €W
Moreover, since v, — v in L=(0,T; H) and (u.); — u; in L*>(0,T; L?(Q,)) we have
pr (Vi W), + ps(Uu, 0o,

= —ay(v,w) —as(u,0;) + ps(f, w)a, + ps(b,0)a, V(w,0) € W
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Further,

V5|t:0 - V|t:0 in H
ue|t:0 - u|t:0 in Hi(Qs)

Uet|i—o — Wely—o in LQ(QS)
Thus the existence theorem is proved. The proof of uniqueness is exactly the same
as before.
2.5 Finite element approximations

Let h denote a discretization parameter tending to zero and, for each h, let X%,
S" and X! be finite dimensional spaces such that X% c Hj(Qy), S" € L*(€y) and
XM c HY Q). And

U" ={(v" u") : v € L*(0,T;X}), u" € H'(0,T;X2),

such that v = u” on Iy}

We assume that the finite element spaces satisfy the standard approximation prop-

erties, i.e.,
inf [|v—v"1o, <[[Vlmire, Vv eH" Q)
EX’J}
inf [[p—p"llog, < Plme, VpeH™(Qy)
peSh
and

inf [u—u"fi0, <[[ullmire, YueH"(Q)
ueXxh

We also assume the inf-sup condition (or LBB) condition,

ho b
inf sup bv2. ")

Ky
04qm st grenext IV |10, 14" lo.q;

where K is a positive constant independent of h.
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Finite element approximations of solutions of the coupled system (2.3.7)-(2.3.11) are

defined as follows: Seek (v, u”, p") € U" x L?(0,T;S") such that

pf(V?, Wh)Qf + b(whaph) + af(vh7 w ) + p5<utt’ 9 )Qs + aS(uhv 6?)

= ps(f,w")a, + ps(b,0))0, V(W' 0") € U" (2.5.33)
b(v", ") =0 Vq¢" € L*0,T; 5" (2.5.34)
v = vO" (2.5.35)
u”|—g = u (2.5.36)
u)|—g = u'” (2.5.37)

First, we show the convergence of finite element approximations. To show the con-

vergence, we consider finite element approximations of the auxiliary problem (2.4.22)-
(2.4.26): Seek (v uh ph) e UM x L*(0,T;S") such that
pf("lfh? Wh)Qf + b(wh’th) + be(VE ’ ) + pS(utt 79h)

+ ea(uih, 0?) + as(ugh, 0;‘)

= ps(f,w")a, + ps(b,6))0, V(W' 0") € U" (2.5.38)
b(vh ¢") =0 V" e L*0,T;S") (2.5.39)
vy = v (2.5.40)
u’|_o = u” (2.5.41)
u"_o = u” (2.5.42)

Lemma 2.5.1 For each € > 0, let (v, u,p‘) denote solutions of auziliary problem
(2.4.22)-(2.4.26) and (v, u" p*) denote finite element approzimations of solutions of
auziliary problem. Then (v, u p™) — (v¢,u, p%) in L*(0, T; H' (Q))x H*(0, T; H' () x
H(0,T; L*(Q)) as h — 0.

proof: Set w' = v and 6" = u" in (2.5.38) and combine with (2.5.39), we obtain

T
sup pr [V R, + Ko [ IV o+ sup ol
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t
e [ g, +sup Kallu |,

T 2 T 2
< O [N o, +0.C [ B,

+ oIV, + psllutGa, + Kallu®[lf o,

The same argument as in the proof of the Theorem 2.4.1 yields (v, u*) — (v¢,u¢)
in L2(0, T; H'(Qy)) x HY(0, T; H(Qy)) as h — 0. If we take p™ satisfying (2.5.38) and p©
satisfying (2.4.22) then p* — p¢in H=1(0,T; L*(;)) as h — 0. Thus lemma is proved.

It was proved in Theorem 2.4.2 that (v¢,u, p) — (v,u,p) as ¢ — 0 and it can be

h

shown (v u®, p¥) — (vh u" p") as € — 0 in the same manner. Combining this with

Lemma 2.5.1 gives the following theorem.

Theorem 2.5.2 Let (v,u,p) denote solutions of the coupled system (2.3.7)-(2.3.11)
and (vh,u" p") denote solutions of (2.5.83)-(2.5.37). Then (v u" ph) — (v,u,p) in
L0, T;HY(Qy)) x (L*0,T; HY Q) N HY(0, T; L*(Qs)) x H (0, T; L*(Qy)) as h — 0.

2.6 Error estimates

For the purpose of the proof of next theorem, we introduce some spaces and a pro-
jection. Let Q denote Qf N Qg and X" denote a finite dimensional space such that

X" e HY(). We define a continous space G and a discrete space G" by

G={zecH'(Q):z;=2|g, €V, 2z, =2

o, € H'(Qy), and zy|r, = 2|y }

G" = {z € X" : g = Mg, € Xh, o = Mo, € X,

by, q") =0 Vq" € S", and ¥i|r, = ¢l|r,}

We define P" : G — G" to be the projection with respect to the L*(Q2) inner

product, i.e. Ptz =z if

(z,9")q = (z,9")q Ve G, Vzeq
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Then

lo—2la < Ch|allniio (2.6.43)

Iz —zlloa < Ch™"|z|lmira (2.6.44)

Now we prove the following estimate for the error between the solutions of the semi-
discrete and continuous problems.

Let

v on ()
u; on ()

And define v = PhC|Qf, u; = P"(|q,,
Theorem 2.6.1

N T o W
+psllue = w/lf 0, + Kaflu—u"[iq,
< ORIV g, + ORIV, de
FOR™[ul2 11, + CRZ" 2wl 0,

t t
+Cn [ ul? a0 dt+ Ch [ pl2, o, dt (2.6.45)

proof: By subtracting (2.5.33)-(2.5.34) from the corresponding equations of (2.3.7)-

(2.3.8) we obtain the “orthogonality conditions”.

Pf(Vt - V?; Wh)Qf + b(whap - ph) + CLf(V - Vh) Wh)
+ ps(uy —ul, 0, +a,(u—u",0") =0 v(w" o") ecU" (2.6.46)
b(v—v",¢") =0 Vq¢" e L*0,T;5") (2.6.47)

Using (2.6.46)-(2.6.47) we deduce that

pr(vi = v}, v—v")q, +ap(v—v" v—v")
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+ps(uy — uly, up — ul)g, + ag(u —u",u, — )

h>V — V) + ps(uy — u?t, u; — W),

= pr(vi— Vi, v—=V)q, +as(v—v
tag(u—u" u, —w,) — b(v — v p—ph)

h h

+pp(ve = vV =V, +ap(v = v v = V") + py(uy — a0 — 0o,

Py —up) +b(v— v p—p")

+as(u—u
= pr(vi =V}, v =V, +ap(v—v"v =)+ p(uy — uf,, u; — ),
tas(u—u" 0 — ) —b(v —v"p—p") (2.6.48)
Then using the facts that (¢?, v—v)=0 Vzﬂ? € X? and that
b(v,q") =0=0b("q¢") V" e S" (2.6.49)

We obtain (by also noting that (2.6.49) implies v, € X and v € X})

pr(vi— vl v— Vo, = pr(Vi,V—V)a, = ps(Vi — V4,V — V), (2.6.50)

Similarly,
ps(utt - uZa u; — flt)ﬂs = ps(utt — Uy, Uy — ﬁt)QS (2-6-51)

Combining (2.6.48)-(2.6.51) we deduce that for all ¢" € L?(0,T; S")

prd
?%HV - VhHg’Qf + KaHV - Vh”%,ﬂf
ps d K, d
5 2l = w5, + 52—,
ps d : v
< GV =g, + kallv = v o,V = Ve,
ps d ~ |12 k h U
2 8 o, — g, + ka0l s,

+hollv =¥, P — ¢"llog, + ksllv — V"1, P — ¢"llog,
Therefore,
pillv =v"30, + Ka /Ot v = V"3 o, dt + psllu — 0[5 o, + Kallu —u"|7 g,
< C(lv =730, + /Ot [v =} q,dt + lu(t,) —a(t)|i g,

t t
= tle, + [ = wliodt+ [ Ip=dl3a,d)  (2652)
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for all ¢" € L*(0,T; S™), where |[u(t;) —u(t1)| = maxepr) |[u(t) —a(t)||. Hence (2.6.45)

follows from (2.6.52), (2.6.43) and (2.6.44).
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3 OPTIMIZATION-BASED DOMAIN DECOMPOSITION

In this chapter, we present an optimization-based domain decomposition method to

uncouple the computations.

3.1 The model problems

Let v, p, g, u and h satisfy the coupled system (2.1.1). Instead of constraints (2.1.1),

we consider the uncoupled system
prve + Vp — psAv = pef in Qy
V-v=0 1in Qf
v=0 only
v=g onl)y
Psly — ftsAU — (As + 1) V(V - 1) = pb - in €
(3.1.1)
u=0 onl,
psVu-n+ (As +ps)(V-ujn=h only
V]mo =v® in Q;

uli—o =u’ in Q,

U-t|t:0 = 111 in Qs

In this paper, we refer to g and h as controls. Our goal is to find g and h such
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that the solutions of (3.1.1) coincide with solutions of (2.1.1). The optimization-based
domain decomposition algorithm finds such g and h by minimizing the functional
1 /T 9
Jpguh) =2 [ [ (w—g?drad
2 0 JIg
1 /T 9
+ f/ / (pn — pfVv-n —h)“dl'dt
2 0 JIg

In order to regularize the optimization problem, we instead minimize the penalized

functional
1 /T 9
Tstv.pguh) =3 [ [ (w—g)?dra
2 Jo Jrg
1 /T 5§ T
+ 7// (pn—/uLfVV-n—h)2dth+f/ g2 dT dt
2 Jo Jry 2 Jo Jro
o (T o (T o (T
+ 7// (Vpg)zdfdt%—f/ gfdl“dtjtf/ h? dT dt
2 .Jo Jro 2.Jo Jry 2 Jo Jrg
where the penalty parameter J is a positive constant that can be chosen to change the

relative importance of penalty terms in J5 and Vr denotes tangential gradient. Thus

the optimization problem we propose to solve is given by

Problem 1

Find (v,p,g,u,h) such that the functional Js is minimized subject to (3.1.1).

3.2 The existence of an optimal solution

We recall the definition of the spaces
H}:(Qf) = {VGHI(Qf) : v=0on Ff}
J = {VGD(Qf)ZV'V:OODQf}
= the closure of J in H}(Qf)

Vv
H = the closure of J in L*(Qy)
and

H!(Q,) = {ueH(Q): u=0onT,}

S
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For functions defined on I'y, we will use the subspaces

Y = {ge L*0,T;H (Ty)) N H'(0,T;L*()) : g=0on dl}

Z = L*0,T;L*Ty))

with norms

T T T

lgl2 = // deth+// (Vrg)QdthJr// g2 dT" dt
0 JTo 0 JTo 0 JIo
T

Ih2 :/ h? dr dt
0 JI'g

A weak formulation corresponding to (3.1.1) is given by : Seek v € L*(0,T; H}(Qf)), pE
L*0,T;L*(y)), g €Y, ue L*(0,T; HL(Q,)) N HY(0,T;L*(Qs)) and h € Z satisfying

pf(Vt,W)Qf +b(w,p) +ap(v,w)+ (w,pn — pfVv-n)r,

b(v,q) =0 VY qe L*(y) (3.2.3)
(v,8)r, — (g,8)r, =0 Vs € HY2(T) (3.2.4)

ps(utt7 9)95 + as(u7 9) = ps(b7 Q)QS + (h7 9)F0

V6 e H(Q,) (3.2.5)
V]imo = v’ in Qy (3.2.6)
ul—o =u" in Q, (3.2.7)
Wli—o =u' in Q, (3.2.8)

Next, we give a precise definition of an optimal solution. Let the admissibility set is

defined by

Ues = {(v,p,g,u,h) € L?(0,T; H(Qy)) x L*(0,T; L* () x
Y x L*(0,T; H(Q,)) N HY(0,T;L*(Qy)) x Z -

Js(v,p,g,u,h) < oo and (3.2.2)-(3.2.8) is satisfied } (3.2.9)
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Then (v,p, g, q, fl) is called an optimal solution if there exists o > 0 such that
J5(¥,p,& 0,h) < T5(v,p,g u,h)
for all (v,p,g,u,h) € U,y satisfying
I& —glly + A —h|z <a
To show the existence of optimal solutions, we introduce an auxiliary problem again.
v+ Vp — psAv = pef  in Qy
V-v=0 inQf
v=0 only
v=g onl
PsWy — eps Ay — psAu — (N + ) V(V - u) = psb in Q4
(3.2.10)
u=0 only
epsVu, -n+ pVu-n+ (A + p5)(V-uyn=h on T

0

Vo = v" in Qy

uli—o =u’ in Q,

ut|t:0 = ul irl Qs
Problem 2

Find (v,p,g,u,h) such that the functional Js is minimized subject to (3.2.10).

A weak formulation corresponding to (3.2.10) is given by: Seek v € L*(0,T; H(Qy)), p €
L*(0,T;L*(y)), g€ Y, ue HY(0,T; HL(Q,)) and h € Z satisfying

py(Vi, W)a, +b(w,p) +ay(v,w) + (w,pn — u; Vv -n)r,
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b(v,q) =0 VYV qe L*(y)
(v,8)r, — (g,8)r, =0 Vs e HY2(T)
ps(s, 0)q, + ea(uy, 0) + as(u, 0)
= pi(b,0)q, + (h,0)r, V0e€HLQ,)
V]mo =v? in Qy
uf—o =u" in Q,

ut|t:0 = ul in QS

And admissibility set be defined by

Uy ={(v,p.g,uh) € L*(0,T; Hy(y)) x L*(0,T; L*(;)) %

Y x HY0,T; HY(Q,)) x Z :+ Ts(v,p,g,u,h) < oo

and (3.2.11)-(3.2.17) is satisfied }

(3.2.12)

(3.2.13)

(3.2.14)
(3.2.15)
(3.2.16)

(3.2.17)

(3.2.18)

Using the properties of the bilinear forms we can obtain an a priori bounds for

solutions of the weak formulation (3.2.11)-(3.2.17). Let (v,p, g, u, h) satisfy (3.2.11)-

(3.2.17). From (3.2.11) and (3.2.14), we obtain

pi(Vi, W), + b(w, p) + ay(v,w)

+p3(utt, G)QS + Ea(ut, 9) + as(u, 9)

= ps(f,wW)a, + ps(b,0)a, — (W,pn — p1; Vv - n)r, + (h, O)r,

VweHi(Q), V0 eHI()
or

ps(Vi, W)a, +b(w,p) + ay(v,w)

—i—ps(utt, G)QS + Ea/(ut, 9) + as(u, 0)

= pf<f7 W)Qf + ps(ba 0)95 - (W7pn - ,LLfVV : n)Fg

+(W7 h)Fo + (hv 9>F0 - <W7 h)Fo
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VweH(Q), Vo eH[(Q (3.2.19)
Taking w = v and 6 = u; in (3.2.19). Then because of (3.2.12)-(3.2.13) we have

pr(ve, V)a; +ap(v,v) + ps(y, ur)o, + ea(uy, ug) + as(u, uy)
= pf(f? V)Qf + ps(b7 ut)Qs - (gapn - /LfVV ’ n)Fo + (g> h)Fo

+(h7 ut)Fo - (gv h)Fo

This may be reduced to

ps d K, d
§£||V||§,Qf + Ka||V||iQf + 5%”‘%”3,@3 + eKo|Juyf o, + 7%”“”%,93

= _(gapn - lufvv ‘n— h)FO + (h7 u; — g)Fo + Pf(f7 V)Qf + Ps(b7 ut)QS

prd

< gllorollpn — py Vv -n —hlor, + [hlfo,r,[[us — gllo,r

+orllfll -0, [1VILe, + pslibllog, [[utloe,

Integrating from 0 to ¢ yields

T
prsup [Vl 0, + Ko [ VI3 0,dt -+ pesup 3,
T
el [l o, dt + Ko sup [ullf o,
T T T
< [ lglirdt+ [ lIpm—ppVveon—hlpde+ [ njede

T T T
[l =gl dt 4+ p,C [ 0 dt+ 9 C [ DI gt

s V2, + ol B, + Kl (3220
We take test functions w with V - w = 0 in equation (3.2.11), we get
pr(ve,W)a, = —ay(v,w) — (w,pn — Vv -n)r, + ps(f,w)q, VweV
and this gives

|)0f(Vt, W)Qf| < kaHVHLQf HWHLQf

+ [wlho,llpn = pr Vv enflor, + pyl[fll -, [wlle,
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Therefore,

T
V.
or [ v

T T
[ AmIE e+ pr [N g at (3:2.21)

T T
bdt <k [ VI3 dt+ [ llpn = Vv en = b de

From (3.2.11),

b(W7p) = _pf(vtvw)ﬂf - CLf(V,W)

— (w,pn — Vv -n)r, + ps(f,w)g, VYw e H}(Qf)

Inf-sup condition may be used to get,

r 2 r 2 r 2
Ky [ 9o, dt < py [ IVillfedt + ko [ VI o,

T T
+ /0 ||pn—usV-n||(2)7FOdt+pf/0 1612, 0, dt (3.2.22)
Theorem 3.2.1 There ezists an optimal solution (v,p, g, Q, fl) € U;, for Problem 2.

proof: It is clear that U, is not empty. Let (v, p", g™, u™, h") be a minimizing sequence

in Uyy. i.e.

lim Js(v" p", g",u",h") = inf Js(v,p,g,u,h)
n—ee (V7p7g=u7h)euad

Thus from (3.2.18), we have that ||g"|| and ||h"|| are uniformly bounded in Y x Z.
Then since by (3.2.20) and (3.2.22) (v",p",u") € L*(0,T; H}(€y)) x L*(0,T; L*(Qy)) %
H'(0,T;HL(€Q,)) is uniformly bounded. Thus, there exist subsequences, denoted by

(v, p", g",u" h") for simplicity, such that
v, — v in L*(0,T; H}(€y))
pn = p in L*(0, T L*(Qy))
g, —ginY
u, — uin H'(0,T;HL(Q,))

h, - hin Z
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for some (v, p, g, 0, fl) euUs,.

Now, by passing to the limit, we have that (v,p,g,q, fl) € US, satisfies (3.2.11)-

conclude that

j5<{’aﬁ7gaﬁafl) = inf . \75(Vap7gauah)
(vavguuvh)euad
ie. (v,p, g, 1, fl) is an optimal solution.

Now we take the limit as ¢ — 0 of optimal solutions of Problem 2 to get optimal

solutions of Problem 1.
Theorem 3.2.2 There ezists an optimal solution (v, p, g, 4, fl) € Uyq for Problem 1.

The proof is the same as in the Theorem 2.2.

3.3 Convergence with vanishing penalty parameter

In the next theorem we show that optimal solutions of Problem 2 converges to the

weak solution of (2.4.16) as 6 — 0.

Theorem 3.3.1 For each d, let (v?,p°, g% u®, h?) denote an optimal solution of Problem
2 and (v,p,0) denote a solution of (2.4.22)-(2.4.26). Then |v —v°||liq, — 0, [|p —

Plloe, = 0, @ —w’llg, =0, ld —uffie, — 0 asd — 0.

proof: Let g = v|r, and h = eusVuy -n+ p;Va-n+ (As + ps)(V-a)n on Iy, For any

solution (v,p,u) of (2.4.16), we have
\-75<V57p67 g67 u5’ hé) < j5({’7ﬁ7 NJ ﬁu B)
l.e.
1 /T 1 /T
—/ / (W — g)*dldt + f/ / (p°n — pVv® -n — h?)2dl dt
2 Jo Jry 2 Jo Jrg

o (T 5112 o (T 5112
+ —// g ||Ydth+f// ||Ih’||Zdl dt
2 .Jo Jro 2 .Jo Jro

o~ 5 T B (5 T -
< g o [ [ giaas S [ ] |hjdra v
2 0 JIg 2 0 JTIo
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Then ||g°||y and ||h°||z are uniformly bounded, ||u¢ — gllor, — 0 and ||p’n —
pyVve -n —hlllor, — 0 as & — 0. We then obtain |[v°|1.q,, [|P°[lo.q;, [u’|lL0. and
|d|l1q. are uniformly bounded by (3.2.20) and (3.2.22). Hence, as § — 0, there
exists a subsequence of {(v?,p? g® u’ h®)} that converges to some (V,p,g,u,h) €
L0, T; H}(Qy)) x L2(0,T5 L*(Qy)) x Y x H'(0,T; HY(Q,)) x Z. The fact that [[u —
gllor, — 0 yields v = 0, on Ty, also ||p’n — u;Vv® -n — h°|jor, — 0 as § — 0 implies
that eps Vi -n+ psVa-n+ (As + p)(V-a)n =pn — pyVv -n on I'y.

By passing to the limit, we have that (v, p, 01) satisfy (2.4.22)-(2.4.26). By the unique-
ness of solutions of (2.4.22)-(2.4.26), (v,p,u) = (v, p, 1) and hence theorem is proved.

The following theorem is achieved due to Theorem 2.4.2, Theorem 3.2.2 and Theorem
3.3.1.

Theorem 3.3.2 For each §, let (v°,p°, g%, u’, h®) denote an optimal solution of Problem
1 and (v,p,0) denote a solution of (2.3.7)-(2.3.11). Then ||v — v°[l1 o, — 0, ||p —

Pllog, — 0, [ —1v’[l10, — 0, |4, —ufll10, — 0 as § — 0.

3.4 Optimality system

We use the Lagrange multiplier rule to derive the first order necessary conditions
that optimal solutions must satisfy.

Let By = L*(0,T; Hp(Sy)) x L*(0,T; L*(Q)) x Y x H'(0,T; H}(Q)) x Z and B, =
L?(0,T; H}(Qf))* X LQ(O,T;H}(Qf)) xY x HY0,T; H{(Q,))*.
where, (-) denotes the dual space. Suppose the linear operator M : B; — Bs denotes
the constraint operator, i.e., M : By — By is defined by M(v,p,g,u,h) = (f,z,d,b) if

and only if

T
/0 [pf(vt,w)gf +b(w,p) +ap(v,w)+ (w,pn — psVv-n)p,| dt

T
= ; pf(f,W)Qf dt VWGH}(Q]C>
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T

T
b(v,q) di :/0 b(z,q)dt Y qe L2(Q)

T

S— >—

T
(v.s)r, — (@ 9] dt = [ (ds),dt Vs € HYA(Ty)
0
and
T
/0 [ps<utt7 0)Qs + Ea(uta 6) + as(ua 6) - (ha G)Fo] dt
T
-~ / po(b,0)o. dt ¥ 6 € HY(S,)
0
Note that the constraint equations (3.2.11)-(3.2.14) can simply be expressed as
M(Vapa g, 4, h) = (fa 0,0, b)
The operator M'(v,p,g,u,h) € L(B;, By) may be defined as follows:

M'(v,p,g,u,h)- (A, y,k, x,1) = (f,z,d,b) if and only if

/T[,ofmt, W), + (W, ) + ay(A, W) + (w,yn — ;YA m)r,] di

/ pr(E,w)o, dt ¥ w e HNSQy)
0
T T
/ b(A :/ b(z,q)dt Y qe LA(Qy)
0 0
T T _
/ (k, 8)p, | dt = / (d,8)r, dt Vs € HV2(Ty)
0 0

and
T
| e B)a, + €alxa.6) + a.(x,6) = (01 O)r, ) dt
T _
— / po(b,0)o. dt ¥ 6 € HL(S,)
0
We also have that the operator Js € L(B1, By) may be defined by
Js'(v,p,g,w,h) - (A, y, k,x, 1) =a for (A,y,k,x,1) € By
if and only if
T
/0 (W —g,x¢t — k), dt
T
+/ (pn — pVv-n—h,yn — u;VA-n—1)p, dt
0
T T T
+6/0 (ga k>F0 dt + 5/0 (Vrg, VFk>F0 dt + 5/0 (gt> kt)Fo dt

T
+5/ (b, V), df = d
0
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Suppose (v, p, g, U, fl) € B, is an optimal solution of Problem1. Then there exists a

nonzero Lagrange multiplier (i, ¢, 7,m) € B3 satisfying the Euler equation.
_\75/<Vap7 g,u, h) ' (Aa Yy, ka X l)
+ < (M)QS?T?”)’M/(V’p7g’t7u7h) : (A'?y’k’X?]') >:O
V(A y,k, x,1) € By (3.4.23)

where, < -, - > denotes the duality pairing between By and the dual space Bj.

/OT[Pf(Ata mway + o, y) +ap(A, p) + (pyn — iy VA -n)r, + b(A, ¢)
+(A, 7)ry — (&, T)rg + ps(xis Me, + €alxe, n) + as(x,n) — (L n)r,] dt
= [lta g W,
+(pn — psVv-n—h,yn — VA -n —1)p | dt
+ /0 Y@ Ky dt+ 6 /0 Y (Veg, Vik)ry dt + 0 /0 " k) d

T
+6 / (0D, dt Y(A,y.k x,1) € B (3.4.24)
0
We may rewrite (3.4.24) in the form

s 1ty M + ag(A, 1) + b(A, ) (3.4.25)
+(Av T)Fo - (:usA ', :u)

= —(pn—pyVv-n—h VA -n) VAeH;Q)

bp,y) =0 Y ye L*(Q) (3.4.26)
(1, yn)r, = (pn — Vv -n —hyyn)r, Yy € L3(Qy) (3.4.27)
— (3.4.28)

s (N> X)), + €alxe,n) + as(x,n)
= —(uy — 8, X)r, VX € HI(S) (3.4.29)
N=r =0 (3.4.30)

Nele=r = 0 (3.4.31)
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(k, 7)ry = (w — g, k)r, — (g, k)r, (3.4.32)
—5(Apg, Apk)po + (5(gtt, k)po VkeY

(1, 77){*0 = (pn — ,U,fVV -n —h, 1)1"0 — (5<h, I)Fo vVieZ (3433)

Thus, solutions of the optimal problem are determined by solving the system (3.2.11)-
(3.2.17) and (3.4.25)-(3.4.33). This system of equations is called the optimality system.

We may replace (3.4.25) and (3.4.32) by

(s e, + ag(A, ) +b(A, ) (3.4.34)
+(A, 9251’1 — ,us,u . n)ro =0 VA€ H}(Qf)
(k7 ¢n — //va:u ’ n)Fo = (ut -8 k>F0 - 5(gv k>F0 (3435)

—5(Arg, Ark)r, + 6(gu. K)r, YkeY
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The optimality system is a weak formulation corresponding to

prvi+ Vp — ppAv = prf
V.-v=0

v=0

v=g

PsWy — €psAUy — prsAu — (As + 1) V(V - 1) = psb
u=>0

eusVug -n+ pVu-n+ (A + p5)(V-uyn=h
V|imo = VY

uf;—o = u’

Uyfi—o = u’

—psie + Vo — ppAp =0
V.ou=20

=0
p=pn—p;Vv-n—h

Pstiue — €ps ATy — psAn — (A + 1) V(V o) =0

n=20

eusVne-n+ pusVn-n+ (As + ps)(V-nn = —(uy — g)
fli=r =0

Nle=r =0

Mele=r =0

(1+0)g—0Arg —0gy = —¢n+ sV -n+u,

(1+d)h=(pn—psVv-n—n)

in Qf
in Qf
on I'y
on I'y
in Q
on I',
on I'y
in Qf
in
in Q
in Qf
in Qf
on I'y
on I'y
in Q
on I',
on I'y
in Qf
in Q
in Q
on I'y

on FO

(3.4.36)
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3.5 Sensitivity derivatives

The optimality system (3.2.11)-(3.2.17) and (3.4.25)-(3.4.33) may also be derived

using sensitivity derivatives instead of the Lagrange multiplier rule. The first derivatives
0Ts 0Js
Og ' Oh

of Js are defined through their actions on variations g and h as follows:

— / &)y dt (3.5.37)
—l—/ (pn — Vv -n—h,pn — p Vv - n)p,di
0
T T
+5/0 (g,g)podt+6/0 (Vrg, Vrg)r,dt

T ~
45 /0 (g, &)rodi (3.5.38)

where p, v are solutions of

ps(Vi, W)a, +b(wW, p) + ay(v,w) (3.5.39)

+(w,pn — Vv -n)p, =0 Vwe Hp(Q)

b(¥,q) =0 VY qe HQy) (3.5.40)
(V,8)ry — (& 8)r, =0 Vs € H YD) (3.5.41)
Vo =0 (3.5.42)

Setting A =V , yn = pn — uyVv - n in (3.4.34),(3.4.27) and w = g in (3.5.39) and
from (3.5.37)

j6 g g >= / u —g,— dt

T
+/0 (8 ¢n — py V- n)r,dt + 5/0 (8,8&)r,dt (3.5.43)

T T
—5/0 (Arg, g)r,dt — 5/0 (81, &)r,dt

h >= / — g, 0y)r,dt

~ T ~
+ / (pn — Vv -1 —h, —R)pdt + 5/ (h, ), dt (3.5.44)
0 0
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where u is a solution of

ps(0y, 0)q, + ea(ty, 0) + as(,0) = (h,0)p, YO HYQ,)  (3.5.45)
U= =0 (3.5.46)

Uyli=0 = 0 (3.5.47)

Setting y =t in (3.4.29) and # = 7 in (3.5.45) and from (3.5.44)

0Js - [T -
< aT,h >—A (h,'f])l"odt

T - T -
+ / (pn — Vv -1 —h, —R)pdt + 5/ (, b)p dt (3.5.48)
0 0

Thus the first order necessary conditions aa—‘? =0 and % = 0 yield that

(140)g —0Arg —0gy = —¢n+ sV -n+u, onl

(14+d0)h=pm—pVv-n—n onl

which are the same as in (3.4.36).

Note that equations (3.5.43) and (3.5.48) give an explicit formula for the gradient of
Ts, 1.e.,

0 T
O [0+ 8)g — 5eg — S+ 6m — Vi m — (3.5.49)
0g 0

oTs (T

3.6 Gradient method

In this section, we study a gradient method to solve the optimization system (3.2.11)-
(3.2.17) and (3.4.25)-(3.4.33). The simple gradient method we consider is defined as

follows.
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Given a starting guess g(® and h(®

(n+1) (n) oJs
. ~|® — al * for n=1,2,---,
h(+D) h(® %

where « is a step size. Combining with (3.5.49) and (3.5.50) yields, for n =1,2,---
g(n+1) g(n)
h(n+1) h™
foT[(l +6)g — 0Arg — 6gy + ¢on — Vi -n — wy|dt

- o
JHIA+8)h —pn + p;Vv - n + n)dt

Algorithm 3.6.1 1. Choose g and h©®.
2. For n=0,1,2,-- -,
(a) determine v(™,p™ and u™ from
pr(vi” w)a, + b(w,p™) + ap(viV, w)
—i—(w,p(”)n — usV(”) ‘n)p, = pf(f,w)gf Vwe H}(Qf)
b(viW q) =0 V qe H*(Qy)
(v 8)r, — (g™,8)r, =0 Vse& H 2Ty
vW|,_g = v0 in Q
ps(ui),0)a, + ea(u, 0) + a,(u™,0) = pu(b,0)o, + (W™, 0)r,
vV 6e HNQ,)
u™|,—g = u® in Q,

u§”’|t:0 =u' in Q,
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(b) determine p™ 6™ and n™ from

=5 (™ Mo, + ag(A, pu™) + (A, ¢)
+(A, " — V™ m)r, =0 VA € Hy(y)
b(p™,q) =0 ¥ qe L*(Qy)
(™, 8)r, = (P — pVv® .n —h™ ) Vs e HV2(T)
M(")|t:T =0

(n)

st 0 — g

X)a, +ealxn ™) +as(xn™) = —(ui” — g x™)r,
vV x € H(Q,)
n(n)| wer =0
0 li=r =0
(c) determine g™+ and h"*+Y from
gnth) — g(n)
—a Ji 11+ 0)g™ — 6Arg™ — dgf” + ¢n — 11V -1 — uf™]dt
h+D) = h0 — o [T](1 4+ 0)h™ — pn 4 11, Vv -1+ p)at
The following result is useful to determining sufficient conditions for the convergence

of the gradient method.

Theorem 3.6.1 Let X be a Hilbert space equipped with the inner product (-,-)x and

norm || - ||x. Suppose M is a functional on x such that

1. M has a local minimum at T and is twice differentiable in an open ball B centered

at x;
2. | < M"(u), (z,y) > | < Mz|xllylly. Vu€ Bz € X,y € Y;

3. | < M"(u), (z,z) > | > mlz|%, Yu€ B,z € X,
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where M and m are positive constants. Let R denote the Riesz map. Choose (¥
sufficiently close to & and choose a sequence p, such that 0 < p, < p, < p* < 2m/M?.

Then the sequence ™ defined by
x(") = .I(n_l) - anMI(x(n_l)>7 fO/’n n = 17 2’ T
converges to .

We examine the second derivatives of J to determine the constants M and m.

02T . T
<@,(g,g) >—/0 (g.8)r,dt

T
—l—/o (pn — Vv -n,pn — pfVv - n)p,dt
T T ) T
0 [ (@ &)rydt+0 [ (Vig, Vig)rydt +6 [ (g &rodt
0 0 0
»’T . T
< dgoh’ (& h) >—/0 (=&, uy)r,dt
T
—i—/ (pn — Vv -n, —h)p,dt
82j ~ T .
aha (h g) /0 (utu _g)FOdt
—i—/ h,pn — pVv - n)p,dt

T ~

T (b h) > /OT(ut,ﬁt)pOdt+(1+5) / (b, B)p, dt

8h2 ’ 0

where, v, p,u, v, p and u are solutions of
ps(Ve, W)a, +b(w, p) +ap(v, w)
+(w,pn — pyVv-n)p, =0 VY we Hp(Q)
b(v,q) =0 VY qeL*Qy) (3.6.51)

(v,8)r, — (8,8)r, =0 Vs € HV2(Ty)

V|t:0 =0
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py(Vi, W)a, +b(W,p) + ay(v, w)
+(w,pn — Vv n)r, =0 YV w e HHQy)
b(V,q) =0 Y qe L*Qy) (3.6.52)

({’7 S)Fo - (g, S)Fo =0 Vse H_l/Q(FO)

V]i—o =0

ps(W, 0)q, + ea(uy, 0) + as(u,0) = (h,0)p, V60e HQ,)
uli—o=0 (3.6.53)
Wli—o =0

ps(tu, 0)o, + ea(ty, 0) + a,(@,0) = (h,0)p, V60€ HL(Q,)

Ul =0 (3.6.54)

Wl—o =0

Then,

2T 02J
& B) og?  Ogoh g
2d &J h
ohog Oh?
32] *2T 2T *>T
— h h
< 9g — (&, g)>+<a BT (8, )>+<ah3g (h,g) >+ <=

= [ @i+ [ (Vv onm V)i

T T T
6 /0 (g, &)rodt + /0 (Vig, Vig)rdi + 6 /0 (&0, &)1, dt
T T
+/0 (_gv ut dt + / ﬁn — va{f -1, _h)Fodt
T
—i—/ (Qy, — podt—i-/ h,pn — p Vv - n)p,dt

+/ (w, fis)r dt+(1+6)/( D), di

0
T ~ ~
= /0 (ut — g, u — g)Fodt
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T
+/ (pn — psVv-n—h,pn — pVVv-n—h)p,dt
0
T B T B T B
+5/0 (g,g)rodt+5/0 (Vrg,Vrg)rodt+5/0 (8¢, &) dt

T ~
+6 /0 (b, h)r,di

We show that

2 7 \ (4
sy | # oem < M|jx
@h)| < M| 1y

ohog Oh?

where x = (g,h)", y = (g, )", IIx|| = /Igl} + [IhllZ and |ly] = \/llgl} + R

First, we obtain bounds for v and p. Let v,p satisfy (3.6.51), which is a weak

formulation of

prvi+Vp—pusAv =0 in Qy

V.-v=0 in Qf
(3.6.55)

v=g onl

Vlt:O = 0 in Qf
where, I' =T'y UT' and
gon [y

[01=B
I

OOHFf

We introduce a space
HA(Q) = {v € H*(Qy) : Av € L*(Q)}
with a norm

[Vllsae, = [IVllso, +[[Avoe,

Then, for g € L?(0,T; HY(T")) N H*(0, T; L*(T")), there is an extension Ryg €
L0, T; HY?(Q,))nHY (0, T; HY*(€;)) such that V-(Ro&) = 0 in Qf and Reg = & on I,
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And
[ Roglls /20,0, + [[Rogtll1/20.0, < [I8ll1r + [I&lo.r- (3.6.56)
Write v = v + Ryg, then we have
PV +Vp — usAv = —prRogy + psARyg  in Qf
V -v=0 in Qf
(3.6.57)

v=0 onTl

‘7|t:0 = _prOg|t:0 in Qf

Notice that —psRog: + urARg € L*(Qy) and we show that Rogli—o € H'(Qy).

[X, Y]y denotes the interpolation space equipped with a norm
lullix vy, = A ully

where A : Y — Y is an operator such that ||u||x = |[[Au|ly. And define a space W'(0,T)

as

W0,T) = {u € L*(0,T; X),u; € L*(0,T;Y)}

Theorem 3.6.2 (Trace theorem) There exists a bounded operator vy : W0,T) —

[X,Y]1/2 such that you = ul—o and ||youllixyy,,, < Cllullw o,

1/2

proof: See Vivsik, Fursikov [40].
Lemma 3.6.3 If X = H¥?(Qy) and Y = HY*(Qy) then [X, Y]/ = HY(Qy)

proof:

(Sug,u2)1/20; :/Q (1 + €122 Suyaqdé
7

(ul,u2)3/27Qf :/Q (1 + ’6‘2)3/2111112615
f
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(Sui,uz)1/2,0, = (U1, U2)3/2,0, implies S = 1+ €2 and hence A = (1 + [£]?)Y? ie.

[Aul1/2,0, = |lul[3/2,0,. By the definition of the interpolation space,

allfx vy, . = 1Al 0, = [lullfq
/ f !

Therefore, [X, Y1/, = H' ()

If X = H¥?(Q;) and Y = HY%(Q) then we may rewrite the Trace Theorem as
follows :

There exists a bounded operator 7o : W'(0,7) — H'(;) such that you = u—¢ and
oullf o, < CU 3 n0,dt + Jy uellio0,dt)
Since Rog € L2(0,T;HY?(Q;)) N HY (0, T; HY?()), we have Rogli—o € H())
and
1 Rololt < CC[ 1R8I, + [ IR0 2yt (3.6.5%)
Then (3.6.57) is an evolution Stokes equation and hence we obtain
v e L*0,T; H*(Qy))
v, € L*(0,T; L*(Qy))
p € L0, T, H'(Qy))

Moreover,

T T
[¥ili30,dt < 03 [ I Rogill3 ot
0 il 7 Jo el
T
i [ IR o, dt + 1 Rogliollf o
< Clghr + el )

by (3.6.56) and (3.6.58).

We then come back to (3.6.57) and we apply the regularity theorem of stationary
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case. For almost every ¢ in [0, 77,
Vp — ,qu\_/ = —pf\_/t — progt + ,UfAROg in Qf
V:-v=0 in Qf

v=0 onTl

so that v(t) € H?(Q) and p(t) € H'(). Moreover,

T2 T2
[ W5l e+ [l g,

2T—2 2TA2 2T ~ 112
< O} [ Iiliadt+ 6} | I Rogla,dt+ 153 [ I1ARGgIR o, d)

< C(lgllir + llglor)
Now we get bound for v.
r 2 r =112 r ~ 112
LIV st < [ 191 an 0t + [ 1Ro8IR om0

T
< 2(|"7H§/2,Qfdt+ HA‘_’Hg,ﬂfdt) +/0 HRogﬂg/zA,ﬂfdt

< C(HQH%F + H&H&r)

Then

T 2 T 2
L enlegde < [l o, dt

< C(lglir+glsr) = Clslly

and

T T
/ Vv -nlf dt S/ V115 /24,0, dt
0 0 !

< C(lglir+glsr) = Clslly

Now, we obtain a bound for u. Suppose u is a solution of (3.6.53). Then

ps(Wy, 0, + ea(ug, 0) + as(u,0) = (h,0)p, V0e HQ,) (3.6.59)
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Setting # = u, in (3.6.59) to get

T
sup w4+ Ko [ lullf o, dt + sup KofJull o,

T
< O [ Infr,dt = Clin

We determine the constants M using bounds we have obtained.

92 2J
& l~1) o2 0Ogoh g
’ 2J 027 h
ohdg  Oh?

T
— | [ (- g - @)
T ~
—l—/ (pn — pyVv-n—h,pn — p;Vv.-n—h)pdt
0
T 5 T 5 T 5
+5/0 (g,g)rodt+5/0 (Vrg,Vrg)rodt+5/0 (8¢ &t)r,dt
T ~
+5 /0 (h, h)p,dt]
r 2 r 2 1/2 LT e 1/2
2/ Il o,dt+ [ Neliegdt) ([ Iaelfo,de+ [ 18lrd0)
T T T
2 Il rde+ 3 [ 19V nlpde+ [l o)
T e o [T ~ 2 e 1/2
(| Nonlir,dt + 43 [ 199 nlir,dt+ [l d)
r 2 1/2 T 1/2
+0( [ el r 2| g,
0 0
T T
([ IVl e, ) ([ 19egllr,de)”
r 2 1/2 e 1/2
+0( [ el rydt)2( [ &l 0

T T .
([ I8 )2 B )2

2(C|hl|Z + llgli¥) 2 (C )% + gl

IN

IN

+2(Cllglly + 1Clglly + IhlIZ)(ClglS + 13ClIglIT + [h]Z)"?
+6||gllvl|&lly + olnly [hlly

< M{x]lflyll

where, M = 2C + 2(1 4 p3)C + 6.
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Setting g = g and h = h to determine the constant m.

2J &J
(&, h) og?  Ogoh g
’ VAN h
ohdg  oh?

T T
= //(ut—g)QdFdIH—//(pn—usv-n—h)Qdth
0 JI'g 0 JI'g
T T
2 2
+5/0 /Fog dther/O /FO(Vrg) AT dt

T T
+5// gfdrdt+5/ h? dr dt
0 FO 0 1—‘0

= J(v.p.g uh) +dllglly + dllh|7 = o]l

where m = 4.

This proves the convergence of the Gradient method.
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